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PREFACE TO THE FIEST EDITION. 



We have endeavoured in the present work to combine some of 
the modem developments of Higher Algebra with the subjects 
usually included in works on the Theory of Equations. The 
first ten Chapters contain all the propositions ordinarily found 
in elementaiy treatises on the subject. In these Chapters we 
have not hesitated to employ the more modem notation wher- 
ever it appeared that greater simplicity or comprehensiveness 
could be thereby obtained. 

Begarding the algebraical and the numerical solution of 
equations as essentially distinct problems, we have purposely 
omitted in Chap. YI. nimierical examples in illustration of the 
modes of solution there given of the cubic and biquadratic 
equations. Such examples do not render clearer the conception 
of an algebraical solution; and, for practical purposes, the 
algebraical formula may be regarded as almost useless in the 
case of equations of a degree higher than the second. 

In the treatment of Elimination and Linear Transformation, 
as well as in the more advanced treatment of Symmetric Func- 
tions, a knowledge of Determinants is indispensable. We have 
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foand it neoessaiy, therefore, to give a Chapter on this subject. 
It has been our aim to make this Chapter as simple and intelli- 
gible as possible to the beginner ; and at the same time to omit 
no proposition which might be found useful in the application 
of this calculus. For many of the examples in this Chapter, as 
well as in other parts of the work, we are indebted to the kind- 
ness of Mr. Cathcart, Fellow of Trinity College. 

We have approached the consideration of Covariants and 
Invariants through the medium of the functions of the diffe- 
rences of the roots of equations — ^this appearing to us the sim- 
plest mode of presenting the subject to beginners. We have 
attempted at the same time to show how this mode of treatment 
may be brought into harmony with the more general problem of 
the linear transformation of algebraic forms. In the Chapters 
on this subject we have confined our attention to the quadratic, 
cubic, and quartic; regarding any complete discussion of the 
covariants' and invariants of higher binary forms as too diffi- 
cult for a work like the present. 

Of the works which have afforded us assistance in the more 
elementaiy part of the subject, we wish to mention particularly 
the Traiti d^ Algibre of M. Bertrand, and the writings of the 
late Professor Toimg* of Belfast, which have contributed so 
much to extend and simplify the analysis and solution of 
numerical equations. 

In the more advanced portions of the subject we are in- 
debted mainly, among published works, to the Lessons Intro- 
ductory to the Modern Higher Algebra of Dr. Salmon, and the 

* Theory and Solution of Algebraical ^Ma^tofff, London, 1835; Analyeis and 
Solution of Cubic and Biquadratic EquationSy London, 1842 ; and Theory and 
Solution of Algebraical Equations of the Higher Orders, London, 1843. 
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The&rie der bindren algebraischen Fbrmen of Glebsoh ; and 
in some d^;ree to the TMarie des Ibrmes binairea of the 
Ghev. F. Fa& De Brono. We most record also our obligations 
in this department of the sabjeot to Mr. Miohael Boberts, from 
whose Papers in the Quarterly Journal and other periodicals, 
and from whose professorial lectures in the University of 
Dublin, very great assistance has been derived. Many of the 
examples also are taken from Papers set by him at the Uni- 
versity Examinations. 

In the Chapter on the Complex Variable we have followed 
doeely the treatment of imaginary quantities given by M. 
Briot in his Legons d^Algihre. 

In connexion with various parts of the subject several 
other works have been consulted, among which may be 
mentioned the treatises on Algebra by Serret, Meyer Hirsch, 
and Bubini, and papers in the mathematical joumalB by Boole, 
Cayley, Sylvester, Hermite, and others. 

We have, in the last place, to express our thanks to Mr. 
Bobert Graham, of Trinity College, Dublin, who lias read the 
proof sheets, and verified most of the examples. His thorough 
acquaintance with the subject has been invaluable to us, and 
many improvements throughout the work are owing to sug- 
gestions made by him. 

TbIBITT GOLLEeSy 

September, 1881. 



PREFACE TO THE SECOND EDITION. 



The chief alterations in the present edition will be found in 
the Chapter on Determinants, which has been oonsiderably en- 
larged ; and in Chap. 2LV1., on TransformationSy to whioh two 
new sections have been added. The former of these oontains a 
discussion of Hermite's theorem relating to the limits of the 
roots of an eqnation ; and in the lattex: we have given an 
acooont of the method of transformation from a system of two 
to a cfjrstem of three variables, by means of whioh the Theory 
of Govariants and Invariants of Binary Forms receives a 
simple geometrical illustration. 

TBDnrr College, 

December, 1885. 



NoTB. — ^The fint ten Chapters of this work may be regarded as fonniiig an 
elementary coarse. In reading these Chapters for the first time, Students are 
recommended to omit Art. 63 of Chap. V., and to confine their attention in 
Chap. VI. to Arts. 66, 56, 67, 61, 62, and 63. 
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INTRODUCTION. 

1. Definitions. — Any mathematical expression involving a 
quantity is called a,functian of that quantity. 

We shall be employed mainly with such algebraical func- 
tions as are rational and integral. By a rational function of a 
quantity is meant one which contains that quantity in a rational 
form only ; that is, a form free from fractional indices or radical 
signs. By an integral function of a quantity is meant one in 
which the quantity enters in an integral form only ; that is, 
never in the denominator of a fraction. The following expres- 
sion, for example, in which n is a positive integer, is a rational 
and integral algebraical function of x : — 

ax^ + baf^^ + cjf^ + + kx + l. 

It is to be observed that this definition has reference to the 
variable quantity x only, of which the expression is a function. 
The several coeflBcients a, b, c, &o., may be irrational or fractional, 
and the function still remain rational and integral in x. 

A function of ar is represented for brevity by F{x),f{x)y ^(a?), 
or some such symbol. 

The name polynomial is given to the algebraical function 
to express the fact that it is constituted of a number of terms 
containing different powers of x connected by the signs plus or 

B 
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2 Introduction. 

minus. For certain values of the variable quantity x one poly- 
nomial may become equal to another differently constituted- 
The algebraical expression of such a relation is called an eqiAa- 
Hon ; and any value of x which satisfies this equation is called a 
root of the equation. The determination of all possible roots 
constitutes the complete solution of the equation. 

It is obvious that, by bringing all the terms to one side, we 
may arrange any equation according to descending powers of x 
in the following manner : — 

The highest power of a? in this equation being «, it is said to 
be an equation of the n^* degree in x. For such an equation we 
shall, in general, employ the form here written. The suffix 
attached to the letter a indicates the power of x which each coef- 
ficient accompanies, the sum of the exponent of x and the suffix 
of a being equal to n for each term. An equation is not altered 
if all its terms be divided by any quantity. We may thus, if 
we please, dividing by ato, make the coefficient of a^ in the above 
equation equal to unity. It will often be found convenient to 
make this supposition ; and in such cases the equation will be 
written in the form 

An equation is said to be complete when it contains terms 
involving x in all its powers from n to 0, and incomplete when 
some of the terms are absent ; or, in other words, when some of 
the coefficients /?i, /?2, &o., are equal to zero. The term p^ 
which does not contain a?, is called the absolute term. An equa- 
tion is numerical^ or al<jebraicaly according as its coefficients are 
numbers, or algebraical symbob. 

2. IVumerlcal and Algebraical Eqaatioiis. — ^In many 
researches in both mathematical and physical science the final 
mathematical problem presents itself in the form of an equation 
on whose solution that of the problem depends. It is natural, 
therefore, that the attention of mathematicians should have been 
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at an early stage in the history of the science directed towards 
inquiries of this nature. The science of the Theory of Equa- 
tionSy as it now stands, has grown out of the successive attempts 
of mathematicians to discover general methods for the solution 
of equations of any degree. When the coefficients of an equation 
are given numbers, the problem is to determine a numerical 
value, or perhaps several different numerical values, which will 
satisfy the equation. In this branch of the science very great 
progress has been made ; and the best methods hitherto advanced 
for the discovery, either exactly or approximately, of the nume- 
rical values of the roots will be explained in their proper places 
in this work. 

Equal progress has not been made in the general solution of 
equations whose coefficients are algebraical symbols. The stu- 
dent is aware that the root of an equation of the second degree, 
whose coefficients are such symbols, may be expressed in terms 
of these coefficients in a general formula ; and that the nume- 
rical roots of any particular numerical equation may be obtained 
by substituting in this formula the particular numbers for the 
symbols. It was natural to inquire whether it was possible to 
discover any such formula for the solution of equations of higher 
degrees. Such results have been attained in the case of equa- 
tions of the third and fourth degrees. It will be shown that 
in certain cases these formulas fail to supply the solution of 
a numerical equation by substitution of the numerical coef- 
ficients for the general symbols, and are, therefore, in this 
respect inferior to the corresponding algebraical solution of 
the quadratic. 

Many attempts have been made to arrive at similar general 
formulas for equations of the fifth and higher degrees ; but it 
may now be regarded as established by the researches of modem 
analysts that it is not possible by means of radical signs, and 
other signs of operation employed in common algebra, to ex- 
press the root of an equation of the fifth or any higher degree 
in terms of the coefficients. 

3. Polynomials. — ^From the preceding observations it. is 

b2 



4 Introduction. 

plain that one important object of the soienoe of the Theory of 
Equations is the discoyery of those values of the yariable quan- 
tity X which give to the polynomial /(a;) the particular value 
zero. In attempting to discover such values of x we shall be led 
into many inquiries concerning the values assumed by the poly- 
nomial for other values of the variable. We shall, in f act, see 
in the next Chapter that, corresponding to a continuous series 
of values of x varying from an infinitely great negative quan- 
tity (- 00 ) to an infinitely great positive quantity (+ oo ), f{x) 
will assume also values continuously varying. The study of 
such variations is a very important part of the theory of poly- 
nomials. The general solution of numerical equations is, in 
fact, a tentative process ; and by examining the values assumed 
by the polynomial for certain arbitrarily assumed values of the 
variable, we shall be led, if not to the root itself, at least to an 
indication of the neighbourhood in which it exists, and within 
which our further approximation must be carried on. 

A polynomial is sometimes called a quantic. It is convenient 
to have distinct names for the quantics of various successive 
degrees. The terms quadratic (or quadric\ cubiCy biquadratic (or 
quartic)y quintic^ sextic, &c., are used to represent quantics of the 
2nd, 3rd, 4th, 5th, 6th, &c., degrees ; and the equations obtained 
by equating these quantics to zero are called quadratic, cubic, 
biquadratic, &c., equations, respectively. 



CHAPTER I. 

GENERAL PROPERTIES OF POLYNOMIALS. 

4. In traoing the changes of yalue of a polynomial correspond- 
ing to changes in the yariable, we shall first inquire what terms 
in the polynomial are most important when values yery great 
or very small are assigned to x. This inquiry will form the 
subject of the present and succeeding Articles. 
Writing the polynomial in the form 

it is plain that its value tends to become equal to Oo^ as x tends 
towards oo . The following theorem will determine a quantity 
such that the substitution of this, or of any greater quantity, 
for X will have the effect of making the term OqX^ exceed the 
i|um of all the others. In what follows we suppose Oo to be 
positive; and in general in the treatment of polynomials and 
equations the highest term is supposed to be written with the 
positive sign. 

Theorem. — If in the polynomial 

the value — + 1, or ant/ greater value^ he substituted for x, where au 

do 

is that one of the coefficients ai, Oij . . . an whose numerical value is 
greatest^ irrespective of sign, the term containing the highest power 
ofx will exceed the sum of all the terms which follow. 
The inequality 

aox^ > ais^^ + ajof^'^ + . . . + an^iX + «« 
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IB satisfied by any value of x which makes 

flo«" > fl* (a?^* + 35""* + . . . + a? + 1), 

where ak is the greatest among the coefficients ai, Oj, . . . 0^.1, an» 
without regard to sign. Summing the geometric series within 
the brackets, we have 

a^af > ak ^, or aj~ > — rr {of - 1), 

x-1 ao{x-l) 

which is satisfied if Oo (a? - 1) be > or = (?*, 

that is a:>or = — + 1. 

The theorem here proved is useful in supplying, when the 
coefficients of the polynomial are given numbers, a number such 
that when x receives values nearer to + 00 the polynomial will 
preserve constantly a positive sign. If we change the sign of a?, 
the first term will retain its sign if n be even, and will become 
negative if n be odd ; so that the theorem also supplies a nega- 
tive value of X, such that for any value nearer to - 00 the 
polynomial will retain constantly a [positive sign if n be even, 
and a negative sign if n be odd« The constitution of the poly- 
nomial is, in general, such that limits much nearer to zero than 
those here arrived at can be found beyond which the function 
preserves the same sign ; for in the above proof we have taken 
the most unfavourable case, viz. that in which all the coefficients 
except the first are negative, and each equal to Ok ; whereas in 
general the coefficients may be positive, negative, or zero. 
Several theorems, having for their object the discovery of such 
closer limits, will be given in a subsequent Chapter. 

6. We now proceed to inquire what is the most important 
term in a polynomial when the value of a; is indefinitely dimi- 
nished ; and to determine a quantity such that the substitution 
of this, or of any smaller quantity, for x will have the effect of 
giving such term the preponderance. 

Tbeorem, — If in the pohjnomM 



aasif^ + fltia?*'"^ + . . . + a^iX + flr„ 



Theorem. 7 

the value — ^^, or any smaller value^ be substituted for ar, where a* 
an-^aie 

is the greatest coefficient exclusive of any the temi an will be nume- 

rically greater than the »um of all the ot/iers. 

To prove this, let a? = - ; then by the theorem of Art. 4, 

if 

Gk being now the greatest among the coefficients a^y a^, . . . an-\j 

without regard to sign, the value — + 1, or any greater value of 

an 

y, will make 

«ny** > an-\tf'~^ + an-ay"-* + . . . + a,y + ^0, 

tnat IS, an > a^-i - ^ a^-z -5 + • • . ^o ~ ; 

hence the value — ^^, or any less value of x^ will make 

This proposition is often stated in a different manner, as 

follows: — Values so small may be assigned to x as to make the 

polynomial 

af^ix + a„_2a;* + . . . + aoX** 

less than any assigned quantity. 

This statement of the theorem follows at once from the above 
proof, since an may be taken to be the assigned quantity. 

There is also another useful statement of the theorem, as 
follows : — When the variable x receives a very small value^ the sign 
of the polynomial 

an-iX + flr„_2«* + . . . + aoof* 

is the same as the sign of its first term an-iX, 

This appears by writing the expression in the form 

x[an.i + a^2^ + . . . + flfoaf*"* ) ; 

for when a value sufficiently small is given to x, the numerical 
value of the term an^i exceeds the sum of the other terms of the 
expression within the brackets, and the sign of that expression 
will consequently depend on the sign of (j»-i. 
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6. Cbange of Form of a Polynomial correspondlns 
to an Increase or diminution of tbe Variable. Derived 
Functions. — We shall now examine the form assumed by the 
polynomial when a? + A is substituted for x. If, in what follows, 
h be supposed essentially positive, the resulting form will corre- 
spond to an increase of the variable ; and the form corresponding 
to a diminution of x will be obtained from this by changing the 
sign of A in the result. 

When X is changed to a? + h^/{x) becomes /(a? + A), or 

flTo (j; + A)" + a, (a: + /*)""' + ato (a? + /O""^ + . . . + cr^ {x + h)+ On- 

Let each term of this expression be expanded by the binomial 
theorem, and the result arranged according to ascending powers 
of h. We then have 

do^ + «ia:""* + a2X^~^ + . . . + an.2^ + a„^\X + an 
4- h [ wrtTo^*'^ + (w - 1) Uiof*'^ + (n - 2) azof^'^ + . . . + 2flf«.2^ + «n-i } 

A' 

+ — ^|n(n- l)^o:r"-- + (« - l)(n -2)aiir"-' + . . . +2an-3) 



+ 



-♦- 






i ."Z .'6 , , , n 



It will be observed that the part of this expression indepen- 
dent of h is /(a:) (a result obvious d priori) ^ and that the succes- 
sive coeflScients of the different powers of h are functions of x of 
degrees diminishing by unity. It will be further observed that 
the coefficient of h may be derived from/(^) in the following 
manner: — Let each term in /(a?) be multiplied by the exponent 
of X in that term, and let the exponent of or in the term be 
diminished by xmity, the sign being retained ; the sum of all 
the terms of /(a*) treated in this way will constitute a polynomial 
of dimensions one degree lower than those of /(a?). This poly- 
nomial is called the first derived function otf[x). It is usual to 
represent this function by the notation /'(a;). The coefficient 
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A' 
of •= — ^ may be derived hom.f{x) by a process the same as that 

employed in deriving /'(a?) from /(a;), or by the operation twice 
performed onf{x). This coefficient is represented by /"(a?), and 
is called the second derived function oif{x). In like manner the 
succeeding coefficients may all be derived by successive opera- 
tions of this character; so that, employiog the notation here 
indicated, we may write the result as follows : — 

fUx\ f'''(x) 
/{x + h) =/(^)+/(ar)Ar^A'+-y^A»+ . . . +aoAr 

It may be observed that, since the interchange of x and h 
does not alter /(:r + A), the expansion may also be written in the 
form 

/{x + A) =/(A) +r{h)x J-^ ^ + r3^ "^ +... + 00^:". 

We shall in general employ the notation here explained; 
but on certain occasions when it is necessary to deal with derived 
functions beyond the first two or three, it will be found more 
convenient to use suffixes instead of the accents here employed. 
The expansion will then be written as follows : — 

/(ar+ A) =/(^) ^Mx)h-^Mx) j^ + . . . +/r(^) fxyrTT-^ • • • 



Example. 

Find the result of substituting z-\-hioTxm the polynomial 4jp* + 6j:' — 7j: + 4. 

Here 

f(x) =4x5 + 6x2-7a: + 4, 

f'(x) =12a«+12;c-7, 

r{x) =24x4-12, 

/'"(x) = 24; 
and the result is 

4r5 + 672-7a: + 4 + (12x*+12x-7)A + (24a;+12) -^ + 24~^„. 
The student may verify this result by direct substitution. 

7. Continuity of a Rational Integral Function otx. — 

If in a rational and integral function f{x) the value of a; be 
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made to vary, by indefinitely small increments, from one quan- 
tity a to a greater quantity d, we proceed to prove that /(a?) at 
the same time varies also by indefinitely small increments ; in 
other words, that /(a?) varies continuously with x. 

Let X be increased from a to a + A. The corresponding incre- 
ment oif(x) is 

/{a + h) -/{a) ; 

and this is equal, by Art. 6, to 

/(«r)A+/»j^+...+(ioA», 

in which expression all the coefficients /'(«),/"(«), &c., are finite 
quantities. Now, by the theorem of Art. 5, this latter expres- 
sion may, by taking h small enough, be made to assume a value 
less than any assigned quantity ; so that the difference between 
/{a + h) and /(a) may be made as small as we please, and will 
ultimately vanish with h. The same is true pluring all stages of 
the variation of x from a to b; thus the continuity of the func- 
tion /(a?) is established. 

It is to be observed that it is not here proved that /(a?) 
increases continuously from /(a) to/(6). It may either increase 
or diminish, or at one time increase, and at another diminish ; 
but the above proof shows that it cannot pass per saltum from 
one value to another ; and that, consequently, amongst the 
values assumed by /(a?) while x increases continuously from a to 
h must be included all values between /(a) and/(6). The sign 
of /'(a) will determine whether /(a;) is increasing or dimimshing; 
for it appears by Art. 5 that when h is small enough the sign of 
the total increment will depend on that oif'{a)h. We thus 
observe that when f {a) is positive /{x) is increasing with x ; and 
whenf\a) is negative /{x) is diminishing as x increases. 

8. Form of tbe Q^aotlent and Remainder wben a 

Polynomial Is divided by a Binomial. — ^Let the quotient, 

when 

Ooixf^ + aisif*'^ + a2X^'^ . . . + an.\X + an 
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is divided by a? - A, be 

This we shall represent by Q, and the remainder by R. We 
have then the following equation : — 

The meaning of this equation is, that when Q is multiplied 
hjx-hj and R added, the result must be identical^ term for term, 
with /(a;). In order to distinguish equations of the kind here 
explained from equations which are not identities, it will often 
be found convenient to use the symbol here employed in place 
of the usual symbol of equality. The right-hand side of the 
identity is 

boof + 61 |a^"* + 6a |ar^ + . . . + 6,^.l )x + R 
-hbo) -hbi) -hbn-2) - hbn.i» 

Equating the coefficients of x on both sides, we get the fol- 
lowing series of equations to determine (09 ^19 62, . . . 6n-i> R : — 

bo = Oo, 

61 = boh + ai, 
63 = bih + Ui, 
6s » bih + fl^s, 



R = Jfi-iA + an. 



These equations supply a ready method of calculating in 
succession the coefficients (09 ^n &o. of the quotient, and the 
remaiader R. For this purpose we write the series of operations 
in the following manner : — 

Ooj diy ^29 Oiy .... On-iy fl^n, 

bjiy bih, b%hy .... bn^ihj bn-\hj 

VI9 62, V3, .... 0«_i, XV. 

In the first line are written down the successive coefficients 
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oif{x). The first term in the seoond line is obtained by multi- 
plying Oo (or 60, which is equal to it) by A. The product b^h is 
placed under ai, and then added to it in order to obtain the 
term (1 in the third line. This term, when obtained^ is multi- 
plied in its turn by A, and placed under Os- The product is 
added to 02 to obtain the second figure (2 in the third line. The 
repetition of this process furnishes in succession all the coef- 
ficients of the quotient, the last figure thus obtained being the 
remainder. A few examples will make this plain. 

Examples. 

1. Find the quotient and remainder when Zx^-bs^ ■\- lOx^ + 11« - 61 is divided 
by*- 3. 

The calculation is arranged as follows : — 

3-6 10 11 - 61. 

9 12 66 231. 



4 22 77 170. 

Thus the quotient is 3^:3 + Az^ + 22j; + 77, and the remainder 170. 

2. Find the quotient and remainder when j:^ + 6 a;* + 3j; + 2 is divided by x - 1. 

Ans, Q = a;»+6« + 9, 2?=11. 

3. Find Q and J2 when sfi-As^-^^lz^ -Wx-lZU divided by ar- 6. 

N.B. — When any term in a polynomial is absent, care must be taken to supply 
the place of its coefficient by zero in writing down the coefficients otf(x). In this 
example, therefore, the series in the first line will be 

;i _4 7 0-11-13. 

Ans. Q = iC* + «3 + i2xa + 60jJ + 289; J2=1432. 

4. Find Q and J2 when a^-\-Zx''- 16z» + 2 is divided by af-2. 

Ans. Q = afi-\-2x7-\-7x^-¥lix^-\-2Sx*-\-6ej^+ll2x^-{-209x-{-ilB; J2 = 838. 
6. Find QandS when ar^ + af^^ioa^+ns is divided by aj + 4. 

Ans. Q = a?*-4«3 + l6«*-63* + 242; 2? = -865. 

9. Tabulation of Functloiis. — ^The operation explained 
in the preceding Article affords a oonvenient practical method 
of calculating the numerical value of a polynomial whose coef- 
ficients are given numbers when any nxmiber is substituted for or. 
For, the equation 

since its two members are identically equal, must be satisfied 
when any quantity whatever is substituted for x. Let x = h^ 
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then /(A) = EyX-h being = 0, and Q remaining finite. Henoe 
the result of substituting A for 2; in f{x) is the remainder when 
f{x) IB divided by a; - A, and oan be calculated rapidly by the 
process of the last Artide. 

For example, the result of substituting 3 for a; in the poly- 
nomial of Ex. I9 Art. 8y yiz.j 

a»* - 52?^ + lOa:^ + llo; - 61, 

is 170, this being the remainder after division by a; - 3. The 
student oan verify this by actual substitution. 
Again, the result of substituting - 4 for a; in 

ar» + a?' - 10a; + 113 

is - 855, as appears from Ex. 5, Art. 8. We saw in Art. 7 that 
as X receives a continuous series of values increasing from - 00 to 
+ 00 , /{x) wiU pass through a corresponding continuous series. 
If we substitute in succession for a;, in a polynomial whose coef- 
ficients are given numbers, a series of numbers such as 

...-5,-4,-3,-2,-1, 0, 1, 2, 3, 4, 5,..., 

and calculate the corresponding values of /(«), the process may 
be called the tabulation of the function. 

Examples. 



1. Tabulate the trinomial 2d^ + « - 6, for the foUowing yalues cix: — 

-4,-3,-2,-1, 0, 1, 2, 3, 4. 



Values of r. 


-4 


— 


-2 


-1 





1 


2 


3 


4 


» » /w» 


22 


9 





-5 


-6 


-3 


4 


16 


30 


2. Tabulate tbe pdlynomial lOi;' - 17^ + « + 6 for tbe same yaluee of x. 




Values of x, 


-4 


-3 


-2 


-1 





1 


2 


3 


4 


,f » /(«), 


-910 


-420 


144 


-22 


6 





20 


126 


378 



10. C^rapMe Representation of a Polynomial. — ^In 

restigating the changes of a function /(a^) consequent on aoy 
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X' 



B' 



A' 



AP' 




O A 



series of changes in the variable which it oontainSy it is plain 
that great advantage will be derived from any mode of repre- 
sentation which renders possible a rapid comparison with one 
another of the different values which the function may assume. 
In the case where the function in question is a polynomial with 
numerical coefficients, to any assimied value of x will correspond 
one definite value oif{x). We proceed to explain a mode of 
graphic representation by which it is possible to exhibit to the 
eye the several values oi f{x) corresponding to the different 
values of x. 

Let two right lines OX, OY 
(fig. 1) cut one another at right 
angles, and be produced indefinitely 
in both directions. These lines are 
called the aods of x and axis of y, 
respectively. Lines, such as OA^ 
measured on the axis of x at the 
right-hand side of 0, are regarded 
as positive; and those, such as 
0A\ measured at the left-hand 
side, as negative. Lines parallel 
to OF which are above XX\ such as AP or JB'Q', are positive ; 
and those below it, such as -4 Tor A'Pj are negative. These 
conventions are already familiar to the student acquainted with 
Trigonometry. 

Any arbitrary length may now be taken on OX as unity, 
and any number positive or negative wiU be represented by a 
line measured on XX' : the series of numbers increasing from 
to + 00 in the direption OX, and diminishing from to - oo in the 
direction OX'. Let any number m be represented by OA ; cal- 
culate /(m) ; from A draw AP parallel to OF to represent /(m) 
in magnitude on the same scale as that on which OA represents 
w, and to represent by its position above or below the line OX 
the sign of/(w). Corresponding to the different values of m 
represented by OAy OBy OCy &c., we shall have a series of points 
P, Q, jB, &c., which, when we suppose the series of values of 



Fig. 1. 
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m indefinitely increased so as to include all numbers between 
- 00 and + 00 , will trace out a continuous curved line. This 
ourve willy by the distances of its several points from the line 
OX, exhibit to the eye the several values of the function /(ar). 
The process here explained is also called tracing the function 
/{x). The student acquainted with analytic geometry will observe 
that it is equivalent to tracing the plane curve whose equation 

i8y=/(j?). 

In the practical application of this method it is well to begin 
by laying down the points on the curve corresponding to certain 
small integral values of Xy positive and negative. It will then 
in general be possible to draw through these points a curve 
which will exhibit the progress of the function, and give a general 
idea of its character. The accuracy of the representation will 
of course increase with the nimiber of points determined between 
any two given values of the variable. When any portion of the 
curve between two proposed limits has to be examined with care, 
it will often be necessary to substitute values of the variable 
separated by smaller intervals than xmity. The following ex- 
amples will illustrate these principles. 



Examples. 

1. Trace the trinomial 2x* + a; - 6. 

The unit of length taken is one -sixth of 
the line OL in fig. 2. 

In £x. 1, Art. 9, the values of /(x) are 
given corresponding to the integral values 
of X from — 4 to + 4, inclusive. 

By means of these values we obtain 
the positions of nine points on the curve ; 
seven of which. A, J?, C, D, Ej F, (?, are 
here represented, the other two correspond- 
ing to values of f{x) which lie out of the 
limits of the figure. 

The student wiU find it a useful exercise 
to trace the curve more minutely between 
the points C and E in the figure, viz. by 
calculating the values oif(x) corresponding Fig- 2. 

to all values of x between - 1 and 1 separated by small intervals, say of one-tenth, 
II is done in the following example. 
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2. Tnce tlia polfDomial 



10aJ-17i» + J + 6. 



Tbia ii ftlrettdy tabulated in Art. 9 for Tiluaa of x betwaen —4 and 1. 

It may be obaerred. as an eieiciao on ArL 4, that Uiia function retaini poaitiT* 
Tttluea for all poaitive Toluea of x greater than 27, and uegatiTe Taluea for all 
Taluea of * nearer to - « than - 2-7. The 
curre irill, then, if it cuta the azia of z at all, 
cut it at a point {or poiuti) coneapoading to 
•ome value (or Taluea) of x between - 2-7 and 
+ 2'7 ; so that if our object is to determine, or 
■pptx)ximate to, the poaitiona of the roots of tho 
equation f{x) = 0, tho tabolation may be con- 
fined to the inteiral between ^ 2-7 and 2'7. 

This ia a case in wbicb the substitution of 
integral values onlj of x gives very little help 
towstiis the tracing of the curve, and where, 
consequently, nnaller intervals have to be ex- 
amined. We give the tabulation of the func- 
tion for intervals of one-tenth between the 
integers- 1, 0; 0, 1; I, 2. From these values 
the positions of tbe corresponding pointi on 
the curve may be approximately ascertained, 
and the curve traced as in fig. 3. 



Fig. 3. 



Values of z 



■22 -15-98|-I0-8]-6'46|-2-88| 



.■6|--4|--3| --21 
2-24 3-9 5-04 L 



5'94 6'G &'01 4-32 3'S U 



i\ 1-8 I 1-04 I -42 I 



., /W 



1-3 j 1-«| 1-6 I 1-61 1-7 I 1-81 1-9 I 

-64 1 1-62 I 3 16-041 7-7 |i1-(M|i6-12| i 



The curve traced in "Ex.. 1 oute the sob of a; in two points 
(a number equal to the degree of the polynomial} : in other 
words, there are two valuea of x for which the value of the given 
polynomial is zero ; these st« the roots of the equation 2x' -<- « - 
6 = 0. viz., - 2, and 1-5. Similarly, the curve traced La Ex. 2 
outs the axis in three points, viz., the points oorresponding to the 
rootA of the onbio equation 10;i:* - ITa? +x + Q = 0. The curve 
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representing a given polynomial may not out the axis of x at 
all, or may out it in a number of points less than the degree of 
the polynomial. Such cases correspond to the imaginary roots 
of equations, as will appear more fully in the next Chapter. For 
example, the curve which represents the polynomial 2^:^ + a? + 2 
will, when traced, lie entirely above the axis of 2; ; in fact, since 
this function differs from the function of Ex. 1 only by the ad- 
dition of the constant quantity 8, each value oif(x) is obtained 
by adding 8 to the previously calculated value, and the entire 
oorve can be obtained by simply supposing the previously traced 
curve to be moved up parallel to the axis of y through a distance 
equal to 8 of the units. It is evident, by the solution of the 
equation 2^^ + ^ + 2 « 0, that the two values of x which render 
the polynomial zero are in this case imaginary. Whenever the 
number of points in which the curve cuts the axis of x falls short 
of the degree of the polynomial, it is customary to speak of the 
ourve as cutting the line in imaginary points. 

11. Bfaxtma and Bliiiiiiia Talues of Polynomials. — 
It is apparent from the considerations established in the pre- 
ceding Articles, that as the variable x changes from - 00 to + 00 , 
the function f{x) may undergo many variations. It may go 
on for a certain period increasing, and then, ceasing to increase, 
may commence to dioiinish ; it may then cease to diminish and 
oommence again to increase; after which another period of 
diminution may arrive, or the function may (as in the last 
exattiple of the preceding Art.) go on then continually in- 
creasing. At a stage where the function ceases to increase 
and commences to diminish, it is said to have attained a 
maximum value; and when it ceases to diminish and com- 
mences to increase, it is said to have attained a minimum 
value. A polynomial may have several maxima, or several 
minima values, or both : the nxmiber depending in general on 
the degree of the function. Nothing exhibits so well as a 
graphic representation the occurrence of such a maximum or 
fniniTTiTiTn value ; as well as the various fluctuations of which 
the values of a polynomial are susceptible. 

c 
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A knowledge of the maxima and mim'iina yalues of a f ono- 
tion, giving the position of the points where the curve bends 
with reference to the axis, is often of great assistance in tracing 
the curve corresponding to a given polynomial. It will be 
shown in a subsequent chapter that the determination of these 
points depends on the solution of an equation one degree lower 
than that of the given function. 



CHAPTER II. 

GENERAL PROPERTIES OF EQUATIONS. 

12. The process of tracing the function /(:r] explained in Art. 10 
may be employed for the purpose of ascertaining approximately 
the real roots of a given numerical equation ; for when the cor- 
responding curve is accurately traced, the real roots of the equa- 
tion f{x) = can be obtained approximately by measuring the 
distances from the origin of its points of intersection with the 
axis. With a view to the more accurate nummcal solution of 
this problem, as well as the general discussion of equations 
both numerical and algebraical, we proceed to establish in the 
present Chapter the most important general properties of equa- 
tions having reference to the existence, and number of the roots, 
and the distinction between real and imaginary roots. 

By the aid of the following theorem the existence of a real 
root in an equation may often be established : — 

Theorem. — If two real qttantitiea a and b be substituted for 
the unknown quantity x in any polynomial f{x)y and if they furnish 
results having different signSj one plus and the other minus ; then the 
4^ationf{x) ^ must have at least one real root intermediate in 
calue between a and b. 

This theorem is an immediate consequence of the property 
of the continuity of the function /(^) established in Art. 7 ; for 
since /(x) changes continuously from /(a) to/(6), and therefore 
jiasses through all the intermediate values, while x changes from 
a tab; and since one of these quantities, /(a) or /((), is positive, 
and the other negative, it follows that for some value of x inter- 
mediate between a and 5, f{x) must attain the value zero which 
is intermediate between /(a) and/(5). 

c2 
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The student will assLst his oonoeption of this theorem \j 
reference to the graphic method of representation. What is 
here proved, and what will appear obvious from the figure, is, 
that if there exist two points of the curved line representing tiifi 
polynomial on opposite sides of the axis OXy then the curve 
joining these points must cut that axis at least once. It wiD 
also be evident from the figure that several values may exist 
between a and b for which /(a?) = 0, t. e, for which the curve cuts 
the axis. For example, in fig. 3, Art. 10, 2; = - 2 gives a nega- 
tive value (- 144), and x = 2 gives a positive value (20), and be- 
tween these points of the curve there exist three points of section 
of the axis of x. 

Corollary. — If there exist no real quantity trhich, substituted 
for Xy makes f{x) = 0, thcnf{x) must be positive for every real value 
ofx. 

For it is evident (Art. 4) that a? = oc makes /(a?) positive ; and 
no value of x, therefore, can make it negative ; for if there were 
any such value, the equation would by the theorem of this 
Article have a real root, which is contrary to our present hypo- 
thesis. With reference to the graphic mode of representation 
this theorem may be expressed by saying that when the equa- 
tion f{x) = has no real root, the curve representing the poly- 
nomial /(a^) must lie entirely above the axis of x. 

13. Theorem. — Every equation of an odd degree has at least 
one real root of a sign opposite to that of its last term. 

This is an immediate consequence of the theorem in the last 
Article. Substitute in 'succession - 00 , 0, 00 for a? in the poly- 
nomial /(a*). The residts are, n being odd (see Art. 4), 

for a? = - 00 , f{x) is negative ; ^ 

„ a; = 0, sign oif{x) is the same as that of a^ ; 

„ a? = + 00 , f{x) is positive. 

If an is positive, the equation must have a real root between - 00 
and 0, t. e. a real negative root ; and if a^ is negative, the equa- 
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lion must have a real root between and oo , t. e. a real podtiTe 
root. The theorem ifl thus proved. 

14. Theorem. — Every eqttation of an even degree^ whose last 
term is negative^ has at least ttoo real roots, one positive and the 
other negative. 

The results of substituting - oo , 0, oo are in this ease 



-00 



+, 



0, 



+ 00 



henoe there is a real root between - oo and 0, and another be- 
tween and + 00 ; t. e, there exist at least one real negative, and 
one real positive root. 

We have contented ourselves in both this and the preoeding 
Artides with proving the existence of roots, and for this purpose 
it is sufficient to substitute very large positive or negative values, 
as we have done, for x. It is of course possible to narrow the 
limits within which the roots lie by the aid of the theorem of 
Art. (4), and still more by the aid of the theorems respecting 
the limits of the roots to be given in a subsequent Chapter. 

15. Existence of a RcKit In tlie C^enerai Equation. 
Imaginary Rcnits. — We have now proved the existence of a 
real root in the case of every 
equation except one of an even 
degree whose last term is positive. 
Such an equation may have no 
real root at all. It is necessary 
then to examine whether, in the 
absence of real values, there may 
not be values involving the ima- 
ginary expression \/- f , which, 
when substituted for x, reduce the 
polynomial to zero; or whether 
there may not be in certain cases 
both real and imaginary values ^^- *• 

of the variable which satisfy the equation. We take a simple 
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example to illustrate the ooourrence of such imaginary roots. 

As already remarked (Art. 10), the ourve corresponding to the 

polynomial 

t{x) s2aj* + af + 2 

lies entirely above the axis of ^r, as in fig. 4. The equation 
f{x) = has no real roots ; but it has the two imaginary roots 

as is evident by the solution of the quadratic. We observe, 
therefore, that in the absence of any real values there are in 
this case two imaginary expressions which reduce the polynomial 
to zero. 

The general proposition of which this furnishes an illustra- 
tion is, that Every rational integral equation 

a^x^ + cTiiF^' + aiO^'^ + . . . + an-\X + (/„ = 

must have a root of the form 

a+i3v/^, 

a and /3 heing real finite quantities. This statement includes 
both real and imaginary roots, the former corresponding to the 
value j3 = 0. 

As the proof of this proposition involves principles vtrhioh 
could not conveniently have been introduced hitherto, and 
which will present themselves more naturally for discussion 
in subsequent parts of the work, we defer the demonstratioA 
imtil these principles have been established. For the present, 
therefore, we assume the proposition, and proceed to derive 
certain consequences from it. 

16. Theorem. — Every equation of n dimensions has n roots^ 
and no more. 

We first observe that if any quantity A is a root of the equa- 
tion /(ir) = 0, then/(ar) is divisible hyx~h without a remainder. 
This is evident from Art. 9 ; for if /(A) = 0, t. e. if A is a root 
oif{x) = 0, jB must be «= 0. 
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Let, now, the given equation be 

fix) s aj" ^PiOf^^ ■^P%Q^ + . . . ^Pn^xX +pn = 0. 

This equation most have a root, real or imaginary (Art. 15), 
which we shall denote by the symbol ai. Let the quotient, when 
/{x) is divided by a? - ai, be ^i (a?) ; we have then the identical 

equation 

/{x)m{x-'ai)itn{x). 



in, the equation ^i (x) - 0, which is of n - 1 dimensions, must 
have a root, which we represent by 0%. Let the quotient ob- 
tained by dividing ^1 (x) by a; - 02 be ^s (x). Hence 

♦i(a;) = (a?-aj)0,(ir), 

and .*. /(a?) 3 (a? - oi) (a? - aa) 02 (a?), 

where ^2 (a?) is of n - 2 dimensions. 

Proceeding in this manner, we prove that /{x) consists of the 
product of n factors, each containing x in the first degree, and a 
numerical factor 0n(^)« Comparing the coefficients of a^, it is 
plain that 0m(^) = 1- Thus we prove the identical equation 

f{x) a (a;-oi) (a?-a2) (x-Oi) (a? - o„.i) {x-an)- 

It is evident that the substitution of any one of the quanti- 
ties ai, 02, . . . On for X in the right-hand member of this equation 
win reduce that member to zero, and will therefore reduce /(ar) 
to flero ; that is to say, the equation /(a;) = has for roots the n 
quantitieB ai, 02, as • • • an^u On* And it can have no other roots ; 
for if any quantity other than one of the quantities ai, 02, . . . an 
be substituted in the right-hand member of the above equation, 
the factors wiU be all different from zero, and therefore the pro- 
duct cannot vanish. 

Corollary. — Ttoo polynomiah of the n'* degree cannot be equal 
to one another for more than n values of the variable without being 
eompletelf/ identical. 

For if their difference be equated to zero, we obtain an equa- 
tion of the n^^ degree, which can be satisfied by n values only of 
the variable, unless each coefficient be separately equal to zero. 
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The theorem of this Article, although of no asdstanoe in the 
solution of the equation /(a;) = 0, enables ub to solve completely 
the converse problem, t. e. to find the equation whose roots are 
any n given quantities. The required equation is obtained by 
multiplying together the n simple factors formed by subtract- 
ing from X each of the given roots. By the aid of the present 
theorem also, when any (one or more) of the roots of a given 
equation are known, the equation containing the remaining 
roots may be obtained. For this purpose it is only neoeesaiy 
to divide the given equation by the product of the given bino- 
mial factors. The quotient will be the required polynomial 
composed of the remaining factors. 



EXAKPLSS. 

1. Find the equation whose roota are 

-3, -1, 4, 6. 

Ans, a?*-6x»-13x2 + 63x + 60 = 0. 

2. The equation 

has a root 5 ; find the equation containing the remaining roots. 
Use the method of division of Art. 8. 

Ans, ir^-j;-+3j?-2=0. 

3. Solve the equation 

X* - 1 6jc3 + 86jc2 - 1762r + 106 = 0, 
two roots heing 1 and 7. 



An$. The other two roots are 3, 5. 



4. Form the equation whose roots are 



-' 3 i 

2* '' r 



5. Solve the cubic equation 

«3-l=0. 



Ans. 14a;'-23j;«-60jp + 9 = 0. 



Here it is evident that x=l satisfies the equation. Divide by ;( - 1, and solve the 
resulting quadratic. The two roots are found to be 

1 1 /—- 1 1 /—- 

2 2 2 2 

f . Form an equation with rational coefficients which shall have for a root the 
irra'ional expression 
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This expresnon has four different Yalues according to the different combinations 
of the radical signs, viz. 

The required equation is, therefore, 

(x-'s/p-y/q) {x+\/p + y/q) {x-y/p + ^ q) {x + V^^-\/^) =0, 

«, finallj, 

17. Equal Roots. — ^It must be observed that the n factors 
of which a polynomial f{x) consists need not be all different 
from one another. The factor x-a^ for example, may occur in 
the second, or any higher power not superior to n. In this case 
the equation f{x) = is still said to have n roots, two or more 
being now equal to one another ; and the root a is called a mul- 
tiple root of the equation : double, triple, &o., according to the 
nimiber of times the factor is repeated. 

A reference to the graphic construction in Art. 10 (fig. 3) 
will help to explain the occurrence of multiple roots. We see 
by an inspection of the figure that the two positive roots of the 
equation 10^?* - VI o^ + a: + 6 = are nearly equal, and we may 
conceive that a slight addition to the absolute term of this poly- 
nomial, which is, as already explained, equivalent to a small 
parallel movement upwards of the whole curve, would have the 
effect of rendering equal the roots of the equation thus altered. 
In that case the line OX. would no longer cut th& curve in two 
distinct points, but would touch it. Now, when a line touches a 
curve it is properly said to meet the curve, not once, but in two 
coincident points. The student acquainted with the theory of 
plane curves will have no difficidty in illustrating in a similar 
manner the occurrence of a triple or higher multiple root. 

Equal roots form the connecting link between real and 
imaginary roots. We have just seen that a small change in the 
form of a polynomial may convert it from one having real roots 
into another in which two of the real roots become equal. A fur- 
ther small change may convert it into a form in which the two 
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roots beoome imaginary. Let us suppose that the above poly- 
nomial is further altered by another small addition to the abso- 
lute term. We shall then have a graphic representation in which 
the axis OX cuts the curve in only one real point, viz., that cor- 
responding to the negative root, the two points of section corre- 
sponding to the two positive roots having now disappecLired. 

Consider, for example, the polynomial IOj^ - 17a^ + a? + 28, 
which is obtained from that of Ex. 2, Art. 10, by the addition 
of 22. The student can easily construct the figure : the point 
corresponding to A in fig. 8 will now lie much above the axis of x. 
Divide by a? + 1, and obtain the trinomial 10a?' - 27^; + 28 which 
contains the remaining two roots. They are easily found to be 

27 v/39i /— 27 v/39i .— 
20"^ 20 ^ ' 20 20 ^ 

We observe in this case, as well as in the example of Art. 15, 
that when a change of form of the polynomial causes one real 
root to disappear, a second also disappears at the same titne, and 
the two are replaced by a pair of imaginary roots. The reason 
of this will be apparent from the proposition of the following 
Article. 

18. Imaginary Roots enter Equations In Pairs. — 
The proposition to be now proved may be stated as follows : — 
If an equation f{x) = 0, tchose coefficients are all real quantities^ 
have for a root the imaginary expression a + j3 \/- 1, it must also 
have for a root tJie conjugate imaginary expression a - /3 vZ-l. 

We have the following identity : — 

Let the polynomial /(a?) be divided by the second member of 
this identity, and if possible let there be a remainder Mx + S^. 
We have then the identical equation 

f{x)^{{x-ay + (i'] Q + Rx^R, 

where Q is the quotient, of n - 2 dimensions in x. Substitute in 
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this identity a + /3 -v/- 1 for x. This, by hypothesis, causes /(a?) 
to yanish. It also causes {x - a)' + /3' to vanish. Hence 



i2(a + j3-/-r)+iJ'=0. 
From this we obtain the two equations 

J?a + iJ' = 0, 22/3 = 0, 

sinoe the real and imaginary parts cannot destroy one another ; 

hence 

22 = 0, 22^=0. 

Thus the remainder 22i? + 22' vanishes ; and, therefore, /(a?) is 
divisible without remainder by the product of the two factors 

x-a-P^/^y ir-a-f /3v/-l. 

The equation has, consequently, the root a-/3'v/- 1 as well 

as the root a + /3 y/- 1, 

Thus the total number of imaginary roots in an equation 
with real coefficients is always even ; and every polynomial may 
be regarded as composed of real factors, each pair of imaginary 
roots producing a real quadratic factor, and each real root pro- 
ducing a real simple factor. The actual resolution of the poly- 
nomial into these factors constitutes the complete solution of the 
equation. 

We observed in Art. 17 that equal roots may be considered 
as the connecting link between real and imaginary roots. This 
statement may now be regarded from another point of view. 
Suppose a polynomial has the quadratic factor (a? - a)^ + A*, and 
let its form be altered by means of slight alterations in the value 
of k. When k is negative, the quadratic factor gives a pair of real 
roots ; when k = 0, this factor has two equal roots, a ; when k is 
positive, the factor has two imaginary roots. 

A proof exactly similar to that above given shows that surd 
rooUj of the form a±^'yy enter equations whose coefficients arc 
rational in pairs. 
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tliat if this polynomial be multiplied by a binomial whose signs, 
oorresponding to a positive root, are + -, the resulting poly- 
nomial will have at least one more change of sign than the 
original. 

We write down only the signs which occur in the operation 
as follows : — 

+ + - + + + - + - 

— + - + + + + - + 



+ ±- + -hP + + ±- + - + 

Here in the third line the ambiguous sign ± is placed wher- 
eyer there are two terms with different signs to be added. We 
observe in this case, and it will readily appear also for every 
other arrangement, that the effect of the process is to introduce 
the ambiguous sign wherever the sign + follows +, or -follows-, 
in the original polynomial. The nimiber of variations of sign 
is never diminished. There is, moreover, always one variation 
added at the end. This is obvious in the above instance, where the 
original polynomial terminates with a variation ; if it terminate 
with a continuation of sign, it will equally appear that the cor- 
responding ambiguity in the resulting polynomial must furnish 
one additional variation either with the preceding or with the 
superadded sign. Thus, in even the most imfavourable case: 
that, namely, in which the continuations of sign in the original 
remain continuations in the resulting polynomial, there is one 
variation added; and we may conclude in general that the 
effect of the mtdtiplication of a polynomial by a binomial 
factor X - a is to introduce at least one additional change of 
sign. 

Suppose now a polynomial formed of the product of the 
&ctors corresponding to the negative and imaginary roots of an 
equation ; the effect of multiplying this by each of the factors 
dP - a, a? - /3, a? - 7, &c., corresponding to the positive roots 
a, ^, 7, &c., is to introduce at least one change of sign for 
each; so that when the complete product is formed containing 
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all the roots, we conclude that the resultmg polynomial has at 
least as many chancres of siirn as it has positive roots. This is 
Descartes' p^positir. 

20. Descartes' Rule of Signs— MegaUve RiKits. — In 

order to give the most advantageous statement to Descartes' rule 
in the case of negative roots, we first prove that if - a? be substi- 
tuted for X in the equation f{x) = 0, the resulting equation will 
have the same roots as the original except that their signs will 
be changed. This follows from the identical equation of Art. 16 

f(x)s{x-'ai) (x-ot) (x-Qi) .... (X''an)9 
from which we derive 

/(-ir)B(-l)»(a: + ai) (a? + aa) (x+az) .... (x + On). 
From this it is evident that the roots o{/{-'X) = are 

Hence the negative roots oif{x) are positive roots oif{-x)^ and 
we may enunciate Descartes' rule for negative roots as fol- 
lows : — No equation can have a greater number of negative roots 
than there are changes of sign in the terms of t/ie polynomial f{-x), 

21. Use of Descartes' Rule In proving the existence 
of Imaginary Roots. — It is often possible to detect the 
existence of imaginary roots in equations by the application of 
Descartes' rule ; for if it should happen that the sum of the 
greatest possible number of positive roots, added to the greatest 
possible number of negative roots, is less than the degree of the 
equation, we are sure of the existence of imaginary roots. Take, 
for example, the equation 

This equation, having only one variation, cannot have more than 
one positive root. Now, changing x into ~ ^, we get 

a^-lOx'-x^i^O; 

and since this has only one variation, the original equation can- 
not have more than one negative root. Hence, in the proposed 



Tlieorem, 3 1 

equation there cannot exist more than two real roots. It has, 
therefore, at least six imaginary roots. This application of 
Descartes' role is available only in the case of incomplete 
equations ; for it is easily seen that the sum of the number of 
yariations mf{x) and /(-a?) is exactly equal to the degree of 
the equation when it is complete. 

22. Theorem. — If two numbers a and b^ substituted for x in 
the polynomial f{x) J give remits with contrart/ signSy an odd number 
of real roots of the equation f[x) =^0 lies between them; and if they 
give results with the same sign^ either no real root or an even num* 
ber of real roots lies between them. 

This proposition, of which the theorem in Art. 12 is a par- 
ticular case, contains in the most general form the conclusions 
which can be drawn as to the roots of an equation from the 
signs furnished by its first member when two given numbers 
are substituted for x. We proceed to prove the first part of 
the proposition : the second part is proved in a precisely similar 
manner. 

Let the following m roots ai, 02, . . . . omy and no others, of 
the equation f{x) = lie between the quantities a and i, of 
which, as usual, we take a to be the lesser. 

Let ^ {x) be the quotient when f(x) is divided by the product 
of the m factors {x-a^ (x-a^ . . . . (ir-a«). We have, then, 
the identical equation 

/(ir)a(a?-ai)(a?-a8) .... (a?-am) 0(a:). 

Putting in this successively a;- a, :r = 6, we obtain 

f{a) = (a - ai) (a - aa) . . . . (fl - Cm) (a), 

Now 0(a) and {b) have the same sign ; for if they had dif- 
ferent signs there would be, by Art. 12, one root at least of the 
equation ^ (a?) = between them. By hypothesis, /(a) and/(6) 
have different signs; hence the signs of the products 

(a-ai)(a-aa) .... {a-Qm)^ 
(6-ai)(6-a2) .... {b-an^j 
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are different ; but the sign of the second is positive, sinoe all 
its factors are positive ; hence the sign of the first is negative ; 
but all the factors of the first are negative ; therefore their 
number must be odd ; which proves the proposition. 

In this proposition it is to be understood that multiple roots 
are counted a number of times equal to the degree of their 
multiplicity. 

It is instructive to apply the graphic method of treatment to 
the theorem of the present Article. From this point of view it 
appears almost intuitively true ; for it is evident that when any 
two points are connected by a curve, the portion of the curve 
between these points must cut the axis an odd number of times 
when the points are on opposite sides of the axis ; and an even 
number of times, or not at all, when the points are on the same 
side of the axis. 

Examples. 

1. If the dgna of the terms of an equation he all positive, it cannot have a 
positiye root. 

2. If the signs of the terms of any complete equation he alternately positiye 
and negative, it cannot have a negative root. 

3. If an equation consist of a numher of terms connected hy + signs followed 
hy a numher of terms connected hy — signs, it has one positive root and no more. 

Apply Art. 12, suhstituting and oo ; and Art. 19. 

4. If an equation involve only even powers of Xy and if aU the coefficients havo 
positive signs, it cannot have a real root. 

Apply Arts. 19 and 20. 

6. If an equation involve only odd powers of ^, and if the coefficients have all 
positive signs, it has the root zero and no other real root. 

6. If an equation ho complete, the numher of continuations of sign in/(x) is 
the same as the numher of variations of sign in /(- x). 

7. When an equation is complete ; if aU its roots are real, the numher of positive 
roots is equal to the numher of variations, and the numher of negative roots is equal 
to the numher of continuations of sign. 

8. An equation having an even numher of variations of sign must have its last 
sign i>08itive, and one having an odd numher of variations must have its last sign 
negative. 

Take the highest power of x with positive coefficient (see Art. 4). 

9. Hence prove that if an equation has an even numher of variations it must 
have an equal or less even numher of positive roots ; and if it has an odd numher of 
variations it must have an equal or less odd numher of positive roots ; in other 
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words, tlie number of poeitiye roots when less than the number of yaiiations must 
differ from it by an eren number. 

Substitute and oo , and apply Art. 22. 

10. Find an inferior limit to the number of imaginary roots of the equation 

«•-»«'-«+ 1 = 0. 

Ant, At least two imaginary roots. 

11. IRnd the nature of the roots of the equation 

ir* + 16i»+7j;-ll=0. 

Apply Arts. 14, 19, 20. 

Ant, One positiye, one negatiye, two imaginary. 

12. Show that the equation 

fl;» + ja; + r = 0, 

where q and r are essentially positiye, has one negative and two imagioary roots. 

13. Show that the equation 

«* — ^ + r=0, 

where q and r are essentially positive, has one negative root ; and that the other two 
roots are either imaginary or both positive. 

14. Show that the equation 

A^ S^ C^ I> 

■ + r H h . . . . H • = a; — 1», 

jc — a a?— d x — e x — l 

where a, 3, ^, . . . . / are numbers aH different from one another, cannot have an 
imaginary root. 

Substitute a + $ V'— 1 ^"id a — y- I in succession for ar, and subtract. "We 
get an expression which can vanish only on the supposition /3 = 0. 

15. Show that the equation 

«»-l=0 

has, when n is even, two real roots, 1 and - 1, and no other real root ; and, when n 
is odd, the real root 1, and no other real root. 

This and the next example follow readily from Arts. 19 and 20. 

16. Show that the equation 

ic« + l=0 

has, when n is even, no real root ; and, when n is odd, the real root - 1, and no 
other real root. 

17. Solve the equation 

ir* + 2^«»+ Vj^+ 2^*- r* = 0. 
This is equivalent to 

(x»+ja?+j»)«-^-r* = 0. 



Ant. -_j + J_-^a + ^^4 + r*. 



The different signs of the radicals give four combinations, and the expression 
here written involves the four roots. 
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18. Form tho equation which has for roots the different Talues of the expression 

2+ev/7+\/ll + eV7, 
where ^=1. 

If no restriction had been made by the introduction of 9, this expression woold 

have 8 values. The v^7 must now be taken with the same sign where it occurs 
under the second radical and free from it. There are, therefore, only four values 
in all. Ant, ir*-8d:»-12««-f 84x-63 = 0. 

19. Form the equation which has for roots the four values of 



-9 + eA/l37 + 3v^34-2eVl37, 
where e' = 1. Ana, x* + 36«» - 400x» - 3168j; + 7744 = 0. 

20. Form an equation with rational coefficients which shall have for roots all the 
values of the expression 

where ei»=l, Oa'-l, Bz^^l. 

There are eight different values of this expression, viz., 

\//?+\/^ + \/r, -*/p-V q-Vry 

-Vp-Vq-^Vr, 'v/p+\/j-\/r. 

Assume 

x^B\^/p-^92'(/q-{-9z^r, 
Squaring, we have 

a^=l> + j + r+2(a2fl8\/ir+a3«iV^+^i^2\/pF)« 
Transposing, and squaring again, 

(x2-p-j_r)2 = 4(^ + rp+i?y) + 8aia2«3\/^(«i\/^ + «2\/^+e3A/r). 

Transposing, substituting x for ^i ^p + $2 *y q + H y^r, and squaring, we obtain 
the final equation free from radicals 

{a:*-2a;a(i> + ^+r) + p2+j« + r»-2^-2rp-2py}«=:64i)jr«». 

This is an equation of the eighth degree, whose roots are the values above writ- 
ten. Since 0i, 02, 9z have disappeared, it is indifferent which of the eight roots 
± ^P ±^q ± ^^ ^ assumed equal to « in the first instance. The final equation 
is that which would have been obtained if each of the 8 roots had been subtracted 
from Xf and the continued product formed, as in Ex. 6, Art. 16. 



CHAPTER IIL 

BELATIONS BETWEEN THE ROOTS AND COEFFICIENTS OF EQUA- 
TIONS, WITH APPLICATIONS TO SYMMETRIC FUNCTIONS OF THE 
BOOTS. 

23. Kelmtloiis between the Roots and Coefficients. — 

Taking for sinipliGity the ooeffident of the highest power of x 
as unity, and representing, as in Art. 16, the n roots of an equa- 
tion by oi, a%f os, . . . . Ofi, we haye the following identity : — 

s (ar - ai) (a? - oa) {x-a^) (a? - a„). (1) 

When the factors of the second member of this identity are 
multiplied together, the highest power of ar in the product is af^ ; 
the coefficient of af*^^ is the sum of the n quantities - ai, - 02, &c., 
Yiz.y the roots with Uieir signs changed ; the coefficient of 2^^ 
is the sum of the products of these quantities taken two by 
two; the coefficient of af^ is the sum of their products taken 
three by three ; and so on, the last term being the product of 
all the roots with their signs changed. Equating, therefore, 
the coefficients of x on each side of the identity (1), we have the 
following series of equations : — 

/?i = -(ai + a» + a3+ .... +a„), 

P2 = (cii aa + d 03 + 02 as + • • • • + Cn-i On), 

/?3 = -(aiaaa3 + aiasa4+ . . . . +a»_2a»_ian), >• (2) 



which enable us to state the relations between the roots and 

ooeffioients as follows : — 

d2 
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Theorem, — In every algebraic equation^ the coefficient of 
ichose highest term is unity , the coefficient pi of the second term with 
its sign changed is equal to the sum of the roots. 

The coefficient pa of the third term is equal to the sum of the 
products of the roots taken two by two. 

The coefficient p^ of the fourth term with its sign changed is 
equal to the sum of the products of the roots taken three by three; 
and so on, the signs of the coefficients being taken alternately negatii^ 
and positive^ and the number of roots multiplied together in each term 
of the corresponding function of the roots increasing by unity y till 
finally that function is reached tchich consists of the product of the 
n roots. 

When the ooeffident flfo of a^ is not unity (see Art. 1), we 
must divide each term of the equation by it. The sum of the 

roots is then equal to — ^ ; the sum of their products in pairs is 

equal to — ; and so on. 
^ ao 

Cor. l.» Every root of an equation is a divisor of the abso- 
lute term of the equation. 

Cor. 2. — If the roots of an equation be all jwsitive, the coef- 
ficients (including that of the highest power of x) will be alter- 
nately positive and negative ; and if the roots be all negative, 
the coefficients will be all positive. This is obvious from the 
equations (2) [cf. Arts. 19 and 20]. 

24. Applications of the Theorem. — Since the equations 
(2) of the preceding Article supply n distinct relations between 
the n roots and the coefficients, it might perhaps be supposed 
that some advantage is thereby gained in the general solution 
of the equation. Such, however, is not the case ; for suppose it 
were attempted to determine by means of these equations a root, 
oi, of the original equation, this could be effected only by the 
elimination of the other roots by means of the given equations, 
and the consequent determination of a final equation of which 
ai is one of the roots. Now, in whatever way this final equa- 
tion is obtained, it must have for solution not only oi, but each 
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of the other roots aj, 03, . . • On ; f or, sinoe all the roots enter in 
the same manner in the equations (2), if it had been proposed 
to determine 03 (or any other root) by the elimination of the rest, 
our final equation oould differ from that obtained for oi only by 
the substitution of oa (or that other root) for ai. The final equa- 
tion arziyed at, therefore, by the process of elimination must 

haye the n quantities ai, as, a» for roots ; and cannot, 

consequently, be easier of solution than the giyen equation. 
This final equation is, in fact, the original equation itself, with 
the root we are seeking substituted for x. This we shall show 
for the particular case of a cubic. The process here employed 
is general, and may be applied to an equation of any degree. 
Let a, /3, 7 be the roots of the equation 

ic* -¥piS^ -¥p2X +Pi = 0. 

We have, by Art. 23, 

i>i = -(a + /3 + 7), 

P2=» a/3 + ay + /Sy, 

Multiplying the first of these equations by^a^ the second 
by a, and adding the three, we find 

Pia:^+Pia+p^ = -a\ 
or a' +i?ia' +i?2a +i?s = 0, 

which is the giyen cubic with a in the place of x. 

The student can take as an exercise to prove the same result 
in the case of an equation of the fourth degree. In the corre- 
sponding treatment of the general case the successive equations of 
Art. 23 are to be multiplied by a^-\ a"-% a'*"', &c., and added. 

Although the equations (2) afford, as we have just seen, no 
assistance in the general solution of the equation, they are often 
of use in facilitating the solution of numerical equations when 
any particular relations among the roots are known to exist. 
They may also be employed to establish the relations which 
must obtain among the coefficients of algebraical equations cor- 
responding to known relations among the roots. 
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Examples. 

1. Solye the equation 

«»-6a;«-16j:+80 = 0, 

the sum of two of ita roots heing equal to nothing. 
Let the roots be a, /3, 7. We haye then 

a + /3 + 7= 6, 

a3 + a7 + /37 = -16, 

a/37 = -80. 

Taking 3+7 = 0, we have, from the first of these, a = 6 ; and from either the 
(second or third we obtain i37 = - 16. We find for /Sand 7 the values 4 and -4. Thus 
the three^roots are 6, 4, - 4. 

2. Solye the equation 

«»-3x*+4 = 0, 

two of its roots being equal. 

Let the three roots be a, a, /3. We haye 

;2o + /3 = 3, 

a» + 2«i3c:0, 

from which we find as 2, and /3 = -l. The roots are 2, 2, - 1. 

3. The equation 

ir* + 4a:»-2«*-12« + 9 = 

has two pairs of equal roots ; find them. 

Let the roots be a, a, /3, /3 ; we haye, therefore, 

2a + 2/3=-4, 
a« + /3« + 4«i3 = -2, 

from which'we obtain for a and /3 the yalucs 1 and - 3. 

4. Solye the equation 

«»-9ic«+14ir + 24 = 0, 

two of whose roots are in the ratio of 3 to 2. 

Let the roots be a, /3, 7, with the relation 2a a 3/3. By elimination of a we 

easily obtain 

6/3 + 27 = 18, 

3/8* +5/37 = 28, 
from which we haye the following quadratic for /3 : — 

19/3^-90/3 + 56 = 0. 
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14 
The roots of this are 4, and — ; the former giyes for a and y the yalues 6 and 

— 1. The three roots are 6, 4, - 1. The student will here ask what is the signi- 

14 
ficance of the yalue — of /3 ; and the same difficulty may have presented itself in 

the prerious examples. It will he ohsenred that in examples of this nature we 
neyer require aU the relations hetween the roots and coefficients in order to deter- 
mine the required unknown quantities. The reason of this is, that the given con- 
dition eetabUshes one or more relations amongst the roots. Whenever the equations 
employed appear to furnish more than one system of values for the roots, the actual 
roots are easily determined hy the condition that they must satisfy the equation (or 
equations) hetween the roots and coefficients which we have not made use of in 
determining them. Thus, in the present example, the value /3 = 4 gives a system 
ntiifying the omitted equation 

a/37 = -24; 

14 
while the value /3 = r^ gives a system not satisfying this equation, and is therefore 

to he rejected. 

5. Solve the equation 

«»-9x« + 23x-16 = 0, 

whose roots are in arithmetical progression. 

Let the roots he a -9, a, a + 9 ; we have at once 

3a= 9, 

3a«-«* = 23, 

from which we ohtain the three roots 1, 3, 5. 

6. S<dve the equation 

«*+ 2«» - 21x*- 22« + 40 = 0, 

whose roots are in arithmetical prog^ssion. 

Asrome for the roots a~39, a- 9, a+9, a + 38. 

Ant, -6,-2, 1 , 4. 
7. Sdve the equation 

27*3 + 42i» - 28ic ~ 8 = 0, 
iHiose roots are in geometric progression. 

Assume for the roots op, a, -. From the third of the equations (2), Art. 23, we 

P 

8 2 

here «* = ~, or a = -. Either of the remaining two equations gives a quadratic for p. 
£J 3 



8. Solve the equation 

3jf* - 40«» + 130x« - 120* + 27 = 0, 



2 —2 
^'•'* "^» 3' ~5' 
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who60 roots arc in geometric progresaioii. 

A A 

Assume for the roots -r, -, op, afP. Employ the second and fourth of the equa- 

P P 

tions (2), Art. 23. Ans, -, 1, 3, 9. 

9. Solve the equation 

a:* + 16«3 + TOj;' + 120* + 64 = 0, 

whose roots are in geometric progression. Ans, - 1, ~2, - 4, - 8. 

10. Solve the equation 

6«»-lli» + 6«-l = 0, 

whose roots are in harmonic progression. 

Take the roots to be a, /3, y. We have here the relation 

1 1 2 

hence 

i87 + 7o + a3 = 37a; &c. 

^'w. 1. 2' 3' 

11. Solve the equation 

81«»-18x2_36a; + 8 = 0, 

whose roots are in harmonic progression. 

12. If the roots of the equation 

3r 
be in harmonic progression, show that the mean root is — . 

13. The equation 

«*-2j;»+4*' + 6x-21 = 

has two roots equal in magnitude and opposite in sign ; determine all the roots. 
Take a+ /3 <= 0, and employ the first and third of equations (2), Art. 23. 

Ana. v^3, -v^3, liv^~6. 

14. The equation 

3«* - 26«3 + 60a:2 - 60* + 12 = 



2 2 2 
^'"' 9' 3* "3' 



has two roots whose product is 2 ; find all the roots. 



Ans, 6, -, l±v^-l. 



15. One of the roots of the cubic 
is double another ; show that it may be found from a quadratic equation. 
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16. Show that aU the roots of the equation 

can be obtained when they are in arithmetical progression. 

Let the roots be a, a + Si a+2S, .... a+(f>~l)S. The first of equations (2) 

gives 

-^i = iia+{l + 2 + 3+ +(fi-.l)}« 

=«.+i^).. (1) 

Again, since the sum of the squares of any number of quantities is equal to the 
square of their sum, minus twice the sum of their products in pairs, we have the 

equation 

^,i-2p2 = o2 + (a + 8)2 + (a + 28)3+. . . 

* / ,x . «(m-1)(2ii-1) ^ 
= no' + n(»-l)o8 + -^ ^ ^ J». (2) 

Subtracting the square of (1) from n times the equation (2), we find 8' in terms 
of pi and pt. We can then find a from equation (1). Thus all the roots can be 
expressed in terms of the coefficients pi and p2. 

17. Find the condition which must be satisfied by the coefficients of the equa- 
tion 

when two of its roots a, 3 are connected by a relation a + iS = 0. 

Ana, pq — r = 0. 

18. Find the condition that the cubic 

ahould haye its roots in geometric progression. Arts. p^r-q^=0. 

19. Find the condition that the same cubic should have its roots in harmonic 
progression (see Ex. 12). Ans, 27r> - 9pgr + 2 j» = 0. 

20. Find the condition that the equation 

flhoold haye two roots connected by the relation a + iS = ; and determine in that 
case two quadratic equations which shall haye for roots (1) a, iS ; and (2) 7, 8. 

Ant. pqr-p^8-f^ = 0, {!) px^ -k- r = 0, (2) a;*+i?« + — = 0. 

21. Find the condition that the biquadratic of Ex. 20 should haye its roots con- 
nected by the relation i8 + 7 = a+8. Am. p^^ipq-\-Sr = 0. 

22. Find the condition that the roots a, iS, 7, 8 of 

z*+px^-\- qz*-\-rx-\-» = 

should be connected by the relation afi = 78. Ans. p^8-t^ = 0. 

23. Show that the condition obtained in £x. 22 is satisfied when the roots of 
the biq u ad rat i c are in geometric progression. 
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25. DepresNiloii of an Equation when a relation 
exists between two of Its Roots. — The examples given 
in the preceding Article illustrate the use of the equations con- 
necting the roots and coefficients in determining the roots in 
particular cases when known relations exist among them. We 
shall now show in general, that if a relation of the form /3 = ^ (a) 
exist between two of the roots of an equation f[x) = Oj th^ equation 
may be depressed two dimensions. 

Let ^(or) be substituted for x in the identity 

f{x) s aoixf* + aiof^^ + . . . + an, 
then /(^ (x) ) E oo (^(ir))" + ai (^(ar) )'^* + + an-i<p{x) + an. 

We represent, for convenience, the second member of this 
identity by F{x), Substituting a for a?, we have 

J'(«)=/(0(«))3/(/3)-O; 

hence a satisfies the equation F{x) = 0, and it also satisfies the 
equation / (a?) = 0; hence the polynomials /(a?) and F{x) have a 
common measure x-a; thus a can be determined, and &om it 
^(a) or /3, and the given equation can be depressed two dimen- 
sions. 

Examples. 

1. The equation 

haa two roots whose difference = 3 : find them. 

Here iS — a-=3, = 3 + a; substitute x + 3 for a; in the giyen polynomial /(jt) ; 
it becomes x^ + ix^ - 7^ - 10 ; the common measure of this and/(j] is ;t: - 2 ; from 
which a= 2, iS = 5 ; the third root is - 2. 

2. The equation 

a:*-6a;» + ll;c'-13x + 6 = 

has two roots connected bj the relation 2^3 + 3a = 7 : find all the roots. 

Am, 1, 2, l±v^^. 

It may be observed here, that when two polynomials /(ic) 
and F{x) have common factors, these factors may be obtained 
by the ordinary process of finding the common measure. Thus, 
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if we know that two given eqaationa have oommon roots, we 
can obtain theee roots by equating to zero the greatest common 
measore of the given polynomials. 

Examples. 

1. The eqiiatioiis 

2ap» + 6ir»- 6*- 9 = 0, 

3«»+7x'-lU-16 = 

hare two common looU : find them. An9, - 1, - 3. 

2. TheequationB 

sfi-^-px^ + jx +r =0, 

*'+/a;» + j'4? + r' = 

have two common roots : find the quadiatic whose roots are these two, and find also 
the third root of each. 



P-P P-P r-r' ^ r-i' 



P-P P-P 

26. The Cube Roots of Unity. — Equations of the 

forms 

consisting of the highest and absolute terms only, are called 
binomial equations. The roots of the former are called the n n'^ 
roots of unity. A general discussion of these forms will be given 
in a subsequent Chapter. We confine ourselves at present to 
the simple case of the binomial cubic, for which certain useful 
properties of the roots can be easily established. It has been 
already shown (see Ex. 5, Art. 16), that the roots of the cubic 

ir»-l = 

If either of the imaginary roots be represented by oi, the 
other is easily seen to be en', by actually squaring ; or we may 
see the same thing as follows : — If en be a root of the cubic, oi' 
must also be a root ; for, since (i>' = 1, we get, by squaring. 
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Ci»* = 1, or ((■>')' « 1, thus showing that (■>' satisfies the cubic 
iP* - 1 = 0. We have then the identity 

a^ - 1 s (a? - 1) (a? - (ii) (ic - w'). 

Changing x into - a;, we get the following identiiy also : — 

a:* + 1 = (a? + 1) (a; + w) (a; + w'), 

which furnishes the roots of 

a^ + 1 = 0. 

Whenever in any product of quantities involving the imagi- 
nary cube roots of unity any power higher than the second 
presents itself, it can be replaced by cu, or en', or by unity ; for 
example, 

The first or second of equations (2), Art. 23, gives the fol- 
lowing property of the imaginary cube roots :— 

1 + (II + Cil' = 0. 

By the aid of this equation any expression involving real 
quantities and the imaginary cube roots can be written in either 
of the forms P+ wQ, P+ w^Q. 

EXAICPLES. 

1. Show that the product 

(«m + uihi) («'m + »n) 
is rational. Ant, m'-mn-fii^ 

2. Proye the following identities : — 

m' + fi' s (m + n) (am + «'») («'m + ««), 

m^-n^s{m- n) (nm - «*») {ulhn - t»n). 

3. Show that the product 

(a + «i3 + »'7) (a + w'/S + ay) 
is rational. 

Ans. a^-^fi^ + y^-fiy-ya-afi. 

4. Prove the identity 

(o + i3 + 7)(a + «i3 + ««7)(a+»'iS + »7)sa3 + i3» + 'y'-3aj87. 

6. ProTC the identity 

(a+»i3 + «»7)»+(a + ««i3 + «ry)3s(2a-i3-7)(2i3-7-a)(27-o-i3). 
Apply Ex. 2. 
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6. Prove the identity 

Apply Ex. 2, and subatitate for w - w^ its yalue ^/- 3. 

7. ProTe the identity 

where 

a'aia» + 2i3y, iS' = i8» + 27a, y = 7» + 2a3. 

8. Form the equation whose roots are 

m + Uf wm -f til^n, w'm + ^m. 

Am. «'-3mfw?-(»n'+n') = 0. 

9. Form the equation whose roots are 

l+m + n, / + fl»»i+«'M, / + «'*» + om. 

Am, a;»-3te* + 3(/»-mw)ar-(/3 + mS + n'-3/mn) = 0. 

It ifl important to observe that corresponding to the n n*^ 
roots of unity there are n n** roots of any quantity. The roots 
of the equation 

are the n n'^ roots of a. 

The three oube roots, for example, of a are 

where v^ represents the real cube root according to the ordinary 
arithmetical interpretation. Each of these values satisfies the 
cubic equation o^ - a = 0. It is to be observed that the three 
cube roots may be obtained by multiplying any one of the three 
above written by 1, en, w*. 

In addition, therefore, to the real cube root there are two 
imaginary cube roots obtained by multiplying the real cube 
root by the imaginary cube roots of imity. Thus, besides the 
ordinary cube root 3, the number 27 has the two imaginary 
cube roots 

2 + 2^-^' 2 2^"*^' 
as the student can easily verify by actual cubing. 

10. Form a rational equation which shall have 

for a root; where w'sl. 

CompareEx. 8. An», :t;3 + 3P2;-2Q = 0. 
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11. Form an equation with rational coefficients which shall haye 

for a root, where B\^ = 1, and ^=1. 
Cubing both sides of the equation 

and substituting x for its value on the right-hand side, we get 

Cubing again, we haye 

(x3-P-Q)»=27Paa^. 

Since B\ and 0% may each have any one of the yalues 1, «, «', the nine roots of 
this equation are 

yp+ Vq. «yp+«yQ; »»yp+««yQ; 
•ayp+«yQ; yp+w^yp; yp+«ya 

We see also that, since 0i and 03 haye disappeared from the final equation, it is 
indifferent which of these nine roots is assumed equal to a; in the first instance. The 
resulting equation is that which would haye been obtained by multiplying together 

the nine factors of the form x — ^/P— ^ Q obtained from the nine roots aboye 
written. 

12. Form separately the three cubic equations whose roots are the groups in 
three (written in vertical columns in Ex. 1 1) of the roots of the equation of the pre- 
ceding example. 

We can write these down &om Ex. 8, taking first m and n equal to ^P, \/Q ; 
then equal to « ^^/^t oty/Q ; and finally equal to «^^/F, «'\/Q. 

Ans. a^^Z^/FQx- F- Q = 0, 

x^-Sv^yjQx-F- Q = 0, 

a:3-3«yPQ«-P-(2 = 0. 

27. Symmetiic Fnnctloiis of the Roots. — Symmetrio 
functions of the roots of an equation are those functions in 
whioh all the roots are alike inyolved, so that the expression is 
unaltered in value when any two of the roots are interchanged. 
For example, the functions of the roots (the sum, the sum of the 
products in pairs, &c.) with which we were concerned in Art. 23 
are of this nature ; for, as the student will readily perceive, if 
in any of these expressions the root ai, let us say, be written in 
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eyeiy place where as oocurSy and 03 in every place where oi 
occnrsy the value of the expression will be unchanged. 

The functions discussed in Art. 23 are the simplest sym- 
metric functions of the roots, each root entering in the first 
degree only in any term of any one of them. 

We can, without knowing the values of the roots separately 
in terms of the coefficients, obtain by means of the equations (2) 
of Art. 23 the values in terms of the coefficients of an infinite 
variety of symmetric functions of the roots. It will be shown 
in a subsequent Chapter, when the discussion of this subject is 
resumed, that any rational symmetric function whatever of 
the roots can be so expressed. The examples appended to this 
Article, most of which have reference to the simple cases of 
the cubic and biquadratic, are sufficient for the present to illus- 
trate the usual elementary methods of obtaining such expres- 
sions in terms of the coefficients. 

It is usual to represent a symmetric function by the Gfreek 
letter 2 attached to one term of it, from which the entire ex- 
pression may be written down. Thus, if o, /3, 7 be the roots of 
a cubic, 2a' /3' represents the symmetric fimction 

€?fi^ + a'7^ + i3»7', 

where all possible products in pairs are taken, and each term 
separately squared. Again, in the same case, 2a^j3 represents 

o'/3 + a'7 + /3»7 + /i'a + -fa + 7'l3, 

where all possible permutations of the roots two by two are 
taken, and the first root in each term then squared. 

As an illustration in the case of a biquadratic we take 2a' )3^, 
whose expanded form is as follows : — 

a'i3» + a' 7' + €?^ + /3'7' + i3'8' + 7' 8*. 

By the aid of the various symmetric functions which occur 
among the following examples the student will acquire a facility 
in writing out in all similar cases the entire expression when 
the typical term is given. 
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Examples. 

1. Find the yalue of So^iS of the roots of the cubic equation 

Multiplying together the equations 

tt + i3 + 7 = -i>, 
iSy + 7a + o^ = q, 

we obtain 2a' iS + 3 0/87 = -pq ; 

hence 2 a*i3 = 3 r - pq. 

2. Find for the same cubic the value of 

a* + iS* + 7*. Ans. 2tt« =^« - 2y. 

3. Find for the same cubic the value of 

o? + /a' + r*. 

Multiplying the values of 2a and So*, we obtain 

a» + iB3 + 7» + 2a«iB = -jf^-\- 2pq; 
hence, by Ex. 1, 

2a» = -^+ 3j>y- 3r. 

4. Find for the same cubic the value of 

We easily obtain 

iBV + 7^«* + a*i3- + 2ai37(a + iB + 7) = ^, 
from which ^a'0* = q^ -2pr. 

5. Find for the same cubic tho value of 

{fi + 7) (7 + a) (a + $). 
This is equal to 

2afiy + 'Sa'^$. Am, r — pq, 

6. Find the value of the symmetric function 

a«i37 + a?iB8 + a*78 + iB«a7 + fPai + P^yZ 
+ 72aiB + 7«a8 + 7«iB8 + 8»aj8 + 8«a7 + t^^ 

of the roots of the biquadratic equation 

«* +l>a^ + ?«* + rjc + « = 0. 

Multiplying together 

« + i3 + 7 + 8 = -i>, 

037 + a^J + a78 + ^Z = - r, 

we obtain 2a* ^87 + 4 a/578 = jw ; 

hence 2a'*iB7 s= |w - 4 «. 



Examples. 49 

7. Find for the Mune biqiiadratio the value of the symmetric functioii 
Squaring 2a, we easily obtain 

8. Find for the same biquadratic the value of the symmetric function 

Squaring the equation 

2aj3 = ^, 
obtam 

2a>/5« + 2aa»i87 + 60^78 = y« ; 
henoe, by Ex. 6, 

9. ¥mi for the same biquadratic the value of 3a? iS. 

To form this symmetric function, we take the two permutations afi and fia of 
the letters a, fi ; these give two terms t?fi and fi^a of 2. We have similarly two 
tenns from every other pair of the letters a, 3, 7, S ; so that the symmetric func- 
tion consists of 12 terms in all. 

Multiply together the two equations 

:Ufi = g, 2«^=p«-2y; 
and observe that 

[It is convenient to remark here, that results of the kind expressed by this last 
equation can be verified by the consideration that the number of terms in both 
members of the equation must be the same. Thus, in the present instance, since 
2a' contains 4 terms, and 2afi 6 terms, their product must contain 24 ; and these 
are in &ct the 12 terms which form 2a'i3, together with the 12 which form 2a'i37.] 

Using the results of previous examples, we have, therefore, 

2a?/B =>»^ - 2^ -i>r + 4*. 

10. Find for the same biquadratic the value of 

«* + /5* + 7* + «*- 
Squaring 2a?, and employing results already obtained, 

2a* =1?* - 4i)«^ + 2}» + 4pr - 4#. 

11. Find the value, in terms of the coefficients, of the sum of the squares of the 
roots of the equation 

Squaring 2ai, we easily find 

jpi'B2ai' + 220102; 



12. Find the value, in terms of the coefficients, of the sum of the reciprocals of 
the roota of the equation in the preceding example. 
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From the second last, and last of the equations of Art. 23, we have 

a2 03 . . . . afi+ ai as • • • • ttit + . . . . -I- ai as • • > • Oi»-i = (— l)*"'i>ii-li 

aiasas .... On= (— \)^Pn ; 

diyiding the foimer by the latter, we haye 

111 1 -Pn.1 

— + — + — + +— = , 

ai a2 as an Pn 

or 

^ — — • 

ai Pn 

In a similar manner the sum of the products in pairs, in threes, &c. of the 
reciprocals of the roots can be foimd by diyiding the 3rd last, or 4th last, &c. coef- 
ficient by the last. 

13. Find for the cubic equation 

oo^ + 3ai a;' + 302^ + <i3 = 

the yalue, in terms of the coefficients, of the following symmetric function of the 

roots a, iB, 7 : — 

(i8-7)'+(7-«)'+(a-«». 

N. B. — It wiU often be found conyenient to write, as in the present example, an 
equation with binomial eoefficientSy that is, numerical coefficients the same as those 
which occur in the expansion by the binomial theorem, in addition to the literal 
coefficients oo, ai, &c. Here the equation being of the third degree, the successire 
numerical coefficients are those which occur in the expansion to the third power, 
viz. 1, 3, 3, 1. 

We easily obtain 

«oM(i3-7)*+(7-a)' + (a-/B)»)=18(ai»-aoa2). 

14. Express in terms of the coefficients of the cubic in the preceding example the 
successiye coefficients of the quadratic 

(* - »)» (/3 - 7)H (x - i8)» (7 - a)' + (* - 7)' (« - /3)» = 0, 

>^ here a, iS, 7 are the roots of the cubic. 

Here, in addition to the symmetric function of the preceding example, we haye 
to calculate also the two following : — 

a()8-7)« + iB(7-a)« + 7(a-iB)», 

a^ (3 - 7)H iS' (7 - a)2 + 7» (a - i3)». 

A n». (ao 02 - «i») a:»,+ (a© as - «! fl2) « + («i «8 - ««') = 0. 

15. Find for the cubic of example 13 the yalue in terms of the coefficients of 

(2a-iB-7)(2iB-7-a)(27-a-i3). 
Since 20-^8-7= 3a- (a + iB + 7) = 3a + — , 
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the required Talue is easQy obtained by substituting — ^ for r in tbe identity 

flo*' + 3«i «• + Soj « + fls SB oo (a: - a) (a; - iB) (ar - 7) . 
Ana, ao'(2a- /i - 7) (2/8-7-0) (27 - a -iB) = - 27 (flo'«3 - 3ao«i«a+2«i'). 

16. Find, in terms of the coefficients of the biquadratic equation 

the yalne of the following sjrmmetric function of the roots : — 

0-7)'(«-«)' + (7-«)»OB-8)»+(a-iB)M7-«)'. 

Here the equation is written with numerical coefficients corresponding to the 
expansion of the binomial to the 4th power. The symmetric function in question 
if aanly seen to be identical with 

23a«iS» - 22a>i87+ 12ai57«. 
Employing the results of examples 6 and 8, we find 
«o*{0-7)'(«-«)' + (7-«)M3-«)' + (a-iB)»(7-«)»}=24(aofl4-4aiaj + 3a32). 

17. Taking the six products in pairs of the four roots of the equation of Ex. 16, 
and adding each product, e,g, afi, to that which contains the remaining two roots, 
7S, we haye the three sums in pairs 

i97+aa, ya-^-fiZ, 0^+78; 

it is required to find the yalues in terms of the coefficients of, the two following 
symmetric functions of the roots : — 

(70+/M) (o^ + 78) + (o^ + 78) (i87 + o«) + OB7 + a8) (7a + /B8), 
O7 + a8) (7a + fi9) (afi + 78). 

The fonner of these is the sum of the products in pairs, and the latter the con- 
tinued product, of the three expressions aboye giyen. As these three functions of 
the roots are important in the theory of the biquadratic, we [shall represent them 
imifoimly by the letters X, ^a, r. We haye, therefore, to find expressions in terms 
of the coefficients f or /ly + rX + A/i, and X/ur. 

The fonner is Xc^fiy, and is easily expressed as follows (cf. Ex. 6) : — 

oo' 11^ = 4 (4ai 03 — oo 04) . 
The latter is, when multiplied out, equal to 

and we obtain after easy calculations the following : — 

00* A^ B 8 (2410 as' - Zaoa%ai + 2ai' 04). 

s2 
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18. Find, injterms of the coefficients of the biqnadrmtio of £z. 16, the Talue of 
the following symmetiio function of the roots :^ 

{(7-a)(i3-8)-(a-/5)(7-«)}{(«-i8)(7-«)-(i3-7)(«-«)} 

{0B-y)(«-a)-(7-«)(/B-«)). 

This is also an important symmetric function in the theory of the biquadratic. 
To preyent any ambiguity in writing this, or coiresponding functions in which the 
differences of the roots of the biquadratic enter, we explain the notation which will 
be uniformly employed in this work. 

Taking in circular order the three roots a, 3, 7, we haye the three differences 
/3— 7i 7 — 0, a-iB; and subtracting S &om each root in turn, we have the three 
other differences a — S, 3 — S, 7 — 8. We combine these in pairs as follows : — 

(i3-7)(a-a), (7-«)(i3-«)» (a-iS)(7-«). 

The symmetric function in question is the product of the differences of these 
three taken as usual in circular order. 

Employing the values of X, /A,|r in the preceding example, we haye 

-fi + »' = (i8-7)(«-5)» -»' + X = (7-a)(iB-8), -x + ;is(a-i8)(7-«). 
We haye, therefore, to find the ralue of 

(2X - fi - r) (2fi - r - X) (2r - X - fi), 

(3X~ 3ajS)(8M- 'Xafi)\{Zw - Xa$), 

in terms of the coefficients of the biquadratic. 

Multiplying this out, substituting the yalue of 2afi, and attending to the results 
of £x. 17, we obtain the required expression as follows : — 

oo* (2x— fi - v) (2fi — r— a) (2^ - X - fi) = — 432 {flo«8fl4+2ai aafls— «o«s' - «i* fl4— ««'} . 

The function of the coefficients here arriyed at, as well as those before obtained 
in Examples 13, 16, and 16, will be found to be of great importance in the theory 
of the cubic and biquadratic equations. 

19. Find, in terms of the coefficients of the biquadratic of Ex. 16, the yilue of 
the symmetric function 

(a-iB)»+(a-7)«+(a-«)»+(/B-7)'+(i8-«)»+(7-«)*. 

This may be represented briefly by 2 (a-/3)*. 

Ant. ao?2(a-/3)*s=48(iii'-aeas). 

20. Proye the following relation between the roots and coefficients of the biqua- 
dratic of Ex. 16 :— 

a(^(j8 + 7 - o - 8) (7 + a-/B - 8)(o+ /B -7 -8) = 32(«(^flj - 3«o«i«» + 2tfi'). 
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28. Tlieoreiiis relating to (iymmetiic Functions. — 

The following two theorems^ with which we close for the present 
the disooflBion of this sabject, will be found useful in many in- 
stances in yerifying the results of the calculation of symmetrio 
functions. 

(1). The sum of the exponents qfall the roots in any term of any 
symmetric Junction of the roots is equal to the sum of the suffixes in 
each term of the corresponding value in terms of the coefficients. 
The sum here spoken of , which is of course the same for eveiy 
term of the symmetric function, and which may be called the 
degree in all the roots of that function, will be subsequently 
defined (see Gh. XII.) as the weight of the symmetric function. 
The truth of the theorem will be observed in the particular cases 
of the examples 13, 15, 16, 17, &c. of the last Article ; and that 
it must be true in general appears from the equations (2) of 
Art. 23, for the suffix of each coefficient in those equations is 
equal to the d^;ree in the roots of the corresponding function of 
the roots ; hence in any product of any powers of the coefficients 
the sum of the suffixes must be equal to the degree in all the 
roots of the corresponding function of the roots. 

(2). WJien an equation is written with binomial coefficients, the 
expression in terms of the coefficients for any symmetric function 
of the rootSy which is a function of their differences only, is such that 
the algebraic sum of the numerical factors of all the terms in it is 
equal to %ero. The truth of this proposition appears by suppos- 
ing aU the coefficients ao, (Zi, o^, &c. to become equal to imity in 
the general equation written with binomial coefficients, viz., 

Ooaj" + naiof^^ + \ "[ ^ OiX^* + + (/» = 0. 

The equation then becomes (:r + l]** = 0, t. e. all the roots be- 
come equal ; hence any function of the differences of the roots 
must in that case vanish, and therefore also the function of the 
coefficients which is equal to it ; but this consists of the alge- 
braic sum of the ntmierical factors when in it all the coefficients 
a«, Oij Of, &c. are made equal to unity. In Exs. 13, 15, 16, 18, 
20 of Art. 27 we have instances of this theorem. 
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Afu, ^-3. 



Examples. 
1. Find in tanns of p, q, r the yalue of the symmetric function 

fiy ya afi 

where a, 3, 7 are the roots of the cubic equation 

«* +jP«' + y« + r = 0. 

2. Find for the same equation the value of 

Atu. 24r-i>3- 

3. Calculate the Tilue of Xeflfi^ of the roots of the same equation. 
Here 2a/33a?/3' = So'/S' + afiy'Sfiffi ; hence ftc. 

4. Find for the same equation the yalue of the symmetric function 

(^3 - y)2 + (yi . «8)2 + (^ . ^3)2. 

^* is easily obtained by squaring 1,0? (see Ex. 3, Art 27). 

Am, 2t^-\2p^q-it\2p^rJtl^p^q^-'l%pqr-^^. 

6. Find for the same equation the yalue of 

iB+7 7 + a "^ a+iS ' 

2»'j-4»r-2^ 

-4»M. = . 

r-pq 

6. Find for the same equation the yalue of 

aHi87 , iB»-t-7a ^ 7*-fa 3 
iB + 7 7 + o + iB * 

^ - 3p'£+6pr-|-V 
Afu» • 

7. Find for the same equation the yalue of 

2^ -a? 2ycL-0^ 2 0^8-7^ 
3 + 7-0 7 + a-i3 a + iB-7* 

»*-2»»y + 14/>r-8^ 

Ana, -= — . 

Apq -p^ — 8r 
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8. Find the value of the Bymmetiic function 2 ( i for the same cubic 

equation. 



Am. 



{r^pqf 



9. Calenlate in terms oip, g, r, $ the value of 2 -^ for the equation 

IT 

af* + jMf* + ^x' + rsr + 1 = 0. 

Here JaM-\ = 2|+2^; and ^a2- = 4 + 2^. 
«* p 7* a p 

-dfw. p 

10. Find the Talue of 2 — of the roots ol the equation 



Ant, 



p<? 



11. Find for the biquadratic of Ex. 9 the value of 

(iSy - o8) (7a -i38) (0^-78). 
Compare Ex. 22, Art. 24. Ans, r' - p^s. 

12. Find the value of 2(aoa+ai)2()3-7)^ in terms of the coefficients of the 

cubic equation 

ooz^ + 3aix^ + ^a%» + as = 0. 

18 , 
Ant, --j(flo«a-<'i^)'. 

wo 
Si 2 

13. Find the value 'of the symmetric function 2 -^ of the roots of tho 

ai a% 

eqoatioin 



Tha given function ma j be written in the form 

ai{ — + — + . . . . + — }-l 
(ai oz Ofi) 

+ ttaj — + — + • • • • + — / — A 



,ai OS OfiJ 

+ 

(11 1) 1 

+ 0,5- + — + .... +-5-I, 

\a\ m On) 

1 P\Ph-\ 

or2«i2 fi;henceftc. Ant. n. 

ai Pn 

14. Clear of radicals the equation 
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and express the coefficients of the resulting equation in < in teims of the coefficients 

of the cubic of Ex. 1. 

Ant, 3l»-2(p*-2^)<-p* + 4i»'^-8;>r=0. 

16. If a, /3, 7, 8 be the roots^of the biquadratic of Ex. 9, prore 

(«»+l)(i8» + l)(7»+l)(«*+l) = (l-? + *)' + (p-r)«. 

Substitute in turn each of the roots of the equation j^ + 1 = in the identity of 
Art. 16, and multiply. 

16. Prove the following relation between the roots and coefficients of the general 
equation of the n^ degree : — 

(ai' + 1) (oj* + 1 ) . . . . (<u* + 1) = (1 -in +1»4 - . . .)' + (pi -111 + . . .)'• 

17. Find the numerical value of 

(a» + 2)(i8» + 2)(7» + 2)(8* + 2), 

where a, /3, 7, 8 are the roots of the equation 

«*-7x» + 8jr»-5a? + 10=0. 

Substitute in turn for x each root of the equation d^ + 2 ^ 0, and multiply. 

Ana. 166. 

18. If a, /3, 7, 8 be the roots of the equation 

prove 

«o'(/8 + 7)(7 + a)(a+/3)(a+8)(/3 + 8)(7 + 8) = 16 {6«iaiai-flo«s'-ai'tf*l. 

The symmetric function in question is equal to (ft + y) (y + A) (A. + ft), or 2\ S^ir 
— Kfu^i where A, /i, y have the values of Ex. 17, Art. 27. 

19. Calculate the value of the symmetric function 2(a -/3)* of the roots of the 

biquadratic equation of Ex. 9. 

Am, 3j»*-16p'i^ + 205'+4|>r-16#. 

20. Show that when the biquadratic is written with binomial coefficients, as in 
Ex. 18, the value of the symmetric function of the preceding example may be ex- 
pressed in the following form : — 

flo*2(a-/3)* = 16{48(ag«a-ai2)»-ao*(aoa4-4aias+3fli«)}. 

21. The distances on a right line of two pairs of points from a fixed origin are 
the roots (a, /3) and (a, pf) of the two quadratic equations 

aa» + 2te + <J=0, a'«» + 2*'« + tf' = 0; 

prove that when one pair of the points are the harmonic conjugates of the other pair, 
the following relation exists : — 

ac' + a'tf-2W' = 0. 

22. The distances of three points A^ B, C on a right line from a fixed origin O 
on the line are the roots of the equation 

<M^ + 3 ^j:^ + 3(70; + f^B ; 



Examples. 57 



ind the condition that one of the points A, B, C ahould hisect the distance between 
the other two. 

Compue Ex. 16, Art 27. Ant. a^d- Zabe-\-2i^ = 0. 

23. Betaining the notation of the preceding question, find the condition that the 
lour points 0, A, B, C should form a harmonic division. 

Ant, ad^-Zbed-\-2e^ = 0. 

This can be derived from the result of Ex. 22 by changing the roots into their 
reciprocals, or it can be easilj calculated independently. 

24. If the roots (a, /3, 7, 8) of the equation 

««♦ + 4*«* + Sftc* + 4<& + tf = 

are so xdated that a— 8, /3 — 8, 7-8arein harmonic progression, prove the relation 
among the coefficients 

Compare Ex. 18, Art. 27. 

25. Fonn the equation whose roots are 

a + w/S + w^Y ' a+w*/3 + ory ' 

where «^ = 1, and a, /3, 7 are the roots of the cubic 

Ant. («;-42)«2 + («/-*<?)a;+(W-fl2)=0. 

Compare Exs. 13 and 14, Art. 27. 

26. Express 

(2fiy-ya-afi)(2ya-afi-$y)(2a$-0y-ya) 

as the sum of two cubes. 

Ant. 087 + w7a-|-w'aj8)' + (i87 + w'7a + wai3)'. 
Compare Ex. 5, Art 26. 

27. Express 

(«+y+f)»+(«+i*y + •*«)*+ (j?+w'y+««)' 

m terms of ^r' + y' + s* and xpg, where m^=l. 

Ant. 3(«3 + y» + «') + 18a?y«. 

28. If 

(«» + y» + «»-34fyi)(x^+y'>+ir»-3«'y'f')BZ» + r»+^-3XrZ, 

And X, r*, Z in terms of Xfjfft; d^, y', t\ 
Apply Example 4, Art. 26. 

Afts. X=«r' + y/ + af', Y-xy* ^y^ -^-tz', Z=a?«' + yx' + zy'. 

29. Besdve 

(a + /8 + 7)'a^- O7 + 7a + aj8)' 

into three factors, each of the second degree in a, /3, 7. 

Ant. («» - fiy) (3» - 7a) (y - ai8) . 
Compare Ex. 18, Art. 24. 
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30. Reeolve into simple foctors each of the following ezpreaaions : — 
(1). (/8-7)'08 + 7-2a) + (7-a)M7 + «-2« + (a-/3)«(a+/8-27). 
(2). (/3-7)(/8+7-2a)» + (7-a)(7 + a-2/8)«+(a-3)(a + /8-27)«. 

An8. (1). (2a-/8-7)(23-7-«)(27-«-/8)- 
(2). -9(3-7) (7-«)(«-/8). 

31. Find the condition that the cubic equation 

a^ "PT^ 4- ^* — r = 

should have a pair of roots of the form a\a ^/— 1 ; and show how to determine 
the roots in that case. 

If the real root is 3, we easily find, by forming the sum of the squares of the 
roots, 1)^ — 2^ = 6'. The required condition is 

(p»-2^)(g2-2jn')-r» = 0. 

32. Solve the equation 

whose roots are of the form indicated in Ex. 31. 

Ana. Boots 3, and 2 f 2 v^-HT 

33. Find the conditions that the biquadratic equation 

«*— p«' + ^aj* — r«+# = 

should have roots of the form a±a ^Z- 1, 6 + & >/— 1. Here there must be two 

conditions among the coefficients, as there are only two independent quantities 

involyed in the roots. 

An$. i)*-2^=0; r»-2y« = 0. 

34. Solve the biquadratic 

«* + 4«»+8a:»- 120* + 900 = 0, 

whose roots are of the fonn in Ex. 33. 

Afu, 3 + 3 /^l, -6 + 6^^^. 

35. If a + /3 'x/- 1 be a root of the equation 

«' + ^* + *' = 0, 
prove that 2a will be a root of the equation 

«' + ^«— r = 0. 

36. Find the condition that the cubic equation 

Q^ -{-pa? + ^o; + r = 

should have two roots a, 3 connected by the relation a3 + 1 = 0. 

Ant, l + ^+j>r + r» = 0. 
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37. Find the condition that the biquadratic 

s* + ji** + y«' + ra? + « = 

•hoald haye two roots connected bj the relation aj9 + 1 = 0. 
The condition arranged according to powers of « is 

1 + y + iw' + J^ + 0?* + i>r - 2 i^ - 1 ) « + (^ - 1 ) *2 + ,8 = . 

38. Find the Talne of 2 (ai — 02)* 0304 .... on of the roots of the equation 

This is readily reducible to Ex. 13. 

An». (- 1)" { p\ p^\ - «'/?« j . 

39. If the roots of the equation 

, « (« - 1) . 
1 • ^ 

be in arithmetical progression, show that they can be obtained from the expression 






-flooa) 



by giving to r all the values 1, 3, 5, ....»- l, when n is even ; and all the values 

0, 2, 4, 6 .... M — 1, when n is odd. 

40. Bepresenting the differences of three quantities a, 3i 7 by ai, 3i> 71 > «> 

foDows: — 

ois3-7, /3i57-a, 7iso-i3; 

imnre the relations 

ai» + /8i« + 7i» = 3oii8i7i, 

ai* + /3i* + 7i* = J{ai» + /8i2 + 7i2}», 

ai»+ /8i«+ 7i» = t {oi» + /8i« + 7i*}oi/8i7i- 

These results can be derived by taking ai, iSi, 71 to bo roots of the equation 

«• + ^a? - r = 

(iHiere the second term is absent since the sum of the roots = 0), and calculating the 
symmetric functions 2ai', Sai^, 2ai^ in terms of q and r. The process can be ex- 
tended to form 2ai*, 2ai'', &c. The sums of the successive powers are, therefore, 
an capable of being expressed in terms of the product ai iSi 71 and the sum of squares 
•i* + /8i' + 71' ; the former being equal to r, and tho latter to - 2 (/3i 71 + 71 ai + a\ j3i)i 
or — 2^. These sums can be calctdated readily as follows : — By means oia^^r — qx^ 
and the equations derived from this by squaring, cubing, &c., and multiplying by 
xor ^, any power of r, say 2:^, can be brought by successive reductions to the form 
A-^-Bz-^ Cx', where A, B,Caie functions of g and r. Substituting au j3i, 71, and 
adding, we find ZaiP = 3^ - 2qC, The student can take as an exercise to prove in 
this way 2ai' = 7^V, 2ai" = 11^ (^ - r») . 



CHAPTER IV. 

TRANSFORMATION OF EQUATIONS. 

29. Transfomiatioii of Eqoatioiis. — We oan in many 
instances, without knowing the values of the roots of an equa- 
tion in terms of the ooeffioients, transform it by elementary sub- 
stitutions, or by the aid of the symmetric functions of the roots, 
into another equation whose roots shall have certain assigned 
relations to the roots of the proposed. A transformation of this 
nature often facilitates the discussion of the equation. We 
proceed to explain the most important elementary transforma- 
tions of equations. 

30. Roots wttb Signs changed* — To transform an equa- 
tion into another whose roots shall be equal to the roots of the 
given equation with contrary signs, let oi, as, as, ... on be the 
roots of the equation 

We have then the identity 

ir" -^piof^^ +p2af^^ + . . . -^Pn^iX + pn ■ (a? - ai) (a? - a,) . . . (a? - a„) ; 

changing x into - y, we have, whether n be even or odd, 

tT "PitT^ +P2tr'^ "... tpn^it/ Tpn = (y + ai) (y + a,) . . . (y + a«). 

The polynomial in y equated to zero is, therefore, an equation 
whose roots are - ai, - ai, , . . - an ; and to effect the required 
transformation we have only to change the signs of evert/ alternate 
term of the given equation beginning taith the second. 

Examples. 
1. Find the equation whose roots are the roots of 

«* + 7 ar* + 7*5 - 8 r* + a: + 1 = 
with their signs changed. Ans. c^ — 7a^+ 7«'+ Sx^ + ap-l^O. 
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2. Cbsnge the sigiiB of the roots of the equitioii 

[Supply the munng tenns with zero eoefficientB.] 

Ant. *7 + 3«* + «' + «' + 7«-2 = 0. 

31. To Multiply tbe Roots by a Glveii liaantity, — 

To transform an equation whose roots are oi, as, . . . a» into ano- 

ther whose roots are mai, ma%. . . . monj we change x into ^ in 

m 

the identity of the preceding Artiole. Multiplying by m*^, we 
haye 

y* + nfpitT'^ + fn^PttT'* + . . . + ntS^^Pnr.\y + m*»pn 

s (y - moi) (y - nkia) (y - manY 

Henoe, to multiply the roots of an equation by a given quan- 
tity m, we have only to multiply the mccessive coefficients^ beginning 
with the seeondf by m, m\ m\ . . . m^. 

The present transformation is useful for the purpose of re- 
moTing the ooeffioient of the first term of an equation when it 
is not unity ; and generally for removing fractional coefficients 
from an equation. If there is a coefficient Oo of the first term, 
we form the equation whose roots are Ooai, OoOs, • . . OoOn ; the 
transformed equation will be divisible by (hy and after such divi- 
sion the coefficient of ^ will be unity. 

When there are fractional coefficients, we can get rid of them 
by multiplying the roots by a quantity m which is the least 
common multiple of all the denominators of the fractions. In 
many oases multiplication by a quantity less than the least 
common multiple will be sufficient for this purpose, as will 
appear in the following examples : — 

EZAMPLBS. 

1. Change the equation 

3s«-i«» + 4«»-2*+l=0 

into another the coefficient of whose highest term will be unity. 

We multiply the roots by 3. Ant. ir*-4«» + 12x^-18* +27 = 0. 

2. Esmore the fractional coefficients from the equation 

2 3 
Multiply the roots by 6. Ant. r^-Sj^+24dr- 216 = 0. 
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3. EemoTe the fractional coefficients from the equation 

By noting the factors which occur in the denominatorB of these fractions, we 
observe that a number much smaller than the least common multiple will suffice to 
remove the fractions. If the required multiplier is m, we write the transformed 
equation thus : — 

2 3*.2 3».2« • 

it is evident that if m be taken = 6, each coefficient will become integral ; hence we 
have only to multiply the roots by 6. 

Am. «»-16«»-14jr+2 = 0. 

4. Eemove the fractional coefficients from the equation 

^ 3 , 13 77 ^ 

^10 ^26 1000 

« 

The student must be careful in examples of this kind to supply the miairing 
terms with zero coefficients. The required multiplier is 10. 

Ant, af« + 30«* + 620* + 770 = 0. 

5. Bemove the fractional coefficients from the equation 

^ 5 , 6 , 13 ^ 
6 12 900 

^iw. «*- 26«» + 375a5»- 11700 = 0. 

32. Reciprocal Roots and Reciprocal EqaaHoiis. — 

To transf onn an equation into one whose roots are the reciprocals 

of the roots of the proposed equation^ we change x into - in the 

identity of Art. 30. This substitution gives, after certain easy 
reductions, 

1 i^i Pt ^ i>n-i Pn( l\( 1\ / 1\ 

yn yn-x yn-2 y r yn^ aj^" a J Y aj' 

or 

Pn Pn Pn Pn \ ai/\ a%J \ a«/ 

hence, if in the given equation we replace x by -, and multiply 

by y^, the resulting polynomial in y equated to zero will have 
for roots the reciprocals of ai, oa, • . • . a^. 
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There is a certain class of equations which remain unaltered 
when X \b changed into its reciprocal. These are called reciprocal 
equations. The conditions which must ohtain among the coef- 
ficients of an equation in order that it should be one of this class 
are, by what has been just proved, plainly the following : — 

Pn Pn Pn Pn 

The last of these conditions gives pn = 1, or j^n = ± 1. Reci- 
procal equations are divided into two classes, according aspnis 
equal to + 1, or to - 1. 

(1). In the first case we have the relations 

Pnr-l =P\y Pn-i =1>2, • • • i?i =P»-i ; 

which give rise to the^r«^ class of reciprocal equations^ in which 
the coefficients of the corresponding terms taken from the beginning 
and end are equal in magnitude and have the same signs. 
(2). In the second case, when^n = - 1, we have 

giving rise to the second class of reciprocal equations^ in which cor- 
responding terms counting from the beginning and end are equal in 
magnitude but different in sign. It is to be observed that in this 
case when the degree of the equation is even, say n- 2m, one of 
the conditions becomes p^ = -pmj or ji^m " ; so that in reciprocal 
equations of the second class, whose degree is even, the middle 
term is absent. 

If a be a root of a reciprocal equation, - must also be a root, 

for it is a root of the transformed equation, and the transformed 
equation is identical with the proposed ; hence the roots of a 

reciprocal equation occur in pairs, a^ - ; i3, ^ ; &c. When the 

degree is odd there must be a root which is its own reciprocal ; 
and it is in fact obvious from the form of the equation that - I, 
or + 1 is then a root, according as the equation is of the first or 
second of the above classes. In either case we can divide off by 
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the known factor (2; + 1 or a; - 1), and what is left is a reoiprooal 
equation of even degree and of the first class. In equations of 
the second class of even degree ^ - 1 is a factor, since the equa- 
tion may be written in the form 

aj»- 1 +i7iip(aj^»- 1) + . . . = 0, 

By dividing by 2^ - 1, this also is reducible to a reciprocal 
equation of the first class of even degree. Hence all reciprocal 
equations may be reduced to those of the first class whose degree is 
eveuj and this may consequently be regarded as the standard form 
of reciprocal equations. 

Examples. 

1 . Find the equation whose roots are the reciprocals of the roots of 

«* - Sj:' + 7** + 6a? - 2 = 0. 

Ans. 2y*-6y»-7y» + 3y-l=0. 

2. Reduce to a reciprocal equation of eyen degree and of first class 

. 6 , 22^ 22 , 6 , ^ 

Am. ap4 + -a;S--_>cS+ aj+i=o. 
006 

33. To Increase or Diminish the Roots by a Citven 
linantity* — To effect tlus transformation we change the vari- 
able in the polynomial f{x) by the substitution x = t/ + h; the 
resulting equation in y will have roots each less or greater by h 
than the given equation in x, according as A is positive or nega- 
tive. The resulting equation is (see Art. 6) 

/(A) +/Wy+Y7fy*+ fj^y' + .... = 0. 

There is a mode of formation of this equation which for 
practical purposes is much more convenient than the direct cal- 
culation of the derived functions, and the substitution in them 
of the given quantity h. This we proceed to explain. Let the 
proposed equation be 

do*" + 0x3^^ + OiX^^ + . . . + a,^ix + an = ; 
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and sappose the transformed polynomial in y to be 

-4oy" + -4, jT"* + A^tf^ + . . . + A^iy + An ; 
since y=^x-hj this is equivalent to 

Ao{x - hY + Ai{x - h)^^ -^ . . . + An^i{x - h) + An9 

which must be identical with the given polynomial. We conclude 
that if the given polynomial be divided by 2r - A, the remainder 
is An9 and the quotient 

Ao{x - A)"-» -^Ai{x- A)-» + . . . + An-2{x - A) + ^n-i ; 

if this again be divided by a; - A, the remainder is An-i^ and the 

quotient 

Ao{x - A)*^ + Ai{x - A)«-' + . . . + A^. 

Proceeding in this way, we are able by a repetition of arith- 
metical operations, of the kind explained in Art. 8, to calculate 
in succession the several coefficients Any An-ij &c., of the trans- 
formed equation ; the last, Ao^ being equal to ^o* It will appear 
in a subsequent Chapter that the best practical method of solv- 
ing numerical equations is only an extension of the process 
employed in the following examples. 

EXAJCPLES. 

1. Find the equation whose roots are the roots of 

«*-6«» + 7«»-l7«+ll=0, 
each diminished hy 4. 

The calculation is best exhibited as follows : — 
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Here the first diyifion of the giyen pdynomial hj x — i giyes the -remainder 
- 9 (=^i)f and the quotient «* — x' + 3d; — 6 (of . Ait. 8). Dividing thia again by 
dp - 4, we get the remainder 66 (= At), and the quotient d^ + 3^;+ 16. Diyiding 
again, we get the remainder 43 (= A2), and quotient x + 7; and dividing thia we get 
Ax = 11, and ^0 » 1 ; hence the required transformed equation is 

y* + lly» + 43y« + 66y-9 = 0. 

2- Find the equation whose roots are the roots of 

«»+4«5-«»+ll = 0, 
each diminished by 3. 
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The transformed equation is, therefore, 

y»+16y* + 94y» + 306y» + 607y + 363=0. 

3. Find the equation whose roots are the roots of 

4««-2«»+7«-3 = 0, 
each increased by 2. 

The multiplier in this operation is, of course, — 2. 

Ant. 4/-40y*+168y»J-308y« + 303y-129 = 0. 

4. Increase by 7 the roots of the equation 

3«* + 7«>-16«»+«-2t=0. 

Am. 3y*-77y»+720y»-2876y + 4068 = 0. 

5. Diminish by 23 the roots of the equation 

6«»-13«»-12«+7 = 0. 

The operation may be conyeniently performed by first diminishing the roots by 
20, and then diminishing the roots of the transfonned equation again by 3. The 
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ca l cu k tio n may be exhibited in two stages, as follows, the broken lines marking the 
conelnsion of^each stage : — 
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Ant, 6/ + 3S2y> + 7326 y + 63689 ^ 0. 



34. Remowal of Terms. — One of the chief uses of the 
iransfoimation of the preceding Article is to remove a certain 
specified term from an equation. Such a step often facilitateB 
its solution. Writing the transformed equation in descending 
powers of y, we have 

If A be such as to satisfy the equation naoh + ai = 0, the trans- 
formed equation will want the second term. If h be either of 
the values which satisfy the equation 



1.2 



OoA' + (n - 1) «! A + Oa = 0, 



the transformed equation wQl want the third term ; the removal 
of the fourth term will require the solution of a cubic for h ; and 
so on. To remove the last term we must solve the equation 
/(A) s= 0, which is the original equation itself. 



f2 
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Examples. 

1. Transform the equation 

into one which shall want the second tenn. 

iMoA + aissO gives A = 2. 
Diminish the roots by 2. AnM, y* - 8y - 15 = 0. 

2. Transform the equation 

into one which shall want the second term. 

Increase the roots by 2. Am, y* - 24^* + 66y - 56 a 0. 

3. Transform the equation 

into one which shall want the third term. 
The quadratic for h is 

6A»-12A-18»0, giving A=3, A=-l. 

Thus there are two ways of effecting the transformation. 
Diminishing the roots by 3, we obtain 

(1) y*+8y»-llly-196 = 0. 

Increasing the roots by 1, we obtain 

(2) y*-8y»+17y-8 = 0. 

35. Btaondal Coettclente. — In many algebraioal pro- 
cesses it is found convenient to write the polynomial /(a;) in the 
following form : — 

-^1 »(^-l) ^^^ n(n-l) , 

Oo^^ + wai a^^ + ^ ^ ' a,aJ^ + . , . + ^ ^ a^nf + nfl„_i a? + c^, 

in which each term is affected, in addition to the literal coef- 
ficient, with the numerical coefficient of the corresponding term 
in the expansion of {x + 1)** by the binomial theorem. The 
student will find examples of equations written in this way on 
referring to Article 27, Examples 13 and 16. The form is one 
to which any given polynomial can be at once reduced. 
We now adopt the following notation : — 

thus using TI with the suffix n to represent the polynomial of 
the vl"^ degree written with binomial coefficients. 
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We havey therefore, changing it into » - 1, &c., 



One advantage of the binomial form is, that the derived 
fanetions can be immediately written down. The first derived 
function of Tin is, plainly, 

n !aoa?*"*+(n-l)flia:*"' + -^ pTj ' a^3!^-\- , . . + fl»-i> ; 

or nTJ^x\ so that the first derived function of a polynomial re- 
presented in this way can be formed by applying to the suffix 
of IT" the rule given in Art. 6 with respect to the exponent of the 
variable. Thus, for example, the first derived of fTi is formed 
by multiplying the function by 4, and diminishing the suffix by 
unity ; it is, therefore, 4 fTj, as the student can easily verify. 

We proceed now to prove that the substitution of y + A for 
X transforms the polynomial U^y or 



JO -*" nan-iX^ Onf 



into 

Ao!r + w-4iy""' + - J Aii/*^^ + . . . + nAn^it/ + An, 
where 

are the functions which result by substituting h for x in 

iAb t/i, C/a, • • . Un-\y Ifn 5 

i.e. Ao^Ooj Ai = aoh + ai, ^, = aoA' + 2fl|A + flr2, &c. 

Bepresenting the derived functions oif(h) by suffixes, as 
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explained in Art. 6, we may write the result of the transfor- 
mation, "viz./(y + A), in the following form: — 

/(A) is the result of substituting A for ^ in CTn ; it is, therefore, 
An ; its first derived fi (A) is, by the above rule, nAf^i ; the first 
derived of this again is n (n - 1) A^^^ ; and so on. Making these 
substitutions, we have the result above stated, which enables us 
to write down without any calculation the transformed equation. 



Examples^ 

1. nd the result of subititutizig y + A for « in the polynomial 

oo** + 3«i aj* + 3fl2^ + ^8. 
Ant. ooy* + 3 («oA + a\)f^ + 3 (floA*+ 2«i A + a,)y + oqA' + 3ai A* + 3aiA+ aj. 

The student will find it a useful exercise to verify this result by the method of 
calculation explained in Art. 33, which may often be employed with advantage in 
the case of algebraical as well as numerical examples. 

2. BemoTe the second term from the equation 

00^ + 3ai x' + 3a2 :r + as = 0. 
We must diminish the roots by a quantity h obtained from the equation 

aoA + ai = 0, i. e., A= • 

oo 

Substituting this value of A in ^2, and ^3, the resulting equation in y is 

, 3(0002 — 01*) 00*03— 3<io<ii<i2*+2ai' ^ 

3. Find the condition that the second and third terms of the equation 27ii = 
should be capable of being removed by the same substitution. 

Here A\ and A2 must vanish for the same value of h ; and eliminating h be- 
tween thfm we find the' required condition. 

Ant. oo^h — ffi'^O. 

4« Solve the equation 

«» + 6««+124P-19 = 

by removing its second term. 

The third term is removed by the same substitution, which gives 

y»-27 = 0. 
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Thft nqiiirad rooti are obtained bj fubtracting 2 from tach root of the latter 
conation. 

5. Find the eondition that the second and fourth terms of the equation TTn^O 
•honld be capable of being removed by the same transformation. 

Here the coefficients A\ and A% must yanish for the same value of h ; eliminat- 
ing A between the equations 

aoA + ai = 0, <ioA*+3aiA3 + 3asA + ai = 0| 
we obtain the required condition 

K.B. — ^When this condition holds among the coefficients of a biquadratic equa- 
tion its solution is reducible to that of a quadratic ; for when the second term is 
ramored the resulting equation is a quadratic for y^ ; and from the values of y those 
of s can be obtained. 

6. Solve the equation 

** + 16«' + 71Lc» + 64a;-129=0 

by removing its second term. 
The equation in y is 

y4«24y«-l=0. 

7 Solve in the same manner the equation 

** + 20«» + 143jp» + 430* + 462 = 0. 

Am, The roots are - 7| -3, -6i\/3. 

8. Find the condition that the same transformation should remove the second 
and fifth terms of the equation Un » 0. 

Ant. «o*«4 - 4ao*«i «i + 6<io«i*«2 — 3ai* = 0. 

' 36. The Cubic, — On aooount of their peculiar interest, we 
shall oongider in this and the next following Articles the equa- 
tions of the third and fourth degrees, in connexion with the 
transformation of the preceding Article. When y + A is sub- 
sobetituted for x in the equation 

Oo^* + 3ai«* + Z(hx + 0, = 0, (1) 

we obtain 

Ooy* + 3-4iy" + ZAty + ^3=0, 

where A^ At^ At have the values of Art. 35. 

If in the transformed equation the second term is absent^ 

-4i»0, orA = --. 
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Substituting this value for A in ^t and A%f we find, as in Ex. 2, 
Art. 35, 

a^At-aQOt- fli', flo*-4j = 0^0% - 3ao«i <h + 2ai' ; 

hence the transformed cubio, wanting the second term, is 

3 1 

y* + "1 (^^ " ^i') y + — a (^o*«« - 3aofli Oi + 2ai*) = 0. 

The functions of the coefficients here involved are of such 
importance in the theory of algebraic equations, that it is custo- 
mary to represent them by single letters. We accordingly adopt 
the notation 

and write the transformed equation in the form 

If the roots of this equation be multiplied by Oq it becomes 

s' + 3Si5 + G = 0: (3) 

a form which will be found convenient in the subsequent dis- 
cussion of the cubic. The variable, s, herein contained is equal 
to Oop or ttoX + tti. The original cubic multiplied by Oq' is in fact 
identical with 

as the student can easily verify. 

If the roots of the original equation be a, /3, 7, those of the 
transformed equation (2) will be 

Oo ^0 ^ 

or, since 

a + p + 7 = , 

they may be written as follows : — 

i(2«-/3-7), i(2/3-y-«), i(2y-«-/3). 
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We oan write down immediately by the aid of the trans- 
f oimed equation the Talues of the sjmmetrio functions 

S(2a-/3-7)(2/3-7-«)i (2a-/3-7)(2^-7-a)(2y-a-0) 

of the roots of the original oubio. The latter wiU be found to 
agree with the value already found in Ex. 15, Art. 27* 

We may here make with regard to the general equation an 
important observation : that any symmetrio function of the roots 
^9 Pi 79 S> ^^'f which is a function of their differences only, can 
be expressed by the functions of the coefficients which occur in 
the transformed equation wanting the second term. This is 
obvious, since the difference of any two roots o', /3' of the 
transformed equation is equal to the difference of the two corre- 
sponding roots a, /3 of the original equation ; and any symmetrio 
function of the roots o', /3', y\ S', &c., can be expressed in terms 
of the coefficients of the transformed equation. For example, in 
the ease of the cubic, all symmetric functions of the roots which 
contain the differences only can be expressed as functions of 
Ooy H^ and O. Illustrations of this principle will be found 
among the examples of Art. 27. 

37. The Biquadratic, — The transformed equation, want- 
ing the second term, is in this case 

where A% and Az have the same values as in the preceding 
Article ; and where A^ is given by the equation 

QqA^ = a^a^ - 4ao'«i«3 + Qa^^a^Oz - 3ai*. 

The transformed equation is, therefore, 

6 4 1 

flo <Jo ^0 

We might if we pleased represent the absolute term of this 
equation by a symbol like H and &, and have thus three func- 
tions of the coefficients, in terms of which all symmetric func- 
tions of the differences of the roots of the biquadratic could be ex- 
pressed. It is more convenient, however, to regard this term as 
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oomposed of H and another function of the coefficients deter- 
mined in the following manner : — We have plainly the identity 

a^Qi - 400*01^3+ GflTofli'^^a- SflTi* s a^ (a^ai - ^ai<h + Soj*)- 3 [a^ai - fli*)'. 

This involves ^o, J7, and another function of the coefficients, 

viz., 

ao^4-4aia8 + 3flf2', 

which is of ^at importance in the theory of the biquadratic. 
This function is represented by the letter /, giving 

Oo'ai - 4flo*«i«8 + 6flofli'«a - 3fli* a tfo* /- 3fl'*. 
The transformed equation may now be written 

We can multiply the roots of this equation, as in the case of 
the cubic of Art. 36, by Oq ; and obtain 

«* + 6Hz* + 4G« + a,* I' 31P - 0. (2) 

This form will be found convenient in the treatment of the 
algebraical solution of the biquadratic. The variable is the 
same as in the case of the cubic, viz., OoX + Oi. The original bi- 
quadratic is in fact identical with 

{aox + fli)* + 6H{aoX + a,)' + 4<? (ooa? + ai) + Oo' /- 31P = 0, 

after the factor cro' is removed from this latter equation. 

Any symmetric function of the roots of the original biqua- 
dratic which contains their differences only can therefore be 
expressed by Oo, jBT, (?, and /. 

If the roots of the original equation be a, /3, 7, S, those of 
the transformed (1) will be, as is easily seen, 

i(3a-/3-7-S). i(3i3-7-8-«), i(37-8-a-^),i(38-«-/3-7). 

The sum of these = ; the sum of their products in pairs 

= — J ; the sum of their products in threes = — p ; and^for their 
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oontinued product we have the equation 

ao*(3a-i3-7-8)(3i3-7-S-a)(37-S-a-/3)(38-a-i3-7) 

= 256(^o'/-3J5r'). 

There is another function of the coefficients to which we 
wish now to call attention, as it will be found to be of great im- 
portance in the subsequent discussion of the biquadratic. It is 
the function arrived at in Ex. 18, Art. 27, viz.. 

This is denoted by the letter J, The example in question 
shows that it is a function of the differences of the roots. It 
must, therefore, be capable of being expressed in terms of ao» 
H^ Oy and /. We have, in fact, the identity 

aoV-ao'ir/-(?'-4J5r', 

which the student can easily verify. 

Or this relation can be derived as follows: — Whenever a 
function of the coefficients ao, ai, aa, &c. is the expression of a 
function of the differences of the roots, it must be unaltered by 
the transformation which removes the second term of the equa- 
tion, hence its value is imaltered when we change Ui into zero, 
Oi into At, Oi into A^, &o. Thus 

Ooihai + 2ai(h(h - (h^i - Oi^Oi - ^2' ^ a^AtAi - OqAz* - A^ ; 

substituting for Aty A^y A4, their values in terms of ff, O, I, we 
easily obtain the above identity, which will usually be written 
in the form 

38. Vomosrapbic Transformation. — The transforma- 
tion considered in Art. 33 is a particular case of the following, 
in which x is connected with the new variable 1/ by the equation 

If X = l, ^ = -A, X' = 0, /u'=l, we have y = a? -A, asin Art. 33. 
Solving for x in terms of y, we have 

M - /ti y 
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This value can be substituted for x in the given equation, 
and the resulting equation of the n'^ degree in y obtained. 

Let Oy /3, 7, 8, &c., be the roots of the original equation, 
and a\ J3^ y\ S", &o., .the corresponding roots of the transformed 
equation. From the equations 

we easily derive the relation 

, (X>.' - Xu) (g - ff) . 

" ''-(A'a + /)(A'/3 + ;,')' 
with corresponding relations for the differences of any other 
pair of roots. If we take any four roots, and the four corre- 
sponding roots, we obtain the equation 

(«- - ^0 (/ - y) (a-3)(y-8) 

(a'-7')0'-8')°(«-7)(/i-*r 

Thus, if the roots of the proposed equation represent the 
distances of a number of points on a right line from a fixed origin 
on the line, the roots of the transformed equation will represent 
the distances of a corresponding system of points, so related to 
the former that the anharmonic ratio of any four of one system 
is the same as that of their four conjugates in the other system. 
It is in consequence of this property that the transformation is 
called homographic. 

It is important to observe that the transformation here oon^^ 

sidered, in which the variables x and y are connected by a relation 

of the form 

Axy + -Ba? + (7y + 2) = 0, 

is the most general transformation in which to one value of either 
variable corresponds one, and only one, value of the other. 

39. Transformation by Symmetric Functions, — Sup- 
pose it is required to transform an equation into another whose 
roots shall be given rational functions of the roots of the pro- 
posed. Let the given function be ^ (a, /3, 7 . . .), where ^ may 
involve all the roots, or any number of them. We form all pos- 
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aible oombinations ^ (0/37)9 ^ (aj32)y &o.y of the roots of this type, 
and write down the transformed equation as follows : — 

When this product is expanded, the suooessive coefficients of 
y will be symmetric functions of the roots a, /3, 7, &o.y of the 
given equation ; and may therefore be expressed in^terms of the 
coeffioients of that equation. 

EXAHPLIS. 

1. The roots of 

«re a, P, y; find the eqiiation whose roots are a\ (P, y^. 
Siqipaae the tnnsloniied equation to be 

then 

and we hare to fonn the symmetric functions Sa^, ^^P^» ^P^'fi of the given equa- 
tion. We easily obtain 

the tiansfonned equation is, therefore, 

2. Find in the same case the equation whose roots are a', /S', 7^. 

Ant. y»+(;>'-3j?j + 3r)y» + (^-3j?^r+3r»)y + r*=0. 

3. If a, /3, 7, 3 be the roots of 

find the equation whose roots are a', 0^, 7^, 8*. 
Let the transfoimed equation be 

then 

Conpare £u. 8, 17, Art 27. 

Ant. y*-tP'-2j)y» + (ff"-2;w + 2*)y»-(r»-2^#)y + #a = 0. 

4. If a, /3, 7, 3 be the roots of 

ao^ + 4aix' + 6aaA:' + 4a3^+a^B0 ; 

find the equation whoee roots are A, /a, y ; viz., 

fiy-k-aly ya+139, aj8 + 73. 
8m Ex. 17, Alt. 27. 

fid* 4 R 

Ant, y* y^H-— i(4ffiff3-ffo^i)y ; (2«oa3»-3«oa3ai + 2ai»a4)=0. 

4^ eo ^ 
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6. Show that the transformed equation, when the roots of the resulting cubic of 
Ex. 4 are multiplied by (ooy and the second term of the equation then removed, is 

«»-7x + 2/=0. 

40. Formation of the Equatton i»rtaose Roots are any 
Powers of the Roots of the Proposed. — The method of 
effecting this transformation by symmetric functions, as ex- 
plained in the preceding Article, is often laborious. A much 
simpler process, involving multiplication only, can be employed. 
It depends on a knowledge of the solution of the binomial equa- 
tion of^ - 1 = 0. This form of equation will be discussed in the 
next Chapter. The general process will be sufficiently obvious 
to the student from the application to the equations of the 2nd 
and 3rd degrees which will be found among the following ex- 
amples : — 

EXAICPLBS. 

1. Fonn the equation whose roots are the squares of the roots of 

To effect this transformation, we have the identity 

«*+i>i«*"Hi>2«*^+ . . .+i»i»-i«+i»n = (*-ai)(«-a2) . . . (x-aj; 
changing x into — Xy we derive, as in Art. 30, 

«*-j»ia:"-i + i»2«*'*- . . . ±;^»-i«Ti»ns(a;+ai)(« + aa) (« + a«); 

multiplying, we have 

(a?»+^««-2+;i4«^|4- . . .)»-(i?i«»-^+i?8«*^+. . .)*s(**-oi«)(«»-a2*). . . («»-«•»); 

it is evident that the first member of this identity contains, when expanded, only 
even powers of a; ; we may then replace d?^ by y, and obtain finally 

yn + (2pa-;>i2)y^» + (p3'-2i?ii>2+2p4)y*-» + . . . = (y- ai») {jf-at^) . . . (y-a«»). 

The first member of this equated to zero is the required transformed equation. 

N.B. — This transformation will often enable us to determine a limit to the num- 
ber of real roots of the proposed equation. For, the square of a real root must be 
positive ; and therefore the original equation cannot have more real roots than the 
transformed has positive roots. 

2. Find the equation whose roots are the squares of the roots of 

«•-«'+ 8a;- 6 = 0. 

Aru, y» + 16y» + 62y-36 = 0. 

The latter equation, by Descartes' rule of signs, cannot have more than one 
positive root; hence the former must have a pair of imaginary roots. 



Examples. 79 

Z. Find the equatioB whoae roots are the squares of the roots of the equatioii 

«»+«> + «:" + 2j? + 3 «0. 

Ant. y*+2y* + 6y»+3/-2y-9 = 0. 

It follows from Descaites' mle of signs that the original equation must have 
fcrar imaginary roots. 

4. Terify by the method of Ex. 1 the Examples 1 and 3 of Art. 39. 
6. Form the equation whose roots are the cubes of the roots of 

It win be observed that in Ex. 1 the process consists in multiplying together 
f{x)j the given polynomial, and/(- x) : the variables involved in these being those 
which are obtained by multiplying s by the two roots of the equation jp* - 1 = 0. In 
the present case we must multiply together /(a;), /{ctz)^ f(ul*z) : the variables in- 
volved being obtained by multiplying x by the roots of the equation d;* — 1 » 0. The 
transformation may be conveniently represented as follows : — 

Write the polynomial /(a;) in the form 

which we represent, for brevity, by 

P+xQ+aflBf 

where F, Q, and i2 are all functions of ifi. 
We have then 

P+«Q + «'JJs(iC-«i)(a:-ai) (a;-a»). (1) 

Changing, in this identity, x into mp and u^x successively, we obtain 

P+ mxQ + «2x»-B s (mx - oi) (utx - 02) . . . {tax - a»), (2) 

P+ «»xQ + mx^Jt s {ul^x - 01) («»« - 02) . . . (ti^x - On), (3) 

since P, (2, and i2, being functions of jr>, are unaltered. 

Multiplying together both members of (1), (2), (3), and attending to the results 
of Art. 26, we obtain 

P>+«»(i»+a;*i2»-3«»PQiJ2(«»-ai«)(a^-a2») . . . (x« -a«»). 

The first member of this identity contains x in powers which are multiples of 3 
only. We can, therefore, substitute y for x* and obtain the required transformed 
equation. 

6. Fiodjhe equation whose roots are the cubes of the roots of 

«*-«» + 2x*+3jf+l = 0. 

Ant, y* + 14y» + 60y» + 6y+l=0. 

7. Verify by the method of Ex. 6 the result of Ex. 2 of Art. 39. 

8. Form the equation whose roots are the cubes of the roots of 

ax^ + Zb^ + Zcx+d-0, 
Ant. •»y» + 3(a«rf+9i»-9a^)y»+3(«<P+9tf»-9««r)y+rf» = 0. 
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41. Translbrmatlon la C^eneral. — In the general prob- 
lem of transformation we have to form a new equation in y, 
whose roots are connected by a given relation ^ {x, y) = with 
the roots of the proposed equation f{x) = 0. The transformed 
equation will then be obtained by substituting in the given 
equation the value of a; in terms of y derived from the given 
relation ^ (a*, y) = ; or, in other words, by eliminating x be- 
tween the two equations /(a?) = 0, and ^ [x^ y) « 0. For example, 
suppose it were required to form the equation whose roots are 
the sums of every two of the roots (a, /3, y) of the cubic 

01? -pa? + ja? - r = 0. 
We have here 

y = /3 + 7 = a + /3 + 7-a=Jt>-a. 

The equation ^ (a?, y) = is in this case y=p-x; for when x 
takes the value a, y takes one of the proposed values ; and when 
X takes the values /3 and 7, y takes the other proposed values. 
The transformed equation is therefore obtained by substituting 
p - y for a; in the given equation. 

ExiJCPLBS. 

1. If a, iS, 7 be the roots of the cubic 

«* - pa?* + y» — r = 0, 
form the equAtioa whose rooti are 

a p y 

Here 



a a a 



and the giyen relation iBxy^l + r; the trtnsf onned equation is then obtained by 

1+r 
substituting for x in.f{x) = 0. 

Ant. ry»-^(l + r)y»+i»(l + r)V-(l + »-)' = 0. 

2. Fonn, for the same cubic, the equation whose roots are 

afi + ay, afi + 0y, 0y + 07. 

f 
Substitute for x. Ant. y' - 2qy* +{pr-i- j*) y + r» -pgr = 0. 
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3. Form, lor the nine cubic, the eqaation whoae roots are 

g y 

i8 + 7-o' 7 + o-iB' a + fi-y' 

BahUdtuU T-^ for s. 
l + 2y 

4. If a, ^, 7 be the rooti of the cubic 

OJT* + 36^:' + 3«r + 1? = ; 
prore that the equAtion in y whose roots are 

0y-o? ya-/P a0-y* 

P + y-2a 7 + 0-2/3* a+/3-27 

if obtained bj the homographic transf onnation 

42. EquatloQ of Squared DilTerences of a Cubic. — 

We fihall now apply the transformation explained in the preced- 
ing Article to an important problem, viz. the formation of the 
equation whose roots are the squares of the difPerences of every 
two of the roots of a given cubic. We shall do this in the first 

ixutanoe for the cubic 

«■ + ga? + r « 0, (1) 

in which the second term is absent, and to which the general 
equation is readily reducible. Let the roots be a, /3y 7. We 
have to form the equation in y whose roots are] 

(fi-yY, (r-<«)S {"-Py- 

We may here observe that the method' of Art. 39 can be 
applied in general to the solution of this problem, viz. the for- 
mation of the equation whose roots are the squares of the 
differences of every two of the roots of a given equation ; for 
when the product 

is formed, the coefficients of the successive powers of t/ will be 
symmetric functions of oi, 02, as, a*, &c., and may, therefore, be 
expressed in terms of the coefficients of the given equation In 
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the present instance, howevery the method of Art. 41 leads more 
readily to the required transformed equation. This equation 
may be called for brevity the '^ equation of squared differences " 
of the proposed equation. Assuming y equal to any one of the 
roots of the transformed equation, e. g. (/3 - 7)', we have 

a 

also 

The equation (x^ y) = of Art. 41, becomes, therefore, 

2r 

X 

or 

ir»+(y + 2^)a?-2r = 0; 

subtracting from this the proposed equation, we get 

3r 

(y + o')ir - 3r = 0, or a? = ; 

^ y-^q 

hence the transformed equation in y is 

y» + Qqf + 9^»y + 4^ + 27r« = 0. (2) 

If it be proposed to form the equation whose roots are the 
squares of the differences of the roots (a, /3, 7) of the cubic 

a^ix^ + Sfli^j* + Z(hx + fla = 0, (3) 

we first remove the second term ; the resulting equation is 

.3 35^ G ^ 

^■^^^"^•-^^ 

and the required equation is the same as the equation of squared 
differences of this latter, since the difference of any two roots 
is unaltered by removing the second term. We can therefore 
write down the required equation by putting 

ZH G 
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in the above. The result is 

^ ISJSr , 81IP 27,^ ^^,, ^ ,., 

ir»+ — 1-2?' + — T-aj+ — ((?* + 4J5r«) = 0, (4) 

which has for roots 

03 -rn (y-«)*. («-^)'. 

The equation (4) can be written in a form free from fractions 
by multiplying the roots by Gq, It becomes then 

ir» + l^Eix? + SlIT'a: + 27 (G* + 4^») - 0, (5) 

whose roots are 

«o'(/3-7)S a^[y-a)\ ao'(a-/3)'. 

We can write down from this an important function of the 
roots of the cubic (3), viz. the product of the squares of the diffe* 
renceSf in terms of the coefficients : — 

«.'0-7)'(r-°)'(«-^r = -27(G' + 4iP). (6) 

It is evident from the identity of Art. 37 that CP + 4^ 
contains Oq^ as a factor. We have in fact 

GP + 4J^ s Oo^ [c^a^ - GchaiOiCh + 4flo«2' + ^ai^<h - 3a,' a,') . 

The expression in brackets is called the discriminant of the 
cubic, and is represented by A ; giving the identities 

GP + 4JB^^ao*A, JUI'OoJ^A. 

Examples. 
1. Form the equation of squared differenceB of the cnbio 

Ant. d;*~42j;S+441«-400=rO. 
3. Form the equation of squared differences of 

First remove the second term. 

3. Form the equation of squared differences of 

Ant. «»-18«' + 8l4J=0. 

4. What conclusion with respect to the roots of the given cubic can be drawn 
from the form of the resulting equation in the last TSTample ? 

o2 
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43. Criterion of the l¥atare of tbe Roots of a Cable. 

— We can from the form of the equation \of differences obtained 
in Art. 42 derive criteria, in terms of the coefficients, of the na- 
ture of the roots of the algebraical cubic. For, if the equation 
(6) of Art. 42 has a negative root, the cubic ((3) Art. 42) must 
have a pair of imaginary roots, in order that the square of their 
difference should be negative ; and if (5) has no negative root, 
the cubic (3) has all its roots real, since a pair of imaginary roots 
of (3) would give rise to a negative root of (6). 

In what follows it is assumed that the coefficients of the 
equation are real quantities. Four casea may be distinguished : — 

(1). When CP + 4fl^ is negative^ the roots of the cubic are all 
real. — For, to make this negative H must be negative (and 4J2'* 
> 0^)\ the signs of the equation (5) are then alternately positive 
and negative, and, therefore (Art. 20) ,'(5) has no negative root; 
and consequently the given cubic has all jits roots real. 

(2). When (?* + 4J5P is positive^ the cubic has tu:o imaginary 
roots, — ^For the equation (6) must then have a negative root. 

(3). When O^ + 4jEr' = 0, the cubic has two egunl roots, — For 
the equation (5) has then one root equal to zero. In this case 
A » 0, it being assumed that a^ does not vanish. We may say, 
therefore, that the vanishing of the discriminant (see Art. 42) ex- 
presses the condition for equal roots, 

(4). When (? = 0, and jff = 0, the cubic has its three roots equal 
— For the roots of (5) are then all equal to zero. These equa- 
tions may also be expressed, as can be easily seen, in the form 

«! 0% a^ 

which relations among the coefficients are therefore the conditions 
that the cubic should be a perfect cube. 

44. Equation of DlflTerenees In C^eneral. — The general 
problem of the formation, by the aid of symmetric functions, of 
the equation whose roots are the differences, or the squares of the 
differences, of the roots of a given equation, may be treated as 
follows : — Let the proposed equation be 

/(«) » (a? - o i) (a? - 02) (» - a,) (a? - a,») « . 
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Sabstituting x + or for a?, and giving r the values 1, 2, 3, 
. n, in suooesaiony we have the equations 



/(«+ai)=ir(ir + ai-aa)(ir + ai-a,) {aj + oi-a»), 

/(« + «») =i?(iP + aa -Gi) (a? + a»- at) (a? + a3-o«), 

/(«+a,)=a?(a?+a»-ai)(a? + a«-a2) (a? + a«- a,»_i). 



(1) 



AlsOy employing the expansion of Art. 6, and observing that 
y{ar) « 0, we find the equation 

IAx + Or) =/(.,) + J^/'(«r) + Y^^r'M + . • • • +'^-. 

Denoting the seoond side of this equation by ^(^, or), and 
multiplying both sides of the identities (l), we obtain 

f{Xy a,) 0(iC, at) ^(r, a„)s {a:»- (ai-aj)') (ir* - (a, - a,)*) . • • 

To form the equation of differences, therefore, we oan mul- 
tiply together the n factors 9 {xy ai), <p {x^ oa), &C.9 and substitute 
for the symmetric functions of the roots which occur in the pro- 
duct their values in terms of the coefficients. Or we may, as 
already explained in Art. 42, form directly the product of the 
|n(n - 1) factors on the right-hand side of the above identity, 
and express the symmetric functions involved in terms of the 
coefficients. The roots of the resulting equation of the n (n - 1)^^ 
degree in x are equal in pairs with opposite signs. Since the 
variable in this equation occurs in even powers only, we may 
substitute x for ^, and thus obtain the equation of the 
^(n - 1)'* degree whose roots are the squared differences. 

For equations beyond the third degree the formation of the 
equation of differences becomes laborious. We shall give the 
result in the case of the general algebraic equation of the fourth 
degree in a subsequent Chapter. 
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1. The roots of the equation 

aitm, fi,y; foim the equation whoee roots are 

Z^' + t", 7" + «^» «* + /5». 

Am. y> - 28y> + 246y - 660 = 0. 

2. The roots of the cubic 

«* + 2s* + Sd? + 1 - 

Bitm, fi,y; form the equation whose roots are 

-4fM. y»+12y»-l72y- 2072 = 0. 

3. The roots of the cuhic 

«• + y* + r = 

are a, i9, 7 ; f onn the equation whose roots are 

-<<«#. (y + ^)* = 0, 
• . 4. The roots of the cubic 

afl + JM^ + y« + r = 
being a, /I, Y ; form the equation whose roots are 

+ 8p"}* - lOp^ + 8r» » 0, 
6. If a, /I, 7 be the roots of the cubic 

**-3(l + a + a»)«+l + 3a + aa» + 2a» = 0; 

prore that {$ - 7) (7 — a) (a - /I) is a rational function of a. 

^fw. 1 9(1 + a + a*). 

6. Find the relation between G and ^ of the cubic 

oc^ + 3ais* + SosJT + 0} =s 

when its roots are so related that {fi - y)\ (7 - a)\ (a - /3)* are in arithmetical 

proeressioii. 

Am. flf» + lff» = 0. 

7. f a, /9, Y, 8 be the roots of 

•»«* - 2«««» + 2« ^ 1 = 0, 
find the Talue of 

^fw. 0. 
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8. Pktrre that, if 

9. Sdlye the eqiiatioii 

which has one root of the lonii 1 + av^— 1. 

Diminiah the roota by 1 ; aobatitate a y/- 1 for « ; we find that a muat satiafy 
«^->3«>-4 = 0, and«*-6a?-»-8s0; h6iioea = ±2. Hence the factor «*-> 2d; + 6. 
The other factors are (s+ 1) and (a*— 3), as ia eyident. 

10. The roota ftf the cubic 

«o^ + Saic* + SosjT -I- «3 = 
are «, /S, 7 ; f onn the equation whose roota are 

fi ■H7» 7 + «» « + ii« 
Thii qneation haa been already solyed in Art. 41. We giro here another aoln- 
tioD which, althoagh in this particular instance it is not the aimpleat, will be 
found oouTenient in many examples. Let the roots of the given equation be dimi- 
niahed by k. The transformed equation is (Art 36) 

aoy* + 3-4iy* + ZAty + -4» = 0, 

whose roota are« — A, /3 — A, 7 — A. We express the condition that thia equation 

ahonld haye two roota equal with opposite signs. This condition is (see Ex. 17, 

Alt. 24) 

%A\A% - aoAi=iO, 

This equation is a cubic in A whose roots are 

*(3 + 7), *(7 + «), 4(a+/8); 
for the abore condition is 

08-A) + (7-A)=O, 
or 

2A = /B + 7, 

where fi, 7 r e pre s en t indifferently any two of the roota. From the equation in A 
th required cubic can be formed by multiplying the roots by 2. 

11. The roots of the biquadratic 

«o^ -I- 4ai«* + 6a%x^ + 4«34P -f. 04 =3 
are a, /3, 7, 8 ; form the sextio whose roots are 

/8 + 7> 7 + «» a+A « + 8, /> + 8, 7 + 8. 

Employing the method of Ex. 10, the required equation can be obtained from 
the condition of Ex. 20, Art. 24. 
The condition is in this case 

6^1 ^1^1 - Ai^Aa - «o^s* « 0. 

This ia a aextio in A whose roots are i (j3 + 7), &c., from which the required 
•qfoalioii can be obtained aa in the last example. 
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f 12. Form, lor the enbic of Ex. 10, tlie equatum whote zoots m 

3 + 7- 2«* 7+«-2iB* a + /8-37* 

Dimmiih the roote hj A, end expreit the oonditioii that the reeoltiiig 
hould haye its roote in geometiio progreiiion (lee Ex. 18, Azt. 24). The oon- 
ditioQ if 

Thif wOl be found to reduce to a cubic in k ; whoae roota are the Taluea ahore 
mitten, ainoe 

(«-»)» = 0-*)(T-*), or * = p^'f^ ' 

13. Form for the aame cubic the equation whoae roota are 

2i8y - a3 - «y 2ya - py - fig 2afi'-ya-yP 
/3 + 7-2a • 7 + a-2/B * « + /3-27 

DixniniBh the roota by A, and expresa the condition that the tnuiaformed cubic 
should haye its roota in harmonio progression (see Ex. 19, Art 24 ). We haye 

2 11 

+ 



a-A /B-A^7-A' 

2/37-03-07 
^ *= 3 + 7-2./ 

The equation in A is 

ao'^i' - ZAiAtAt + %A%* = 0, 

which will be found to reduce to a cubic. 
14. The roots of the biquadratic 

ao«* + 4ai«* + 6a2«* + ia^x + 04 « 

<^i® •> /3f 7f ' ; find the cubic whoae roots are 

37- tt> 7a - 38 a3 -7> 

3 + 7-0-8' 7 + a-/3 -a* o + /3-7-d* 

Diminish the roots bj A, and emploj the condition of Ex. 22, Art 24. The 
condition is in this case 

Ai^Aa - aoAi^ = 0, 

which reduces to a cubic in A whose roots are the yaluea aboye written. 
16. Find the equation whose roots are the ratios of the roots of the cubic 

«* + y« + r = 0. 

The general problem can be soWed by elimination. Let/(i;) = be the giyen 

Q 

equation, and p = - = the ratio of two roots ; then since f{p) = 0, we haye 

A 

f{pa) — 0, also/(a) = ; and the required equation in p is obtained by ^^*"*^**^"g 
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« between these two Utter equations. For the cubic in the present example the 

xesuUia 

f»(p^ + p + 1)» + ^p» (p + 1)« = 0. 

16. If a, /1, 7 be the roots of 

«* + !»«• + ^« + r = 0, 

fbnn the equation whoee roots are 

Z'^ + t'* T' + a*. «* + /i*- 
Ana. «>-2(p»-2y)«»+{p*-4p»y + 6^-2pr)«-(/>«^-2/?>r+4p^-V-r*) = 0. 

17. Fonn for the same cubic the equation whose roots are 

?+? 'y+« • + ? 

^^0» ~T-> flT^. 

7 iB a 7 P a 
Am, r»«»-(/^-3f»)«» + (p>r-6p^ + 3f»+^)« 

18. If a, /I, 7 be the roots of the cubic 

fbnn the equation whose roots are 

la + 1*1^87, ip + myo, ^7 + ma/3. 
Am, p*''mqy^+{Pq-{-Zlmr)y + Tr- /*m^- 2/m'^-m'r» = 0. 

19. If a, /3, 7 be the roots of the cubic 

ooa^ + Saix* + 3aaa; 4- 03 = 0, 
find the equation whose roots are 

(a-tt(tt-7), (3~7)(/5-«)» (7-«)(7-i8)- 

, 9H ^ 27((7« + 4fi'») ^ 

20. Form, for the cubic of Ex. 19, the equation whose roots are 

(/B-7)»(2«-^-7)», (y-«)2(2i8-7-«)», {a-fi)H2y-a-fi)\ 

The required equation can be obtained by forming the equation of squared di£B9« 
rences of the cubic (4) of Art. 42, since 

(7 - a)«- (a - ^)*= - 7) (2a - i3 - 7). 

21. Form, for the cubic of £z. 16, the equation whoee roots are 

a03-7)S ^(7-«)», 7(«-^)*. 
Let the transformed equation hex^ + Fj^+Qx + B^O, 

Am, P=py-9r, Q = ^-9p^r + 27r«+i)»r, 
22 = - r (4^» + 27r« + 4;>»r -p*^ - 18jp^). 

22. Fonn, for the same cubic, the equation whoee roots are 

a* 4- 2/37, /5* + 27o, 7« + 2a3. 
Am. F^-p^, = y(2p»-3j), -2?«4p»r-18;)yr + 2(?« + 27r». 



CHAPTER V. 

SOLUTION OF BECIPROCAL AND BINOMIAL EQUATIONS. 

46. Reciprocal Eqnatloiis. — It has been shown in Art. 32 
that all reciprocal equations can be reduced to a standard f orm, 
in which the degree is eyen, and the coefficients counting from 
the beginning and end equal with the same sign. We now 
proceed to prove that a reciprocal equation of the standard form 
can alicays be depressed to another of half the dimensions. 
Consider the equation 

ao«*~ + fli a^**"* + . . . + flm«^ + . . . + aix + ao - 0. 

Dividing by a^, and uniting terms equally distant from the 
extremes, we have 



«0 



(^ + iSi) + «i(^'+5Sil)+--- + ^i(*+-) + «« = <>. 



Assume a? + - = 2, and let aj'' + -- be denoted for brevity by 

X 7r 

V,. We have plainly the relation 

Giving!) in succession the values 1, 2, 3, &o.y we have 

F;=ri«-Fo-«'-2, 

r, = r2«-ri = i»-3«, 

F;-rs«-r, = »*-4a» + 2, 

and so on. Substituting these values in the above equation, we 
get an equation of the m*^ degree in % ; and from the values of 
S' those of X can be obtained by solving a quadratic. 
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1. Find tlie rooU of the equation 

*» + «* + «» + a^ + *+l«0. 
by s + 1 (lee Azt. 32), we haye 

«• + «^ + 1 « 0. 
lit equation may be depressed to the f onn 

^ - 1 B 0, giying f - ± 1 ; 

* + -=!, « + -. = -!, 

and the zoots of these equations are 

1±V^ -i±\/-3 
2 ' 2 • 

3. Find the roots of the equation 

*w - 8«» + 6x« - 6«* + 3«» - 1 = 0. 

DiTiding by «^ — 1, which may be done briefly as follows (see Art. 8), 

1-8 6-6 3-1 

1-2 8-2 1 



-2 3-2 1 0, 

we hare the ledproeal equation 

«»-2«« + 3**-2»» + l=0, (1) 

('•+i)-2(^+y+3=o. 

Snbstitating for Fi, s* - 42^ + 2; and for Fa, s* - 2, we have the equation 

f*-6s» + 9 = 0, or (^-3)» = 0, 
whence s» sa 3, and s = ± v^» 

giring s + - = v^3, « + - = -v/3; 

X X 

md the roots of these equations are 

2 ' 2 ' 

These roots are double roots of the equation (1). 

8. Sdlye the equation 

*• - 1 = 0. 
Diriding by s — 1 we hare 

** + «» + «^ + * + 1 = ; 
fram whieh we obtain 



92 Solution of Reciprocal and Binomial Equations. 

Solying this eqaadon, we haya the quadntics 

«« + J(l-V^)*+l = 0, 
from which we obtain 

« = J{-l+«-/6±(10+2tfv^)* /^}, 
where •• = 1. 

Thifl expreanon giree the four yalues of s. 

4. Find the qnadiatic fitcton of 

Tranif onning this, we hare 

i» - 3» = 0, 

whence i = 0, and s = ±\/8. 

The qnadiatio ^ton of the giyen equation axe, therefore, 

a^ + l = 0, «»±v/3* + l-0. 

5. Solye the eqnationi 

(1). (1 + «)* - a (1 + ««), (2). (1 + «)« = a (1 + *•). 

6. Bednce to an equation of the fourth degree in s 

Am, (1 - a)«* + (7 + 3a)i» - (4 + a) = 0. 

46. Binomial Eqnatloiis. CTeneral Properties. — 

In this and the following Articles will be proved the leading 
general properties of Binomial Equations. 

Prop. I. — // a be an imaginary root of af^ - 1 = 0, then o* 
abo will be a root^ m being any integer. 

Sinoe a is a root, 

a* = 1, and therefore (a**)* = 1, or (a*)* = 1 ; 

that is, a*" is a root of aj" - 1 = 0, 

The same is true of the equation d:" + 1 = 0, except that in 
this case m must be an odd integer. 

47. Prop. II. — If m and n be prime to each others the 
equations «~-l«0, ir*-l = have no common root except 
unity. 
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To prove this we make use of the following property of 
nninbers : — Ifm and n be integers prime to each other, integers a 
and b can be found such that nib - na = ±1. For, in fact, when 

— is turned into a continued fraction, — is the approximation pre- 
ceding the final restoration of — . 

Now, if possible, let a be any common root of the given 
equations; then 

o"* = 1, and a* = 1 ; 

also a*** = 1, and a*^ = 1 ; 

whence a^***"*^) - 1, or a** = 1, or a = 1 ; 

that is, 1 is the only root common to the given equations. 

48. Prop. III. — If k be the greatest common measure of two 
integers m and w, the roots common to the equations af» - 1 = 0, 
and ir* - 1 = 0, are roots of the equation a?* - 1 = 0. 

To prove this, let 

m = km\ n = kn\ 

Now, since m' and n' are prime to each other, integers b and 
a may be found such that m'b - it^a = ± 1 ; hence 

mJ - fki =» + i. 

If, therefore, a be a common root of af* - 1 = 0, andaj" -1 = 0, 

a (-^-*«) = 1, or a* = 1 ; 

which proves that a is a root of the equation aj* - 1 = 0. 

49. Prop. IV. — When n is a prime number, and a any 
imaginary root of cf^ "1 = 0, all the roots are included in the series 

,«,«,. ••a 

For, by Prop. I., these quantities are all roots of the equa- 
tion. And they are all different ; for, if possible, let any two 
of them be equal, a^ <= a', 

whence a ^^^ = 1 ; 

but, by Prop. II., this equation is impossible, since n is neces- 

0azily prime to (p - 9)1 which is a number less than n. 
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50. Prop. V. — When n is a composite number formed of the 
factors py q, r, &o., the roots of the eqtmtions aj''-l = 0, aj'-lsO, 
af - 1 = 0, &o., all satisfy the equation ir* - 1 = 0. 

For, oonsider a root a of the equation o^ - 1 = ; then aP = l; 
from whioh we derive 

(oi»)«^--=l; ora*-l = 0; 

whioh proves the proposition. 

51. Prop. VI. — When n is a composite number formed of the 
prime factors ;>, q^ r, &c., the roots of the equation a^ - 1 = are 
the n terms of the product 

where a is a root ofxP - 1 = 0, /3 o/afi -1 = 0, 7q/^af-l=0, Ao. 
We prove this for the case of three factors/), 7, r. A similar 
proof applies in general. Any term, e.g. a^ j3* 7*, of the product 
is evidently a root of the equation a:* - 1 = 0, since a"* = 1, j3*" = 1, 
y^ = 1, and, therefore, (a''/3*7*)* = 1. And no two terms of the 
product can be equal ; for, if possible let a^/3^7^ be equal to 
another term a^ (i^ 7^' ; then o ^"^ = j3^ 7*^'. The first mem- 
ber of this equation is a root of a:'' - 1 = 0, and the second 
member is a root of 2:^ - 1 = 0. Now these two equations cannot 
have a common root since p and qr are prime to each other 
(Prop. II.) ; hence a"/3*7* cannot be equal to a^'fi^y'^. 

52. Prop. VII. — The roots of the equation a?" - 1 = 0, tohere 
n -p^(fr^y andp, q, r are the prime factors ofn^ are the n products 
of the form a/37, ^^^ a is a root ofaP^ <= 1, /3 a root ofaf^^l^ 
and y ofof^ = 1. 

This is an extension of Prop. VI. to the case where the prime 
factors occur more than once in n. The proof is exactly similar. 
Any such product a^y must be a root, since a* = 1, j3'* = 1, 7* = 1, 
n being a multiple of jt?^, ^, r^ ; and a proof similar to that of 
Art. 51 shows that no two such products can be equal, since 
/?*, q^y r* are prime to one another. We have, for convenience, 
stated this proposition for three factors only of w. A similar 
proof can be applied to the general case. 

From this and the preceding propositions we are now able 
to derive the following general conclusion : — 
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The determination of the n*^ roots of unity is reduced to the ease 
where n is a prime number^ or a power of a prime number. 

53. The Special Roote of the Equation o^ - 1 » 0. — 

Eveiy equation a:* - 1 = has oertain roots which do not belong 
to any equation of similar form and lower degree. Such roots 
we call special roots* of that equation, or special n*^ roots of unity. 
If ft be a prime number, all the imaginary roots are roots of this 
kind. K n = p*, where piaA prime number, any »** root of a 
lower degree than n must belong to the equation x^^ -1 = 0, 
since every divisor of ^ is a divisor of p""* (except n itself) ; 

hence there are/?** f 1 — 1 roots which belong to no lower degree. 

If, again, n =^ ^, where p and q are prime to each other, there 

arep* fl — Vand^fl — ] special roots of xp" - 1 = 0, and 

4^-1-0, respectively. Now, if a and /3 be any two special 
roots of these equations, a/3 is a special root of :z^ - 1 = ; for if 
not, suppose (a/3)"* = 1, where m is less than n ; we have then 
a» = 3^ ; but a"* is a root of a^P** - 1 = 0, and /3"^ is a root of 
j;* - 1 = 0, and these equations cannot have a common root 
other than 1, as their degrees are prime to each other ; conse- 
quently m cannot be less than n, and aj3 is a special root of 
0^ - 1 = 0. Also, as there are 

^(.-l).(.-l).o,.(.-^)(.-l) 

such products, there are the same number of special n^* roots. 
This proof may be extended without difficulty to any form of n. 

All the roots of of* -1 = are given by the series 1, a, a', . . a""* ; 
where a is any special n'^ root. For it is plain that a, a', &c., are 
all roots. And no two are equal ; for, if a** = a^, a^P~^^ = 1 ; and 
therefore a is not a special n^^ root, since p - q is less than n. 

Wlhen one special n** root a is given^ we may obtain all the other 
special n'* roots of unity. 

* The term *' special root " u here used in preference to the usual term '* pri- 
mitiTe zoot/' sinoe the latter has a different signification in the theory of numhen • 
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Since a is a special root, all the roots 1, a, a*, . . . a^^ are 
different n^^ roots, as we have just proved; and if we select a 
root aP of tliis series, where p is prime to n, the rootfl 

are all different, since the exponents of a when divided by n give 
different remainders in every case ; that is, the series of numbers 
0, 1, 2, 3, ... n - 1 in some order ; whence this series of roots is 
the same as the former, except that the terms occur in a different 
order. To each number ;?, prime to n and less than it (1 in- 
cluded), corresponds a special m'* root of imity ; for a"*^ cannot 
be equal to 1 when m is less than n, for if it were we should 
have two roots in the series equal to 1, and the series could not 
give all the roots in that case ; therefore aP is not a root of any 
binomial equation of a degree inferior to n : that is, a^ is a special 
f?'* root of unity. What is here proved agrees with the result 
above established, since the number of integers less than n and 

prime to it is, by a known property of numbers, nil — Jfl — | 

when n =p° ^*, which is ako, as above proved, the number of 
special roots of a^ - 1 = 0. 

Examples. 

1. To detennine the special roots of a^ — 1 = 0. 

Here, 6 = 2x3. Consequently the roots of tiie equations ^r* — 1 = 0, and 

«* — 1 = are roots of «« - 1 = 0. Now, diriding *• — 1 by «* — 1 we have «* + 1 ; 

a--- 1 

and dividing jr^ + 1 by -, or a: + 1, we have «• — a: + 1 = 0, whicb determines 

a? ^ X 

the special roots of a^ — 1 = 0. 

Solving this quadratic, the roots are 



a = - 


I + V^- 3 1 - /- 3 

2 ' "^^ 2 


also since 


ooi = 1 = o*, 


which may be eaaily verified. 


«I = W', 


The special roots are, therefore, 


«, 


a'; or oi», ai; or o, -. 
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2. To diflcufls the special roots of «" - 1 =: 0. 

12 12 

Since 2 and 3 are the prime factors of 12, and •— = 6, -— = 4, the roots of 

^ — 1 = 0, and X* - 1 = 0, are roots of «** - 1 = ; now, diyiding «" - 1 by a?* - 1, 
and ^ — 1, and equating the quotients to zero, we haye the two equations 
X* -I- X* + 1 = 0, and je* + 1 = 0, both of which must be satisfied by the special roots 
of j:" — 1 = ; therefore, taking the greatest common measure of o;^ + ^ + 1, and 
s^ + 1, and equating it to Jiero, the special roots are the roots of the equation 
«• - «^ + 1 = 0. 

The same result would plainly haye been arrived at by dividing x^' - 1 by the 
least common multiple of ^ — 1 and jb* - 1. Now, solving the reciprocal equation 

^ - s* + 1 = 0, we have jp + - a -^ V^3 ; whence, if a and a\ be two special roots, 

1\ v^3±v^~l / 1\ --v/Sfv/" 



(.i).,£i^-. (.„i). 



2 



axe the four special roots of «^' - 1 = 0. 

We proceed now to express the four special roots in terms of any one of them a. 

Since o + - + ai + — = 0, or (o + ai) ( 1 + — | = 0, 

a ai \ aaij 

we take cui\ a - 1 (as conaistont with the values wo have assigned to a and ai) ; and 

since a and ai are roots of a^ + 1 = 0, a* = - 1, and a* = = oi. The roots 

a 

a, au — , - may therefore be expressed by the series a, a*, o"^, a^^, since a" = 1. 
a\ a 

Further, replacing a by a*, a', a*^ we have, including the scries just determined, 

the four following series, by omitting multiples of 12 in the exponents of a : — 

a, a», a\ a}\ 

a5, a, a", a', 

a', o", a, a*, 

a", a', a», a; 

where the same roots are reproduced in every row and column, their order only 
being changed. We have therefore proved that this property is not peculiar to any 
one root of the four special roots ; and it will be noticed, in accordance ^'ith what 
is above proved in general, that 1, 6, 7, and 11 are all the numbers prime to 12, 
and less than it. We may obtain all the roots of a;^^ - 1 = by the powers of any 
ooe of the four special roots a, a^, a'', a^S as follows : — 

a, a\ a\ a*, a«, a«, a', a*, a', a'«, a", 1, 

a*, o^", a\ a«, a, a«, a", a*, a», a\ a', 1, 

a^ a\ a». a*, a»>, o^, a, a«, a', a^^, o», 1, 

tt», a>^ a», a", a', a«, a*, «♦, a», a», a, 1, 

H 
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3. Prove that the special roots of ^^^ — 1 = are roots of the equation 

4. Show that the eight roots of the eqtiation in the preceding example may be 
obtained by multiplying the two roots of «* + x + 1 = by the four roots of 

54. Solution of Binomial Equations by Circular 
Functions. — We take the most general binomial equation 

where a and b are constants. 

Let a = i2 cos a, 6 = i28ina; 

then af^ - R (cos a + \/-~i sin a) ; 

now, if r (cos + v^^ sin 6) 

be a root of this equation, we have, by De Moivre's Theorem, 
r" (cos nB + ^/^ sin wfl) = iJ (cos a + v^- 1 sin a) ; 

and, therefore, 

r" cos w6 = iJ cos a, 

r" sin n0 = i2 sin a. 

Squaring these two equalities, and adding, 

r** = iJ*, giving t^ ^ R\ 

where we take R and r both positive, since in expressions of the 
kind here considered the factor containing the angle may always 
be taken to involve the sign. 
We have then 

cos nB = cos a, sin nB = sin a ; 

and, consequently, 

nB - a'\- 2Aj7r, 

k being any integer ; whence the assumed n*^ root is of the 

general type 

»/tJ a + 2A;7r y — = . a + 2A:ir\ 
VR cos + -v/- 1 sm . 

V 11 n J 

Giving to k in this expression any n consecutive values in the 
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serieB of nnmbers between - oo and + oo , we get all the n^^ roots ; 
and no more than ft, ainoe the n yalues reour in periods. 

We may write the expression for the n*^ root under the 
form 

v^Jjfoos- + \/-l 8i^~)j (oos — + -\/^ sin — J. 

If we now suppose JB » 1, and a = 0, the equation a^ = a + 6 ^- 1 
beoomee a;* = 1 + \/^l. ; the general type, therefore, of an w'* 
root of 1 + \/-l, or unity, is 

SAtt y — r . 2A;7r 

cos + -v/ - 1 sin . 

n n 

If we give k any definite value, for instance zero, 

V^jB ( cos - + a/^ sin - 

is one w'* root of a + i -v/-!. 

The preceding formula shows, therefore, that all the n*^ rootfs 
of any imaginary quantity may be obtained by multiplying any one 
of them by the n'* roots of unity. 

Taking in conjunction the binomial equations 

ir* = a + J \/-l[, and af^ = a - b \/^i, 

we see that the factors of the trinomial 

«** - 2iJ cos o . aj" + iP 
are 



( a + 2Air J — z . a + 2A:7r 

{cos ± -x/- 1 sm 

{ n n 



where k has the values 0, 1, 2, 3 ...;<- 1. 



h2 
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EZAXPLBS. 

1. Solye tKe equation jt^ — 1 a 0. 

Dividing bj je - 1, tlus is reduced to the standard fonn of reciprocal equation. 

Aiwuming s = :p + -, we obtain the cubic 

«» + «»- 22 -1=0, 

from whose solution that of the required equation is obtained. 

2. Besolye {x -^Vp-x^-l into factors. 

Am. 7j:(«+l)(«» + a: + l)*. 

3. Find the quintic on whose solution that of the binomial equation x^^ - I = 

depends. 

Ant. «« + «*-4i»-3««+3»+l=0. 

4. When a binomial equation is reduced to the standard form of reciprocal 
equation (by diyision by x - 1, :p + 1, or jb' — 1), show that the reduced equation 
has all its roots imaginary. (Cf. Examples 15, 16, p. 33.) 

5. When this reduced reciprocal equation is transformed by the substitution 

z = x + -\ show that the equation in z has aU its roots real, and situated between 

- 2 and 2. 

For the roots of the equation in ^ are of the form cos a + v^— 1 sin a (see 

Art. 64) : hence ^ + - is of the form 2 cos a, and the value of this is real and bc> 

X 

tween - 2 and 2. 

6. Show that the following equation is reciprocal, and solve it : — 

4(«« - « + 1)3 - 2^3fi(x - 1)«= 0. 

Afu. Boots: 2, 2, ^ ^, - 1, - I. 

7. Exhibit all the roots of the equation x® — 1 = 0. 

The solution of tlus is reduced to the solution of the three cubics 

where w, ul^ are the imaginary cube roots of unity. The nine roots may be repre- 
sented as follows : — 

1, «i, wS, w, 003} vlf «', e»S, »3. 

Excluding 1, w, w^ ; the other six roots are special roots of the given equation ; 
and are the roots of the sextic 

a6 + ^3 + 1 = 0. 

8. Beducing the equation of the 8<^ degree in Ex. 3, Ait. 63, by the substitution 
2 = a; + - , we obtain 

X 
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profTO that the rooli of dni 

««•«• ««»i5» »~is' -«»1T- 

9. SLcdnoB the gmiatw 

4^ - 8V -I- 3$7s* - IMbr -^ 61 = 9 

to a reciprocal 6q[iiatioB, and «He it. 

AmaxoB xs-^.- jIjml Eooli: k 1. 4. :«. 

10. Solre the efMlieB 

*• + eipx* + •»f»* -*- iH^x + «* = 0. 

Brnding the rooti by •■, thisredocei toaiec^rocal equation. 

11. If « be an imaginaTy root of the eqoatian x* - 1 = 0, vfaere a is a pri 
Biimber; pnrre the rdation 

(1 -«)(1 -d^Xl -it^; . . . {1 -^I) =«. 

12. Show that a cubic eqnatioo can be rednccd imaMdiateij to the rec ipr ocal 
fimn when the relation of Ex. 18, Art. 24, ezistB amongst its coHBcientg. 

13. Show that a biqnadratic can be reduced immediately to the reciprocal lann 
when the rehition of Ex. 22, Ait. 24, exists amnngrt iti coefficients. 

14. Form the cabic whose roots are 

where « is an imaginary root of x' — 1 = 0. 

Ams. x» + jr2-2x-l=0. 

16. Form the cabic whose roots are 

where a is an imaginary root of x" — 1 = 0. 

Am. x' + a»-4x+l=0. 

16. If ai, «s, «i . . . «» be the roots of the eqnatkm 

show how to f onn the equation whose roots are 

1 1 1 

tti+— , ojH — , ...o» + — . 
ai as cu 

We have here the identity 

«*+ih«^Hj>a«^+. . .+i>»-ix+j>,s(x-oi)(x-02) . . . (*-••) ; 

and changing x into - (see Art 32), 

X 
Pn^-¥P»-lS^^ + ' "+Pt^-¥PlX-\-lspn Is j (x j . . . fx j. 
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MultiplTing together these identitieB, and diyiding by «*, the factors on the 
right-hand side take the fonn x-\- ("'^~]» '^^ aumimiTig x ■{■- = s, the left- 
hand side can be expressed as a polynomial of the »<* degree in 2 by means of the 
relations of Art 45. 

17. Find the yalue of the symmetric function ^0*{y — 8)' of the roots of the 

equation 

flo** + 4*13:' + Saj** + iazx + ai = 0. 

ThiB can be deriyed from the result of Ex. 19, p. 62, by changing the roots into 

(1 1\' 
— - j of the transformed equation, and multiplying 



a4« 



by a?i8'7'5*, which is equal to — r. 



Am. ao«2o'j8«(7-«)» = 48(a3'-tf«a4). 



From the values of the symmetric functions giyen in Chapter III. seyeral others 
can be obtained by the process here indicated. 

18. Find the yalue of the symmetric function %(a\ — 02)' as'oi' • . . cu' of the 
roots of the equation 

, «(#i-l) , 

aox" + na\s^^ + -\ — 5— oa*"^ + — + na^-ix -f On = 0. 

We easily obtain ao*2(ai — aif = n' (n — 1) (ai* — 00*2) ; and changing the roots 
into their reciprocals we haye 

oo' 2 (01 - 02)' os» 04' . . . a»« = n» (#1 - 1) (a»_i* - o^^Om). 

19. Show that the fiye roots of the equation 

are V^a+y?, eyZ-^9^^/b, ^yi + d'v^, 

wheiv y/ab = -/), a + * = — ^, and 9 is an imaginary fifth root of unity. 

N.B* — A quintic reducible to this form can consequently be immediately solred. 

20. Form the biquadratic equation whose roots are 

o + 2a*, o» + 2o', a« + 2o», o* + 2a, 

where a is an imaginary root of fl^ — 1 = 0. 

Ant, «* + 8«» - «» - 3» + 11 = 0. 



CHAPTER VI. 

ALGEBRAIC SOLUTION OF THE CUBIC AND BIQUADRATIC. 

55. #11 the Ali^ebrale Solntloii of Eqnatloiis. — Before 
piooeeding with the solution of oubio and biquadratio equations 
we make some introductory remarks, with a view of putting 
dearly before the student the general principles on which the 
algebraic solution of these equations depends. With this object 
we give in the present Article three methods of solution of the 
quadratic, and state as we proceed how these methods may be 
extended to cubic and biquadratic equations, leaving to subse- 
quent Articles the complete development of the principles 
involved. 

(1). Flr%t method of solution : by resolving into factors. 

Let it be required to resolve the quadratic a? + Px •¥ Q into 
its simple factors. For this purpose we put it imder the form 

and determine so that 

ir* + Pa; + Q + 

may be a perfect square, t. e. we make 

+ Q = -J, or = — I — ; 
irilience, putting for its value, we have 



Thus we have reduced the quadratic to the form u' - 1^ ; and 
its simple factors are tf + r, and u -v. 
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Subsequently we shall reduce the oubio to the form 
{Ix + my " {Fx + ni)\ or u^ - 1?*, 
and obtain its solution from the simple equations 

U-V=0, U-WV-O, tt- Cil't? = 0. 

It will be shown also that the biquadratio may be reduced to 
either of the forms 

{Ix^ + f?wj + nY - [to? + nix + n')*, 

by solving a cubic equation ; and, consequently, the solution of 
the biquadratic completed by solving two quadratics, viz., in the 
first case, /!a:^ + ma? + n = ± (/V + nix-^-n') ; and in the second case, 
x^+px-^q^Oj and ir*+/?'aj + ^ = 0. 

(2). Second method of solution : by assuming for a root a general 
form involving radicals. 

Since the expression p + v^ has two, and only two, values 
when the square root involved is taken with the double sign, this 
is a natural form to take for the root of a quadratic. Assuming, 

therefore, x =p + v^y Bud rationalizing, we have 

a^ - 2px+p^ -q^O. 
Now, if this equation be identical with o^ + Px-\- Q^Oy we have 

2p = -P, p'-q^Q, 



,- -p±yp»-4Q 

givmg aj = /? + y^ = , 

which is the solution of the quadratic equation. 

In the case of the cubic equation we shall find that 

v^/>+ 77=, and VpVqiVp -^^/q) 
vp 

are both proper forms to represent a root ; these formulas having 

each three, and only three, values when the cube roots involved 

are taken in all generality. 

In the case of the biquadratic equation we shall find that 

^^,^17+^-—, yq^r+y^r^p^y^yq 
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axe forms whioh represent a root ; these formulas each giving 
four, and only four, values of x when the square roots receive 
their double signs. 

(3). Third method of solution: hy symmetric functioM of the 
roots. 

Consider the quadratic equation aj* + Pa? + Q = 0, of which the 
roots are o, /3. We have the relations 

If we attempt to determine a and /3 by these equations, we 
fall back on the original equation (see Art. 24) ; but if we 
could obtain a second equation between the roots and coefficients, 
of the form la + mj(3 =/(P, Q), we could easily find a and /3 by 
means of this equation and the equation a + /3 = - P. 

Now in the case of the quadratic there is no difficulty in 
finding the required equation; for, obviously, 



(a-/3)' = P'-4Q; and, therefore, a- j3 = v/P"- 4 Q. 

In the case of the cubic equation ar* + Px^ + Q^ + iZ = 0, we 
require two simple equations of the form 

la-¥mfi-¥ny^f{P, Q, P), 

in addition to the equation a + /3 + Y = -P, to determine the 
roots a, /3, 7. It will subsequently be proved that the functions 

(a + 111/3 + 0**7)', (a + cii*/3 + 017)' 

may be expressed in terms of the coefficients by solving a qtmd- 
ratic equation ; and when their values are known the roots of 
the cubic may be easily found. 

In the case of the biquadratic equation 

we require three simple equations of the form 

& + m/3 + n7 + r8 =/(P, Q, P, S), 
in addition to the equation 

a + j3 + 7 + 8 = -P, 
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to determine the roots a, /3y 7, S. It will be proved in Art. 66, 
that the three functions 

may be expressed in terms of the ooeffioients by solving a cubic 
equation; and when their values are known the roots of the 
biquadratic equation may be immediately obtained. 

In applying the principles here explained to the solution 
of the cubic and biquadratic the order of the present Article is 
not followed. The student will have no difficulty in perceiving 
under which of the methods here described any such solution 
should be included. 

56. The Algebraic Solution of tbe Cable Eqnatloii. — 
Let the general cubic equation 

be put under the form 

where 2a(Mr + 6, H^ac-V, (?saV-3a6c + 26» (Art36). 
To solve this equation, assume* 

hence, cubing, 

2'=i? + ^ + 3^y^(4^ + y^); 
therefore 

2' - ^y/p \/q . « - (j9 + ^) = 0. 

Now, comparing coefficients, we have 

^y^ = -JEr, p + q^-O; 
from which equations we obtain 



i? = i(-(? + yG^ + 4ir»), ^ = i(-(?-y(?* + 4ff'); 



* This solution is usually called Cardan^ tolution of the cubic. See Note A at 
the end of the yolume. 
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audy^substituting for >/q its value -j-^z, we have 

% r- —JET 

2 = V » + —=L 

as the algebraio solution of the equation 

It should be notioed that if j9 be replaced by q this value of 
2 is unchanged^ as the terms are then simply interchanged ; also, 

since K/p has the three values Vpy ^Vpt ^V^^ obtained by 
multiplying any one of its values by the three cube roots of 
unity, we obtain three, and only three, values for z, namely. 



— > 



vp vp vp 

the order of these values only changing according to the cube 
loot of JO selected. 

Now, if 2 be replaced by its value ax-^bwe have, finally, 

-JET 



ax + 



b^V^ 



Vp 

(where p has the value previously determined in terms of the 
ooeffidents) as the complete algebraic solution of the cubic equation 

ax^ + 36«* + Sex + rf = 0, 

the square root and cube root involved being taken in their entire 
generality. 

57. AppUeatlon to Mmnerlcal Eqnatloiis. — ^The solu- 
tion of the cubic which has been obtained, unlike the solution of 
the quadratic, is of little practical value when the coefficients of 
the equation are given numbers ; although as an algebraic solu- 
tion it is complete. 

For, when the roots of the cubic are all real, G^ + 4£P = --K^, 
an essentially negative number (see Art. 43) ; and, substituting 
iorp and q their values 
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in the formula \/p + y/^j we have the following expression for 
a root of the oubic : — 

Now there is no general arithmetical process for extracting 
the cube root of such complex numbers, and consequently this 
formula is useless for purposes of arithmetical calculation. 

But when the cubic has a pair of imaginary roots, an ap- 
proximate numerical value may be obtained from the formula 

\ 2 ) ^ \ 2 } 

since CP + ^H^ is positive in this case. As a practical method, 
however, of obtaining the real root of a numerical cubic, this 
process is of little value. 

In the first case ; namely, where the roots are all real, we 
can make use of Trigonometry to obtain the numerical values of 
the roots in the following manner : — 

Assuming 2R cos ^ = - &, and 2i2 sin = f , 
we have p = Be^'^^y q = Be'*"^^ ; 

also tan0 = -J, and i2 = i(G^ + iP)* = (-J5r)*; 

and finally, since w = cos -^ ± \/^ sin -^ = e* y"^, 

the three roots of the cubic equation 

«' + 3Ez + (? = 0, 

viz. Vp + ^/g, wy/p + tif^Vq^ ai'\//> + (iii\/y. 



become 



2(-Zr)ioo8|, -2(-J)ico8^; 



from which formulas we obtain the numerical values of the roots 
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of the oabio by aid of a table of sines and cosines. This prooess 
IB not convenient in practice ; and in general, for purposes of 
arithmetical calculation of real roots, the methods of solution of 
numerical equations to be hereafter explained (Chap. X.) should 
be employed. 

58. Expresslim of tbe Cable as the DilRBreiiee of two 
Calies* — ^Let the given cubic 

be put under the form 

z" + 3Ez + (?, 
where z^ax-^-b. 

Now assume 

2» + 3ir« + (?3-^{/i(2 + v)'-v(« + /i)»), (1) 

where /lc and v are quantities to be determined : the second side 
of this identity becomes, when reduced, 

«'-3/il/2-/il/ (jUL + v). 

Comparing coefficients, 

fiv = - Sf fiv (jjL + v) =- G ; 



therefore 






where a» A « G^ + 4JT», as in Art 42 ; 

also (2 + /[i)(« + v)s2« + — 2-JEr. (2) 

Whence, putting for z its value, oa? + 6, we have from (1) 

^ , , fO + aA^\f ^ G-aAiV fG-aAhXf ^ (? + aA4V 

^♦(^^^V""2Arj(^+*+-2^j-(-W"Jr^ 

which is the required expression for 0(:r) as the difference of 
two cubes. 

By the aid of the identity just proved the cubic can be re- 
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solved into its simple factors, and the solution of the equation 
completed. We proceed to obtain expressions for the roots of 
the equation 0(;r) = in terms of /i and v. Solving as a bino- 
mial cubic the equation 

(m - v) a»0(ir) s^(2 + v)»- v(a + /i)' = 0, 
we find the three following values ior z^ax + b: — 

If now V^ and v^v be replaced by any pair of cube roots 
selected one from each of the two series 

V v> cuv V, m'v V, 

it will be easily seen that we shall get the same three values of s, 
the order only of these values changing according to the cube 
roots selected. It follows that the expression 

Vfl V^ (v//L£ +v^) 

has three, and only three, values when the cube roots therein are 
taken in all generality. This form therefore is, in addition to 
that obtained in the last Article, a form proper to represent a 
root of a cubic equation (see (2), Art. 55). 

The function (2) given above when transformed and reduced 
becomes, as may be easily seen. 



a* 



^[{ac-V)^^(ad-hc)x^ (6d-c»)}. 

xz 

This quadratic, therefore, contains as factors the two binomials 
r/^ + i + /li, o^ + i + V, which occur in the above expression of [x) 
OS the differences of two cubes. 
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59. Solution of the Cable by Symmetrle Fnnetloiis 
•f yie Roots. — Since the three values of the expression 

when takes the values 1, &>, w', are a, /3, y, it is plain that if 
the functions 

(a + ci>j3 + cu'y), 6* (a + ai'/3 + wy) 

were expressed in terms of the coefficients of the cuhic, we could, 
by substituting their values in the formula given above, arrive 
at an algebraical solution of the cubic equation. Now this cannot 
be done directly by solving a quadratic equation ; for, although 
the product of the two functions above written is a rational 
symmetric function of a, /3, 7, their sum is not so. It will he 
found, however, that the sum of the cubes of the two functions 
in question is a symmetric function of the roots, and can, there- 
fore, be expressed by the coefficients, as we proceed to show. 
For convenience we adopt the notation 

X 3 a + w/3 + ci>'7, M^a'\' ai'/3 + a>y. 

We have then 
where 

from which we obtain 

' a' 

(Cf . Ex. 5, p. 44 ; Ex. 15, p. 50.) 

Again, 

whence (a + cii/3 + €•''7)', (o + w'jS + i^Y 

are the roots of the quadratic equation 

a' or 



Denoting the roots of this equation, viz. 

3; 
2a' 



^l{^Q±y&r;^H^ 



112 Algebraic Solution of the Cubic and Biquadratic. 

by ti and ^3, the original formula expreesed in terms of the coef- 
ficients of the cubic gives for the three roots the expressions 

/3 = --+ -xiioVti + uf^y/liX 

It will be seen that the values of a, /3, y here arrived at are 
of the same form as those already obtained in Art. 56. 
It is important to observe that the functions 

(o + ai/3 +(0*7)', (o + cii*/3 + (oyY 

are remarkable as being the simplest functions of three variables 
which have but two values when the variables are interchanged 
in every way. It is owing to this property that the solution 
of a cubic equation can be reduced to that of a quadratic equa- 
tion. Several functions of a, /3, 7 of this nature exist, and it 
will be proved in a subsequent Chapter that any two such fimc- 
tions are connected by a rational linear relation in terms of the 
ooeflBcients. 

Having now completed the discussion of the different modes 
of algebraical solution of the cubic, we give some examples in- 
volving the principles contained in the preceding Articles. 



Examples. 

1. Besolyo into simple factors the expression 

(/3 - 7)2 (0? - «)2 + (7 - a)M« - /5)« + (o - /5)' (a: - 7)'- 
Let I7=(/3-7)(«-o), r=(7-o)(x-/5), jr=^{a-fi){x-y). 

Am. §(l7+«r+«»/r)(C^+«'F'+o»»^. 

2. Prove that the several equations of the system 

(/3-7)M^-a)» = (7-a)»(a?-/5)» = (a-/S)»(a;-7)» 
have two factors common. 
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lf*H«g use of the notation in the last Example, we hare 

whence 

nnee Cr+r+»^sO; 

therefbra aB-7)»(«- a)«+ (r - o)»(«- «»+ (a - /5)»(Jf - 7)' 

it the eommon quadratic factor required. 

3. BeeolTe into Actors the expreflsions 

(1). 0-Y)»(x-«)»+(7-a)M^-/5)'+(a-/5)>(a^-7)^ 

(3). (/5 - 7)' (' - «r + (7 - a)' {X - /B)' + (« - /5)' (x - 7)'. 

Thete factors can be written down at once from the results established in Ex. 40, 
p. 59. Using the notation of Ex. 1, and replacing ai, /3i, 71, in the example referred 
to, by XTj V, W, we obtain the following : — 

Ans. (1) ZUrW; (2) i{lP+ r»+ Jn)imF; (3) }(C^+ 7*+ 1F^)^ UJ^JF. 

4. Express 

(ar-a)(*-i8)(«-7) 

as the difference of two cubes. 

A— nmo 

(i:-a)(x-/5)(*-7)= W-ri3; 
whence 

ITi - ri = x(jr-a), 

«I7i-fl»2ri = /ii(x-/3), 

«'I7i — o»Fi = ¥{x - y). 
Adding, we have 

and, therefove, 

X = p08-7), A4=p(7-o), v=p(o-i8); 

but A^ = 1 ; whence 

^ = (/5-7)(7-a)(a-/5). 

Substituting these yalues of X, /i, r ; and using the notation of Ex. 1, 

whence 

3Cri = p(Cr+«2r+« IT), 

-3ri = p(i7'+« r+«'?r); 

and U\ and Fi are completely determined. 

5. Prove that X and M are functions of the differences of the roots. 

We have X = a + «i3 H- «'7 = o - A + «(/3 - A) + ««(7 - A) 

for all values of A, since 1 + w + t*' = ; and giving to A the values a, /3, 7, in suc- 
cession, we obtain three forms for X in terms of the differences /3 - 7, 7 - a, a - iS. 
Similarly for if. 

I 
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6. To express the product of the squares of the differences of the roots in term.*^ 
of the coefficients. 

We have 

and, again, 

Z-Jr=(i8- 7) («-««), «U-wJf=(7-o)(o»-««), «Z-o»«Jf= (0-/5) («-«*), 

from which we obtain, as in Art. 26, 

X' + Jf' = (2a - i8 - 7) (2i8 - 7 - a)(27 - o - jB), 

L^ - M^ = -3v/^(/3 - 7)(7 - tt)(a -/5); 
and since 

we have, substituting the values of X^ + if' and Xif obtained in Art. 59, 

^(fi- yy iy - a)' (« - iS)* = - 27(^ + 4Jy3). 
(Cf. Art. 42.) 

7. Prove the following identities : — 

X» + IP = H(2o- /5 - 7)»+ (2/3 - 7 - a)» + (27 - o - /5)'}, 

X» - Jf3 s a/=^ {(/3 - 7)'+ (7 - «)'+ (a - 3)'}. 

These are easily obtained bj cubing and adding the values of 

X + Jf, &c. ; X - Jf, &c., 
in the preceding example. 

8. To obtain expressions for X', if, &c., in terms of a, $, 7. 
The following forms for X^ and lO are obtained by subtracting 

(0* + iS* + 72) (1 + « + «2) sO from (o + «i8+ «'7)2, and (o + ««/5 + «7)2 :— 

- r- = (/3 - 7)'+ «M7 - a)« + « (o - i8)2, 

- 1/2= (/3 - 7)^+ « (7 - a)»+ ««(a - /5)-. 
In a similar manner, we find from these expressions 

-X* =(/3-7)*(2o-i8-7;U« (7-tt)»(2i8-7-«)H«2(a-/5)2(27-«-i3)«. 

-if*=(/3-7r(2a-/3-7)« + ««(7-tt)«(2i8-7-o)H«(«-i3)«(27-a-i3)». 
Also, without difficulty, we have the following forms for Xif, and X'iP: — 

2Iir= (/3 - 7)2 + (7 - a)2 -f (a - 0)\ 

X2if2=(a-/3)2(«-7)2 + (3-^)2(3-a)2 + (7-tt)2(7-/5)2. 

9. There are six functions of the type of X or if, vix., 

a + 01/3 +0927, c»a + flf^/3 + 7, iv2a + /3 + «7, 
a + o»2/5 + a»7, o»a + /3+w27, «o + «/5 + 7, 

tu foim the equation whose roots are these six quantities. 
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These functiGiiB may be expressed as follows : — 

L, laLf flf^Z, 

hence they are the roots of the equation 

(^ -X)(^ - •i»X)(^ - m^L)(^ - Jf)(^ - «iO(^ - "*^) = 0» 
<3T ^« - (X» + Jf») 41? + X'ln = 0. 

Sahstttotiiig for X and if from the equations 

XJr=-?^, X5+jn=-.27^, 
a* a' 

we haye this equation expressed in terms of the coefficients as follows : — 

10. To form, in terms of X and M^ the equation whose roots are the squares of 
the differences of the roots of the general cubic equation. 

Let 

^ = {a-i3)2; 

hence, by former results, 

^Z — 3^ = <dX — vi^M, 
Rationalizing this, we obtain 

. (X' - in)» 
^(^-xjf)' + ^— 27-^ = 0, 

-which is the required equation. 

In a similar manner, by the aid of the results of Ex. 8, the equation of 
squared diffiarenoes of this equation, or the equation whose roots are 

0-7)«(2a-/5-7)«, (Y-a)M2/5-7-a)«, («-/5)'(27-a-/3)^ 

is obtained by substituting — X' and - if^ for M and X, respectively, in the last 
equation ; and this process may be repeated any number of times. Finally, all 
these equations may be easily expressed in terms of the coefficients of the cubic hy 
means of the relations 

XJr=-9~, and X» + Jl/^ = _ 27 ^. 

For instance, the first equation is 

^(^+9-) +27— ^jj— = 0. 

<Ct Art 42.) 

l2 
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11. If «, i9, 7 and a , 3*, y be the rooto of the cubic equatioiiB 

«» + 3Ax» + 8«p + rf = 0, 

to font the equation which has for roots the six Taluee of the function 

The easiest mode of procedure is first to fonn the corresponding equation for the 
lubics deprived of their second terms, yia., 

«»+ 3J5r« + (7 = 0, «» + 3J5r'« + flf = 0, 

and thence deduce the equation in the general case ; for in the case of the cubics so 
transformed the corresponding function 

Substituting for the roots of the transfonned equations their Talues expressed by 
radicals, we have 

^={Vp^v~){^?+ y?)+ (•yp+-'yi)(-'/y+-»y?) 

which reduces to 

Cubing this, we find 

1>o^- ^l^pqf/^ ^ - 27 ( w' + P'q) = 0- 
Now, substituting for j9 and g, p* and ^, their yalues given by the equations 

a:* + 6^ - JSr* = 0, «* + ^« - J''=: 0, 
we have the six values of ^ given by the two cubic equations 

^0^ - 27 II IV <po - ^ ' {GG' ± aa' v^AAO = 0, 

a^A = (?2 + 4i73, and a'^A' «= G'" + 4Jr». 

Finally, substituting for ^ its value <?0'^ - 3^, and multiplying these cubics 
together, we have the required equation. It may be noticed that if one of the cubics 
be^-I = 0, ^ = a + »i3+ »'7, &c., which case has been already considered in 
Ex. 9. Mr. M. Eoberts, Buhlin JExam, Pi^fer$, 1865. 



Fzamples. 117 



12. Fonn the equation whoee roots are the seTeral Talues of />, where 

'TTy 
a-(l+p)i8 + p7 = 0; 
gnbrtitut in g for a, jS, y, theb Taluee in terms of p, q^ and puttug 

A= l-(l+p)«+^, /4=1 -(1 +/>)•»» + />«, 

wehaTe 

\^/p + /*\/i = 0. 

Cahing, and rahftitating forp,q their Talues, 

(?(A» + /«^ + tf\/A (\> - /4*) = 0. 
Squazing, 

and by prerioas reanlts 

AMrsaa + p + p'), \» + /4'--27/>(l + rt; 
mhetitiiting these Talnes, we haTe the required equation 

«ir»A(l + p + p»)*- 27J5P(p + /»2f= 0. 

13. Find the rehUaon between the coefficients of the cubics 

<w» + Zbx^ + 3«c + rf = 0, 
tf'i:'' + 3*'*^ + 3<?V + rf' = 0, 

when the roots are connected by the equation 

a(/3' - 7') + iB(7' - a') + 7 (a' - iB*) = 0. 

Multiplying by « — «*, this equation becomes 

Cubing, and introducing the coefficients, we find 

the required relation. 

14. Determine the condition in terms of the roots and coefficients that tliu 
cubica of Ex. 13 should become identical by the linear transformation 

In this case 

d'sjpa + y, 0^ = p0'¥g, y' = py + fj' 

Eliminating jp and 9, we haye 

fiy'-fify + ya' - y'a + a/S' - a'fi = 0, 

which is the fonction of the roots considered in the last example. This relation. 
moreorer, is unchanged if for a, i9, 7 ; a , fit, y', we substitute 

la + m, /jS + m, ly + «», 
fd'+m', ffif+m', ey'-\-m'; 
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whence we may consider the oubics in the last example under the simple forms 

obtained by the linear transformations s = ax + 6, s* = o'x' + y ; for if the condition 
holds for the roots of the former equations, it must hold for the roots of the latter. 
Now putting 3^ = kz, these equations become identical if 

whence, eliminating ky 

is the required condition, the same as that obtained in Ex. 13. It may be obeenred 
that the reducing quadratics of the cubics necessarily become identical by the same 
transformation, viz., 

60. Homosraphlc Relation between two Koots of a 
Cnblc. — Before prooeeding to the disoosBion of the biquadratio 
we prove the following important proportion relative to the 
cubic : — 

The roots of the cubic are connected in pairs by a homographic 
relation in terms of the coefficients. 

Referring to Exs. 13, 14, Art. 27, we have the relations 

^oM 0-7)'+ (y-«)'+ (a - ^)M = 18K - floo,), 
a,' {a (fi "yf + fiiy a)' + y (a - /3)') = 9{a,a^ - a^a^), 
^n' {a=(/3 - 7)' + ^'(7 - «)' + 7'(a - fiY) = 18((7,' - a^a,). 
Using the notation 

aoOi-ai^^Sy 0001-0102^2^1, aiOz-Ot^-St; 

multiplying the above equations by a/3, - (a + /3), 1, respectively, 
and adding ; since 

a=-a(a + ^) + ai3^0, ^•- ^(a + /S) + a/3 ^ 0, 
we have 

^'{(i - 7)(7 - «)(a - 13)'= 18{J?'a^ + Ji(a + /3) + -H,}; 

but 

«o* O - 7)' (7 - ay {a - ^)* = - 27 A - 108 {HH, - ffi') 

(sec Art. 42) ; whence 



^-m 



2^) = ir«/3 + fl. (a + /3) + 5,, 
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and, therefore, 

which is the required homographio relation. It is to be ob- 
served that the coefficients in this equation involve one irrational 
quantity, the second sign of which will give the relation be- 
tween a different pair of the roots. 

61. First Sotatlon by Radicals of the Biquadratic. 
E«ler% Assvmptloii. — Let the biquadratic equation 

aa?* + ibx^ + 6ca:* + idx + ^ = 

be put under the form (Art. 37) 

«* + 6J5rz« + 4Gf2 + a'/- 35^' = 0, 
where z ^ ax + by 

H^ ac-V, I ^ ae " ibd -^ Qc", O^ a^d - Sabc + 2b\ 

To solve this equation (a biquadratic wanting the second 
term) Euler assumes as the general expression for a root 

z = ^/p + ^/q + -v/r. 
Squaring, 

Squaring again, and reducing, we obtain the equation 

z*- 2{p+ q+r)i^-'Szy/p ^ ^+{p + q + ry~4t{qr+rp-k-pq)=0. 
Comparing this equation with the former, we have 

p^q^r^^SHy qr + rp+pq = 3B^-—, ypy/qx/r^--^; 
and consequently^, q, r are the roots of the equation 

f + ^Ef + Uh' - ^V - I^ = ; (1) 

or, since 

- fl» s 4J« - a^HI + aV, (Art. 37), 

where 

J" s occ + 2bcd - arf' - eJ* - c\ 
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this equation may be written in the form 

4 (< + J)' - fl'/(< + IT) + a»c7= ; 

and finally, patting t + S^ 0*0, we obtain the equation 

4fl>9»-/ae + J^=0. (2) 

This is called the reducing cubic of the biquadratic equation ; and 
will in what follows be referred to by that name. When it is 
neoeesary to make a distinction between the cubicB (1) and (2), 
we shall refer to the former as Euler's cubic. 

Also, since i ^b*-ac-¥a^O; if0i, 02,0t be the roots of the 
reducing cubic, we have 

and, therefore, 

2 = ^V-ac-^- fl'0, + yV-ac-k-a^Oi + \/6*-a(? + a*0,. 

If this formula be taken to represent a root of the biquadra- 
tic in z, it must be observed that the radicals involved have not 
complete generality ; for if they had, eight values of z in place 
of four would be given by the formula. The proper limitation 
is imposed by the relation 

which (lost sight of in squaring to obtain the value of pqr) 
requires such signs to be attached to each of the quantities 

^/Py \/^> V^j ^'^^ ^'i^ir product may maintain the sign deter- 
mined by the above equation ; thus, 

= (-\/J^)(-\/^)\/r 

are all the possible combinations of -v/j^, ^/q^ ^/r fulfilling 

this condition, provided that ^^p^ v^> V^ retain the same signs 
throughout, whatever those signs may be. We may, however, 
remove all ambiguity as regards sign, and express in a single 
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algefaraio formula the four values of «, by eliminating one of the 

quantities VP» \/^» \/^ bom the assumed value of % by means 
of the relation given above, and leaving the other two quanti- 
ties unzestzioted in sign. The expression for % becomes therefore 



a formula free from all ambiguity, since it gives four, and only 
four, values of % when y^p and ^/q receive their double signs : 
the sign given to each of these in the two first terms deter- 
mining that which must be attached to it in the denominator of 
the third term. And finally, restoring to p, q, and z their values 
given before, we have 

G 



as the compkte algebraic solution of the biquadratic equation; 
01 and 02 being roots of the equation 

4a'0»-/a0+c7=O. 

To assist the student in justifying Euler's apparently arbi- 
trary assumption as to the form of solution of the biquadratic, 
we remark that, the second term of the equation in % being 
absent, the sum of the four roots is zero, or Zi + s^ + sb + 24 = ; 
and consequently the functions {zi + s^)', &c., of which there are 
in general six (the combinations of four quantities two and two), 
are in this case reduced to three ; so that we may assume 

(«a + S3)* = («i + Z^y = 4/?, 

(«3 + Sl)*= (22 + «4)'- 4$', 

(21 + 2a)' = (2s + SiY = 4r ; 
from which we have 21, 22, 2t, 24, included in the formula 

^/p + ^q + v^r. 
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We now proceed to express the roots of Euler's cubic (1), 
and also those of the reducing cubic (2), in terms of the roots 
^y P$ 7» S of the given biquadratic in x. Attending to the re- 
marks above made with reference to the signs of the radicals, we 
may write the four values oi z ^ ax -^ b as follows : — 

aa + ft = v^ ~ \/? " v^ 
a^ + J = - v/j^+ v/g- v/r, 
ay + b = - yp " yq -^ ^r, 

from which may be immediately derived the following expres- 
sions for p, qy r the roots of Euler's cubic : — 

q = ^Q{y + a-P-SY, (4) 

Subtracting in pairs the equations (3), and making use of 
the relations above written between p^ q, r and Oi, O2, As, we 
easily establish the following useful relations connecting the 
differences of the roots of the cubics (1) and (2) with the diffe- 
rences of the roots of the biquadratic :- 

4(g - r) = 4(z'(e, - e,) = - fl'(/3 - y) (a- 8), 

4(r - i>) - 4a\e, - 0,) - - «'(7 - «) O - »), (5) 

iip-' q) = 4fl'(ei - eo = - «'(a - i3)(7 -8). 

Finally, from these equations, by aid of the relation 
01 + 02 + 03 = 0, we derive the values of 0i, 02, 0s in terms of 
a, 0, 7, 8, viz., 

120, = (7.a)O-8)-(a-/3)(7-8), 

1202 = (a-^)(7-.8)-(/3-7)(«-8), (6) 

120, = (0-7)(a-8)-(7-a)(0-8)- 
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Examples. 

1 . Show that the two biquadratic equations 

have the same reducing cubic. 

2. Find the reducing cubic of the two biquadratic equations 

«* - 6&» ± 8x -v/P+w' + wS-a/mn + 3(4m» - /«) = 0. 

Aim. a* - Zmn9 - (w» + «») = o. 

3. ProTB that the eight roots of the equation 

[x^- 6&»+ 3(4mn - /«)}2= 64(/s + m^ + «« - 3//n«)r2 
are given by the formula 

(Compare Ex. 20, p. 34.) 

4. If the expression 

^/l ^m -^ n-r \// + «»» + «^M -f-v// -H «*m + tau 
be a root of the equation 

«*+ 6ir«» + \0z + a»/- 3i]r» = 0, 

fletermine H, I, Jin terms of /, m, n. 

.Iw*. 11 = -/, / = riww, / = - 4 (w3 + «»). 

5. Write down the formulas expressing the root of a biquadratic in the parti- 
cular cases when / = 0, and /= 0. 

6. If the biquadratic has two equal roots, prove that the reducing cubic has two 
equal roots, and conversely. 

7. If the biquadratic has three roots equal, prove that all the roots of the 
reducing cubic vanish, and consequently / = 0, / = 0. 

8. If the biquadratic has two distinct pairs of equal roots, prove that two of the 
roou of Euler's cubic vanish, and consequently (7 = 0, a^J — 12H^ = 0. 

9. Prove the following relations between the biquadratic and Euler^s cubic with 
respect to the nature of the roots : — 

(1). When the roots of the biquadratic are all real, the roots of Eulcr*s cubic 
are all real and positive. 

(2). When the roots of the biquadratic are all imaginary, the roots of £uler*s 
cubic are all real, two being negative and one positive. 

(3). When the biquadratic has two real and two imaginary roots, Euler's 
cubic has two imaginary roots and one real positive root. 

These results follow readily from equations (4) when the proper forms are sub- 
rtituted for a, jS, y, 8 in the Talues of pj q, r. It is to be observed that all possible 
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tafes are here comprised, tlie biqnadrmtic being sapposed not to haye equal roots. 
It foQowi that the cooTene of each of theae propositicxu is true. Hence, if £uler*8 
cubic hat all its root* real and poittiTe, we may conclude that all the roots of the 
biquadiatic are real ; if £uler*8 cubic hat negatiTe tooIb, we conclude that all the 
roots of the biquadratic are imaginary ; and if Enlei's cubic hat imaginary roots, 
we conclude that the biquadratic has two real and two imaginary roots. 

10. Prore that the roots of the biquadratic and the roots of the reducing cubic 
are connected by the following relations : — 

(1). When the roots of the biquadratic are cither all real, or all imaginary, 
the roots of the reducing cubic are all real ; and, couTersely, when the roots of 
the reducing cubic are all real, the roots of the biquadratic are either all real or 
all imaginary. 

v2}. When the biquadratic has two real, and two imaginary roots, the reduc- 
ing cubic has two imaginary roots ; and, oonrerwly, when the reducing cubic has 
imaginary roots, the biquadratic has two real and two imaginary roots. 

These results follow readily from the preceding example, since the roots of 
the two cubics (1) and (2) are connected by a real linear relation. 

11. If JJ is poeitire, the biquadratic must hare imaginary roots. 

For in that case the roots of Euler's cubic cannot be all podtiye. 

12. If / is negative, the biquadratic has two real and two imaginary roots. 
For the reducing cubic has in that case two imaginary roots (Ex. 12, p. 33). 

13. If S and / are both positire, all the roots of the biquadratic are imaginary. 

For, since / is positiye, the reducing cubic has a real negative root ; there- 
fore also Euler's cubic has a real negatiye root, since < = «^ - ^, and JET is posi- 
tive ; and this is case (2) of Ex. 9. It is implied in this proof that the leading 
coeflBcient a is positive ; if «/ be substituted for /in the statement of the proposition 
no restriction as to the sign of a is necessary. 

14. Express, by the aid of the reducing cubic, /and /in terms of the differences 
of the roots a, 0, 7, 8. (See Exs. 16, 18, Art. 27.) 

15. Express the product of the squares of the differences of the roots «, /8, 7, S 
in terms of / and /. 

By means of the equations (6) above given, and the equation (2), p. 82, we ob- 
tain the result as follows : — 

<^{B-yY (7- a)« (a-/B)« («- «)t (i8-«)« (y - «)« = 266 (/> - 27/«). 

16. What is the quantity under thejlmal square root (viz., that which occurs 
under the cube root in the solution of the reducing cubic) in the formula expressing 
a root ? Ans, 27/* - I\ 

17. Prove that the coefficients of the equation of squared differences of the 
biquadratic equation oqx^ + 4aiJ^ + Ba^sfl + ia^x + 04 = may be expressed in 
terms a^f IT, /, and /. 
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Bemoring the second tenn from the equation, we obtain 
and changing the signs of the roots, we haye 

These transformations leave the functions (a - $)* &c., unaltered ; but G 
becomes - G, the other coefficients of the latter equation remaining unchanged ; 
therefore G can enter the coefficients of the equation of squared differences in even 
powen only. And by aid of the identity of Art. 37, G^ may be eliminated, intro- 
ducing oo, Hj I, J. In a similar manner we may prove that every even function 
of the differences of the roots a, jS, 7, 8 may be expressed in terms of oo* S", /, /, 
the function G of odd degree not entering. 

62. Second Sotatlon by Radicals of the Blqua- 
Mratle. — Let the biquadratic equation 

aa^ + 4&r' + Gca^ + 4dx + e = 

be put, as before, under the form 

2* + em' + 40z + a'/- 3J5P - 0, 

where 2 « op + J. 

We now assume as the general expression for a root of this 
equation 

a formula involving three independent radicals, y/p^ ^/ q^ .^r. 
Squaring twice, and reducing, we have 

(2' - qr ^ rp -pqY = 4pqr{2z + jf) + $' + r), 
or 

^* - 2 (jr + »y +PQ) 2' ~ Spqrz + (qr + ;y + pqY - 4 Q; + ^ + r)pqr = 0. 

Comparing this equation with the former equation in :;, we 
easily find 

qr^fp+pq-^-SSy pqr=--^y p-\-q-^r = — ; 

-whence j9, g, r are the roots of the equation 
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This equation may be readily tzansfoimed into Euler's cubic, 
or Tnating directly the sabedtution 



/ = 



H-^V. 



and putting for 6' its value in terms of IT, /, and J^ we may 
reduce it to the standard form of the reducing cubic, viz., 

4«»e» - /aO + J^ 0. 

It is important to obserre that in the present method of so- 
lution we meet with no ambiguity corresponding to that of 
Art 61 ; for the expression here assumed as the value of z has, in 
virtue of the double signs of the radicals contained in it, only 
four valueSy while the form assumed for s in the preceding Article 
has eight values. This appears from the identical equation 

which shows that the number of distinct values of the radical 
expression of the present Article is the same as the number of 

values of [\/p + ^/q + \/r)', namely four. 

In order to express p^qyvm terms of the roots a, /3, y, 8 of 
the biquadratic, we have, giving to x the four values a, /3, y, S, 

Zi^aa + 6 = ^q v/r - y^ \/p - ^/p v^ 
z, = fl/3 + 6 = - a/^^/t + y/r ^/p - \/p\/^, 
z, = ay + 6 = - yg yir - ^/r ^p -k^ ^p v^, 
Zi = al + 6 = y/^ ^r + \/r ^p + ^p y^. 

The student may easily satisfy himself that no combination 
of the signs of the radicals can lead to any value different from 
these four. 

From the values of 2« + s, - 2i - s*, and s,S3 - «i24, we obtain 

a' 037 - aS) + flftOS + 7 - a - 8) = ^-/^ V^. 
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From these and similar equations we have, employing the rela- 
tion O = - 2pqr, the following modes of expressing p, q, r ia 
terms of the roots a, /3, y, S : — 



ii + y-a-S'^ a* (/3"+ y -a - S)' 



Ya-/38 80 

* "y + a-P-S"^ ~o'(7+a-/3-8)»' 

a/3-78 8(? _ 

'' "o + p-y-S"^ a»(a+/3-7-'S)'" 

63. Kcs*latloB of the 4taartlc Into its 4laadr«tlc 

. — Let the quartic 

Od?* + 4ba^ + 6ca^ + 4dx + e 

be supposed to be expressed as the difference of two squares* in 
the form 

(or' + 2&r + c + 2ady - {2Mx + N)\ 

Multiplying the given quartic by a, and comparing it with 
this expression, we have the following equations to determine 
My i\r, andtfi- 
Jtr = J' - flc + a» e, MN^bc-ad + 2ah0, IP^ (c + 2fl(?)2 - ae. 

Eliminating M and N from these equations, we find 
4fl;3 g3 . (a/?- 4W+3c») ad^ace + 2hcd- ad" - eft' - c»= 0, 

which is the reducing cubic before obtained. 

From this equation we have three values of (0i, 03, da), 
with three corresponding values of iP, MN^ N* ; and thus all 
the coefficients of the assumed form for the quartic are deter- 



* The reductioii of the quartic to the difference of two squares was the method 
fint employed for the solution of the equation of the fourth degree. This mode of 
•olution is due to Ferrari, although bj some writers ascribed to Simpson (see Note A). 
The method explained in the foUowing Article, in which the quartic is equated 
directly to the product of two quadratic factors, is due to Desearte*. 
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mined in three distinct ways; moreover, it should be noticed 
that to each value of M corresponds a single value of N^ since 

MN^bc-ad-^iahO. 
The qiiartio 

(ac» + 2Ja? + (? + 2ae)« - (2JIfo + i^' 

may plainly be resolved into the two quadratic factors 

riic' + 2 (ft - if ) a? + c +2ae- J\r, 

aa:' + 2 ( J + if ) a? + (? + 2a 61 + i\r. 

When receives the three values 0i, 029 0sy we obtain the three 
pairs of quadratic factors of the original quartic, and the problem 
is completely solved. 

In order to make clear the connexion between the present 
solution and the solution by radicals, let us suppose that the 
roots of the quadratic factors in the order above written are 
/3, 7 and o, S ; and that the roots of the remaining pairs of qua- 
dratic factors are similarly y, a and j3, S ; a, /3 and 7, S. We 
have, therefore, 

^ + ^=-?(J-Jf,), y + a = ~|(6-if0, a + /3 = -|(6-ir3), 

a+8 = -?(6 + if,), /3 + S = --(6 + if2), y + 8 = -?(J + if,), 

where 

if, = y/6»-ao + a'0i, if,sy6»-ac + fl*02, M^^^b^ -ac ^a^d,. 

Subtracting the last equations in pairs, we find 
and since 



we obtain 



a + i3 + 7 + 8 = -4-, 

a 

aa + ft = - ifi + ifa + ifs, 
aj3 + ft = M,-M2 + M,y 

ay + ft = ifi + ifj - if,, 
a8 + ft = - ifi - if, - if,. 
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It appears, therefore, that the roots of the biquadratio are here 
expressed separately by formulas analogous to those of Art. 61. 
The values of M\ viz. Mi\ M2J M^^ are in fact identical with 
the roots of Euler's oi^o in the preceding Artide. There 
exists also with regard to the signs of the radicals involved in 
JTi, Mti Mi a restriction similar to that of Art. 61 ; since, in 
virtue of the assumptions above made with respect to the roots 
of the quadratic &ctors, we have the equation 

a»0 + y-a-8)(7 + a-/3-8)(a + i3-y-8) = 64ifiJf,ir„ 
whibh implies the following relation (see Ex. 20, p. 52) : — 

and by means of this relation the signs of Jfi, Jfay M^ are re- 
fltrioted in the manner explained in the previous Article. 

By aid of the equation last written we can eliminate M^ 
from the expressions for the roots, and thus obtain, as in Art. 61, 
all the roots of the biquadratic in a single formula, viz., 

G 



ac + 6 = jjf 1 + jjf, - 



2ifiif,' 



in which the radicals Jfis^ft»-ac+a'9i, and Mi^^/t^- ac + a^Ot 
are taken in complete generality. 



1. FonD the eqiiation whoee rooto are A., /i, r, Triz., 

Adding the last coefficients of the quadratic Actors of the quartie, we haye 



iBv + o« = 4ai +2-, 



7a + /B«=4«a + 2-, 



a$ +75= 4^3 +2-, 

a 



where #1, tfs, 03 are the roots of the reducing cubic ; hence the required equation. 

Ans, (ax - 2c)» - il(ax - 2<:) + 16 /= 0. 
(Compare Exs. 4, 6, Art 39.) 
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2. Express, by means of tlie equations of tlie preceding example, the roots of 
the reducing cubic in terms of the roots of the biquadratic. 

Substituting for — its value in terms of a, fi, y, 8, we find immediately 

i2Bi = 2 A - M - y = (7 - «) 03 - ») - (« - )3) (7 - «), 
120, = 2/* - r - X = (a - /8) (7 - «) - (i8 - 7) (a - «), 

I29i^2y -A-^«(/3-y)(« -«)-(7-«)(/B -«). 

(Cf. (6), Art. 61.) 

3. Verify, by means of the expressions for 9i, $2, ^3 in Ex. 1, the conclusions of 
Ex. 10, Art. 61, with respect to the manner in which the roots of the biquadratic 
and reducing cubic are related. 

4. Form the equation whose roots are the functions 

^(i87-a«)(/3 + 7-a-«), ^(7«-/3«)(7+«-|8-«), ^{a$-yi){a-^fi^y'-i). 
From the quadratic factors of the quartie we find 

=iB + 7-a-«, = i87-o«; 

a Q 

also 

MiNi ^be-ad-\- 2ab$i = - a^<pu 

tho roots of the required cubic being represented by ^1, ^, ^. 

We obtain, therefore, the required equation by a linear transformation of ths 
reducing cubic. 

Ans. (aV +^- ^? - WCa'^ -Vhe-ad)- 2*»/ = 0. 

5. Form the equation whose roots are 

fiy — aZ ya- 09 ajS — 78 



/54-7-a-5* 7 + 0-^3-8* a+/B-7-d' 

If ^ denote any one of these functions indifferently, and $ the corresponding root 
of the reducing cubic, we have, employing former results, 

My bc-ad-\-2ab9 



- 2^ = 



jft ^_ac4-a«a ' 



and thus we obtain the required equation by a homographic transformation of the 
reducing cubic. This formula may be put under the more conyenient form 

by means of which we obtain the required cubic in the following form : — 

2(? (/i0 + h)^ + (a*/- I2fl^) (a0 + *)» - %HO{af^ + ft) - ^ = 0, 
which, expanded and divided by a*, becomes 

2(?^» + (a»<? + 6A«c-9a<j2 + 2<iW)^ + 2(aAtf+2A*rf-3a<rrf)^ + ft««-arf« = 0. 

(Cf. Ex. 14, p. 88.) 



Resolution of the Quarfic into Quadratic Factors. 131 

6. Form the equation whoee roots are 

J (^ -««)', J(7«-W, J(«i3-7»)'. 

These are the three values of i\^ in the foregoing Article. Bepreeenting, as 
before, one of these values by ^, we find that the required equation may be obtained 
from the reducing cubic by means of the homographic transformation 

7. Fonn the equation whose roots aro 

/37-05 ya^fii 0/3-78 



0B + 7)a«- (a + 9)fiy' (y-\-a)fi9 - (/8 + 8)70' (o +/8)7«- (7+ 9)a$ 

The required equation is obtained from the reducing cubic by the homographic 
tiansfonnation 

This result may be derived from Ex. 5 by changing the roots into their recipro- 
cals; and making the corresponding changes in the coefficients. 

64. The Resolotlon of the Qoartlc Into Qaadratic 
Factors. Second Method. — ^Let the quartio 

oc* + 4bx^ + 6c^ + 4dx + e 

be sappoeed to be resolved into the quadratic factors 

a(«* + 2px + q){a^ + 2p'x + g'). 

We have, by comparing these two forms, the equations 

If now we had any fifth equation of the form 

F{p, q, p\ q') - 0, 

we could eliminate jo, p\ q^ q'\ and thus find an equation giving 
the several values of ^. 

The fifth equation might be assumed to be pp' = 0, or 7 + 7' 
= ^ ; and in each case ^ would be determined by a cubic equa- 
tion, since each of these functions, when expressed in terms of 

k2 
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the roots of the biquadratio, has three Talues only. It is more 
oonvenient, however, to assome 



*-:-..'=K-^-t) 



the two functions of p, p\ q^ / here involved being equal by the 
second of equations (1). We easily find, by the aid of those 
equations, 

pq^p^- — ^ + -^; 

and eliminating pj p\ q^ /, by means of the identical relation 

{p' ^P'^W + y'*) - (P9' -p'qY + (/>^ + P'9% 
there results the equation 

4a'^'-/a^ + t7*=0, 

which is the reducing cubic obtained by the previous methods 
of solution. 

Having thus found pp\ or q + ^^ we may complete the 
resolution of the quartic by means of the equations (1). 

The reason for the assumption above made with regard to 
the form of the fifth equation is obvious. From a comparison 
of the assumed values of ^ with the equations of Ex. 1, Art. 63, 
it appears that is the same as in the preceding Article; and 
therefore we foresee that the elimination otp, p\ q, /, must lead 
to an equation in ip identical with the reducing cubic before 
obtained. In general, if represent any function of the difFer- 
ences of A, /lc, v, and consequently an even function of the differ- 
ences of a, 13, 7, S (see Ex. 18, Art. 27), the equation whose 
roots are the different values of ^ cannot involve any functions 
of the coefficients except a, H^ /, and J. 

If be assimied equal to any of the expressions in the second 
of the following examples, the equation in ^ whose roots are the 
different values of this expression is formed as in the above in- 
stance by the elimination of p^ p\ q^ /. 
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1. Bewdf* into quadratie focton 

Comparing this fbim with the product 

(«» + 2iw + ^)(f»-2iw + j'), 
we find the following equation for p : — 

4p« + 12^jp« + 12(^ - ^\ iJ* - 63 = ; 

and potting 

a>^ =^ + Hm\{q-\.^- 2Jff), 

thie equation^ when dijided by a*, beoomes 

2. If a quaitic be resolved into the two quadratic fiu^ton 

proi?e that ^ ia detennined by a cubic equation when it has all possible values corre- 
sponding to each of the following types : — 

^■*"*» m — v» 1, — :?"» "^ — T* 
P-P p-p 9~q 

{p-^\ (p-Pliq-i), te-/)», (P9''P'q?\ 

and by an equation of the sixth degree when it has all values corresponding to 

Pj 9f P -P't 9-9% P9'-P'9j or P^-^9' 

Sx|ueaaing these functions in terms of the roots, the number of possible values of 
eaeh function becomes apparent. 

65. Transfbrmatloii of the Biquadratic Into the 
Kedpraeal Form. — ^To effect this transformation we make 
the linear sabstitution x^ ky + pin the equation 

Oic* + 462^ + 6c^ + 4cfo + « = 0, 
which then assumes the form 

fl**y* + 4Z7;*'y»+6Z7;AV + 4Cr,Ay+ 174 = 0, 
where 

Ui^ap + 6, Ui s ap» + 2bp + c, ZTi a ap^ + 36p' + Sep + rf, &c. 

(Gf. Art. 35.) If this equation be reciprocal, we have two equa- 
tions to determine k and p, yiz., 
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eliminating kj we have the following equation for p : — 

and since 

Un ap^ + 3ftp* 4- 3cp 4- d 

Ui" ap-k- b ' 

there are two values of k^ equal with opposite signs, oorreepond- 
ing to each value of p. 
The equation 

when reduced by the substitutions (Arts. 36, 37] 
becomes 

20tri» + (a»/- i2fi^) CTi* - CG^ircri - fl» = o, (i> 

which is a cubic equation determining Ui^ap + b; and if we put 

is determined by the standard reducing cubic 

This transformation* may be employed to solve the biqua- 
dratic ; and it is important to observe that the cubic (1) which 
here presents itself differs from the oubic of Art 62 only in 
having roots with contraiy signs. 

We proceed now to express ib and p in terms of a,/3,7, Sythe 
roots of the biquadratic equation. Sinoe the equation in y, 
obtained by putting :r = X*y + p, is redprooal, its roots are of the 

form Vi, Vs, — , — : henoe we may write 



* This method of solving the biquadntic by trtnsfonnmg it to the reciprocal 
ionoL w«3 giT«n by Mr. S. S. Greatheed in the OmA. Mmik, Jourm,^ toI. L 
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and, therefore, 

(«-p)(8-p) = 0-p)(7-p) = A', 

from which we find 

/3Y-a8 
'* + 7-a-8' 

and _ ;, , (y_-«^M(?r4)(rr8) 

An important geometrical interpretation may be given to 
the quantities k and p which enter into this transformation. 
Let the distances OA, OB, OC, OB, of four points A, B, C, D, 
on a right line from a fixed origin on the line be determined 
by the roots a, /3, 7, S, of the equation 

oar* + 46a?* + 6cir* + ^dx + e = 0; 

also let 0„ 0„ 0, be the centres ; and -R, J\'; Ji, -Fi' ; -F3, i^/, 
the foci of the three systems of involution determined by the 
three following pairs of quadratics : — 

{x - a)(a? - /3) = 0, (a: - 7)(a: - 8) = 0. 

We have then the equations 

O^B. OiC= 0,A . OiB = 0,F,\ &c., 

whiohy transformed and compared with the equations 

03 - p){y 'p) = {a-^ p){S - p) = k\ &c., 

prove that the three values of p are OOi, 00%, OO3, the distances 
of the three centres of involution from the fixed origin 0. Also 
sinoe OiJF\' -> A', A has six values represented geometrically by 
the distances 

OiF,,OiF,'; 0»F„0,F/; 0JF,,0,F:, 

where OiFi + OiF! = 0, &c., as the distances are measured in 
oppoBite directions. 
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We can from geometrioal oonsideratioiis alone find the pod- 
tions of the centres and fool of involation in terms of a, /3, y^ S, 
and thus confirm the results just established, as follows : — 

Since the systems [FiBFiC] and [FiAFiD] are harmonic, 

2 1111 



J\F/ F,B F,C FiA F,D' 

and if x represent the distance of Fx or Fi from the fixed origin 
O, we have 

1111 

+ = + 



a?— /3 x — y 4? — a a: — 8 
Solving this equation, we find 

or X ^ p ± ky 

, OF, + of: . . of,-of: ^^^ 

whence /a= ^ > A:=± = ± C/i/'i. 

EZAMFLB. 

Transform the cubic 

oj^ + 3&«* + 3«B -I- if 
to the reciprocal form. 

The assumption z = ky + p leads to the equation 

- (7I7i8 + 3JP [7i' + ^ = 0, where [7k s ap + *. 

The values of p are easily seen to be 

fiy-a^ ya-0^ ag-7' 

i8 + 7 - 2a' 7 + a - 2/8* a + /8 - 27' 

The geometrical interpretation in this case is, that if three points A% B'j C* be 
taken on the axis such that A* is the harmonic conjugate of A with respect to 
B and C, B* of B with respect to C and A^ and C of Cwith respect to A and B ; 
then we have the following values of p and k : — 

OA + OA' ^ OA- OA 
^^ 2 ' ^ 2— 

For the values of OA'^ OB^^ 0C\ in terms of a, /3, 7, see Ex. 13, p. 88. 
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66. S^tatton or the Biqnadratie by Symmetiie Fane- 
tioBs of the Iftoots. — ^The possibility of redaoing the solution 
of the biquadratic to that of a oabio by the present method de- 
pends on the possibility of forming functions of the four roots 
^f Pf Jf ^9 which admit of only three values when these roots are 
interchanged in every way. It will be seen on referring to Ex. 2, 
Art 64, that several functions of this nature exist. These, like 
the analogous functions of Art. 59, possess an important pro- 
perty to be proved hereafter, viz., any two such sets of three are 
80 related that any one function of either set is connected with 
some one function of the other set by a rational homographic 
relation in terms of the coefficients. 

For the purposes of the present solution we employ the 
functions already referred to in Art. 55, since they lead in the 
most direct manner to the expressions for the roots of the bi- 
quadratic in terms of the coefficients. We proceed accordingly 
to form the equation whose roots are the three values of 






when the roots are interchanged in every way, and =s - 1. 
These values are 

,..(g±rz.-?)-, ,.(X±£^-, <..("-i£^«)- 

and sinoe 

+ y-a-S)»= 2a' + 2X-2/i-2v, 

2(a-j3)*^3Sa»-2A-2/i-2v = -48^, 

we find the following values of ^i, tt, U ' — 

2X-//-V H 2n-v-\ H 2v-\-fi H 
12 "a" 12 a" 12 ?' 

whence <i + ^+^ = -3-r. 

a' 
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Again, sinoe 

S(2/ii-i;-X)(2i;-X-/u)=-3(A»+/u'+i;*-/uv-vA-A/ii) = -|sOi-v)% 

and S(/i-v)*-24^„ 

we have 

also ^^^s = T-7i' 

Hence the equation whose roots are tu ^, t^ becomes 

(a'O' + 35- («'0' + (SJI' - ^) («'0 - 1^ = ; 

or, substituting for (7* its value from Art. 37, 

4 (a'^ + 5^)' - a^I {aH + 5^) + aV= 0, 

which is transformed into the standcurd reducing cubic by the 
substitution aH + H=^ a*6. 

To determine a, /3, y, S we have the following equations : — 

along with a + /3 + 7-«-8 = -4-; 

from which we find 

/3 = - - + y^ - a/F, -h yS, 
Y = - - + yTi + ^ti - v^, 
S = - - - y^/i - \/r2 - \/rs« 
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We have also from the above values of \/^> \/^2, \/^ the 
equation 

\/^i vt% */t% = 2^, 

by means of which one radical can be expressed in terms of the 
other two, and the general formula for a root shown to be the 
same as those previously given. 

It is convenient, in connexion with the subject of this Article, 
to give some account of two functions of the roots of the biqua- 
dratic which possess properties analogous to those established in 
Art. 59 for corresponding functions of the roots of a cubic. 
Adopting a notation similar to that of the Article referred to, 
we may write these functions in terms of A, )u, v in the follow- 
ing form : — 

Z - 037 + aS) + w (7a + 08) + iJ (0/3 + 78), 

if =H (/37 + a8) + a>'(7a + /38) + a>(a/3 + 78). 

By means of the equations of Ex. 1, Art. 63, these functions 
can be expressed in terms of the roots of the reducing cubic in 
the form 

They may also be expressed, by aid of the equation of the pre- 
sent Article connecting t and 0, in terms of the values of /i, t%^ U^ 
as follows : — 

The functions L and if are as important in the theory of 
the biquadratic as the functions of Art. 59 in the theory of the 
cubic. The cubes of these expressions are the simplest functions 
of four variables which have but txco values when the variables 
are interchanged in every way ; they are the roots of the re- 
ducing quadratic of the reducing cubic above written, and 
underlie eveiy solution of the biquadratic which has been given. 
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EZAMPLKB. 

1. Show that L and M are funotiona of the differenoes of a, iS, 7, 8. 
Increaaing a, iS, 7, 8 by A, L and Jf remain unaltered, smce 1 + <» + w* = 0. 

2. To find in terms of the coefficienta the product of the squares of the difier- 
enoea of the roots a, iS, 7, 8. 

From the values of L and M in terma of 0i, 9%^ 9s» we find eaaily 

12^1= X+ Jf, X- Jf=(/8-7)(a-8)(«#»-i»), 

1262 = «i>>X + *»Jf, i»U - Mlf . (7- a) (/3 - 8) (m> - »), 
1203 = »X + M^Jf, mX - «>lf = (a - /3) (7 - 8) («> - m). 

Again, from these equations, multiplying the terms on both aides together, and 
remembering that 0i, 62* ^ are the roots of 

we find 

X» + lf»=-432 4, 

:X»-if« = 3v/^(/8-7)(7-a)(a-ffi(«-8)(/i-8)(7-8); 
also, adding the squares of the same terms, we have 

2XJf=244 = 0B-7)'(a-8)»+(7-a)«0B-8)'-l-(a-/8)M7-»)»; 

and, since 

(X» - JP)« B (X» + Jf )• ~ 4X5 Jf, 

substituting for these quantities their yalues derived from former equations, we have 

finally 

«Mi8 - 7)' (7 - a)' (« - /5)Ma - 8)» (/8 - 8)« (7 - »)• = 266 (^ - 27 Z'). 

3. Show by a comparison of the equations of the present Article and Art. 59 that 
the results of the previous Article may be extended to the biquadratic by changing 

i8-7, 7-a, 0-3 into -(i8-7)(a-8), -(7-a)(/8-8), - (a - /8) (7 - 8), 
respectively ; and, consequentiy, ^into - » X, and O into 16/. 

67. Kqaatlon of Squared Difl^renees mt a Biqoa- 

dratle. — In a previoais ohapter (Art. 44) an aooount was given 
of the general problem of the formation of the equation of dif- 
ferences. It was proposed by Lagrange to employ this equa- 
tion in practice for the purpose of separating the roots of a 
given numerical equation ; and with a view to such application 
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he oaloulaied the general forms of the equation of squared dif • 
f erenoes in the cases of equations of the fourth and fifth degrees 
wanting the second term (see Traiti de la Risolution des Equa^ 
tiona NumMque8j 3rd ed., Gh. v., and Note iii.). Although for 
practical purposes the methods of separation of the roots to be 
hereafter explained are to be preferred ; yet, in connexion with 
the subjects of the present Chapter, the equation of squared 
differences of the biquadratic is of sufficient interest to be given 
here. We proceed accordingly to calculate this equation for a 
biquadratic written in the most general form. It will appear, 
in accordance with what was proved in Ex. 17, Art. 61, that 
the coefficients of the resulting equation can all be expressed in 
terms of a, JT*, /, and J. 

The problem is eqidvaleiit to expressing the] following product in terms of the 
coefficients of the biquadratic 

{♦-(«-7)M{*-(7-«)'){*-(«-iS)'}{«-(«-«n{«-(^-»)'}{*-(7-«)')- 

The most convenient mode of procedure is to g^up these six factors in pairs, 
and to express the three products (which we denote by IIi, 112, II3) separately in terms 
of the roots of the reducing cubic, and finally to express the product IIi Ila Ha in 
terms of a, JST, JT, J, 

and, by aid of the results of Art. 61 we easily derive the following expressions for 
(i8 -7)>,(« -«)':- 



hence, without difficulty, 

Introducing now for brevity the notation 

leJSTaa^P, UstfiQ, 16/s a»l?, ^«+P^-»-QsV, 

ni becomes Y + 80i^ - iSBtSt. 

Reducing the product IIi lis Th by the result of Example 18, page 89, we obtain 

^ + 8Qf« - (4Q^ + 185^) V - (8i?^ + 12Q>^ + 3605^ + 27J2») = 0. 

Finally, restoring the value of Y, we have the equation of squared differences ex- 
pressed in terms of P, Q, £, as follows : — 

^« + 3P^+(3P»+2Q)^*+(P« + 8PQ-26i?)0» 

+ (6P»Q - 7(? - 18Piq ^ + 9Q (PQ - 6i?)i^ + 4Q» - 27^ = 0. 
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We give for convenience of reference the result also in terms of a, Hy Ij J* : — 
rt« ^« + 48a*2r^« + 8a« (96ir2 + a«7) ^« + 32 (1285'» + 16a»5J- 13a»/) ^s 

+ 16(384J7^/- Ta'/*- 288 air/)^*+ 1162(2^/-3tf7)/^+256(/^-27/')=0. 

It should be observed that the value above obtained for lli can be expressed as a 

quadratic function of 0i by aid of the equation ^i 03 = 0i^ — j^* and thd subsequent 

calculation might have been conducted by eliminating 0i between this quadratic and 
the reducing cubic. 

68. Criterion of the Matare of the Roots of the 
Biquadratic. — Before proceeding with this investigation it is 
neoessary to repeat what was before stated (Art. 43)^ that when 
any condition with respect to the nature of the roots of an 
algebraic equation is expressed by the sign of a function of the 
coefficients, these coefficients are supposed to represent real 
numerical quantities. It is assumed also, as in the Article re- 
ferred to, that the leading coefficient does not vanish. 

Using as before A to represent that function of the coef- 
ficients (called the discriminant) which, when multiplied by a 
positive numerical factor, is equal to the product of the squares 
of the differences of the roots, we have, from the results estab- 
lished in preceding Articles, the equation 

«• (/3 - 7^(7 - «)'(« - m^ - 8)'0 - mi - 8)' = 256A, 
where A s P - 27,7*. 

It will be found convenient in what follows to arrange the 
discussion of the nature of the roots under three heads, 
according as — (1) A vanishes^ or (2) is negative^ or (3) is positive, 

(1) When£ivanisheSj the equation has equal roots. This is evident 
from the value of A above written. Four distinct oases may be 
noticed — (a) ichen ttvo roots only are equals in which case I and J 
do not vanish separately ; (/3) when three roots are equals in which 
case 7=0, and t/ = 0, separately (see Ex. 7, Art. 61) ; (y) when 

* The equation of squared differences was first given in this form by Mr. M. 
llobci-ts in the NouxelleM AnnaUs de Mathhmatigues, vol. xvi. 
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tu!0 distinct pairs of roots are equals in whioh case we have the 
conditions = 0,0" /- 12Jr» = (Ex. 8, Art. 61). It can be 
readily proved by means of the identity of Art. 37 that these 
conditions imply the equation A = ; hence these two equations, 
along with the equation A = 0, are equivalent to two indepen- 
dent conditions only. Finally, we may have — (8) all the roots 
€qual; in which case may be derived from Art. 61 the three 
independent conditions JT = 0, 7=0, and t/ = 0. These may 
be written in a form analogous to the corresponding conditions 
in case (4) of Art. 43. 

(2) When A is negative, the equation has ttco real and two ima- 
ginary roots. — ^This follows from the value of A in terms of the 
roots ; for when all the roots are real A is plainly positive ; and 
when the proper imaginary forms, viz. A ± A -v/ - 1, A' ± A^ y^-l, 
are substituted for a, /3, y, S, it readily appears that A is positive 
also when all the roots are imaginary. 

(3) When A is positive, the roots of the equation are either all 
real or all imaginary. — This follows also from the value of A, for 
we can show by substituting for a, /3 the forms h ± k a/-1 that 
A is negative when two roots are real and two imaginary. 
In the case, therefore, when A is positive, this function of the 
coefficients is not by itself sufficient to determine completely the 
nature of the roots, for it remains still doubtful whether the 
roots are all real or all imaginary. The further conditions 
necessary to discriminate between these two cases may, however, 
be obtained from Euler's cubic (Art. 61) as follows : — In order 
that the roots of this cubic should be all real and positive, it is 
necessary that the signs should be alternately positive and 
negative ; and when the signs are of this nature the cubic can- 
not have a real negative root. We can, therefore, derive, by the 
aid of Ex. 9, Art. 61, the following general conclusion appli- 
cable to this case : — When A is positive the roots of the biquadratic 
are all imaginary in fvery case except when the following conditions 
are fulfilled, viz. H negative, and cfl - 12J7^ negative ; in which 
case the roots are all real. 
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Examples. 

1. Show that if ^be podtiye, or if J5r= (and Q not = 0), the cubic will haT& 
a pair of imaginary roots. 

2. Show that if ^be negative, the cubic will have its roots — (l)aU real and 
unequal, (2) two equal, or (3) two imaginary, according as O^ is — (1) less than» 
(2) equal to, or (3) greater than - 4J7'. 

3. If the cubic equation 

Ho** + Saia:* + Za^z + oj = 

haye two roots equal to a ; prove 

St JSTi 

where ooos — ^I'^-fff ooaz — aiot s 2Hi, ai as — os* e JJs. 

4. If a«>+3*«» + 3«c + rf-»-*(«-r)» 
be a perfect cube, prove 

{ae - li*)f» + {ad - be)r + {bd - e^) «0, 

5. Find the condition that the cubic 

ar» + 3b^ -i-Zex + d 

may be capable of being written under the form 

/(« - oi)» + m (a: - i8i)»+ »(JJ - 7i)>, 

where ai, fii, 71 are the roots of the cubic 

fliap> + 3biz* + Zeix + ifi = 0. 
Comparing the forms, we have 

a = 1+ m + n, 
- * « fai + mpi + 1171, 
e = lai* + mPi^ + •I7i», 

Also ai 01' + 3*1 ai* + 3«] ai + <fi = 0, &c. 

Whence, multiplying these equations by <fi, 3tfi, 34i, «i, respectively, and adding,. 
wc find the required condition 

{adi - airf) ~ 3 {bei - bie) = 0. 

6. If a, iS, 7 be the roots of the cubic equation 

ihr^ + Zais^ + ZoiX + as = ; 
rationalize the equation 

\/x - a + \/x-p + \/x-y = ; 

and express the result in terms of the coefficients oo, ai, os, as. 

-4w. 126 I7i* + ZeOffUi\+ UZOlTi -48^ = 0. 
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7. If •!, /8i, end fli, /3i be the roots of the quadratic equations 

«i«» + lb\9 + tfi = 0, •!«» + %b%x + ca = ; 

find tlie equation whose roots are the four values of aioa. 
Let Hxmaici^hi^ Htma%e%-h%^. 

N.B. — This and the two following Examples may be solyed by expressing ^ by 
ndicals inTohing the coefficients. 

8. Employing the notation of Ex. 7, form the equation whose roots are the four 

Let 2Jritsai^ + 03^ + 2^^* 

In this Example the resulting biquadratic is such that (? = 0. 

9. In the same case, if ^ = |(ai - as)', form the equation whose roots are the 
■erenl Talues of ^. 

Let Mmm\h%^aih\, T^n^aict-^- a%e\-7^b%. 

Ant, {(aioa^ + Jffn)»- 2Jf V + J^i-^a}* = 4-Hi^a (aifl2^ + Hn^, 

10. Show that when the biquadratic has a double root, the cubic whose roots 
are the values of p (Art. 65) has the tame double root ; and find what this cubic 
becomes when the biquadratic has three roots equaL 

11. If J7and / are both poeitive, prove directly (without the aid of Euler's 
cubic) that the roots of the biquadratic are all imaginary. 

It appears from the expression for JJ* in terms of the roots (Ex. 19, p. 52) that 

when JSr is positive there must be at least one pair of imaginary roots h± k V- 1. 
Now HimmiwliiTig all the roots by A, and dividing them by k (which transformations 
will not alter the character of the other pair of roots 7, 8, nor the signs of H and /), 
the biquadratic may be put imder the form 

(jj» + 4/?i; + ^) («» + 1), 
or 4F* + 4^** + eaf* + 4pj; + ^, where 6^ = 7 + 1 ; 

whence J?=<f-p», / » j' - 4p» + 3<:», 

Jmfe^ 2jf^c^j^{q + 1) - «» = tf (^ - 4/)* - c^, 



smd therefore 



g-4i^ = <j» + - = (J+p»)»+ ^ 



or 






proving that7 and 9are imaginary if JB* and /are both positive (cf. Ex. 13, p. 124). 

L 
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12. If the biquadratic has two distinct pain of equal roots, prove directly the 
relations 

In this case the biquadratic divided by oo assumes the form 

_ k a-P 
where « = flo« + «i> and — = — - — ; 

Oo ^ 

whence, comparing the forms 

«4 _ 2A;««« + ** 

and s* + 6fl«« + 4Gs + oo'/- 3J?», 

we find 3H=-k\ (? = 0, ao'/-3^ = **, 

from which the above relations immediately follow. The student will easily estab- 
lish the identity of these relations with those of Ex. 8, Art. 61. Also it should be 
noticed that in this case only one square root is involved in the solution of the 
biquadratic (coming from the solution of the quadratic {x — a) {x — $)). 

13. Find the condition that the biquadratic may be capable of being put under 
the form 

/(«* + 2iM? + ^)» + m(«* + 2px ■{■ g) -¥ n. 

In this case the second and fourth coefficients are removed by the same trans- 
formation, and the general solution involves only two square roots. 

Ant, G = 0. 

14. Prove that / vanishes for the biquadratic 

m{x -n)* - n(x - m)*. 

16. If the roots of a biquadratic, a, /3, y, 9 represent the distances of four 
points from an origin on a right line ; prove that when these points form a harmonic 
division on the line the roots of Euler's cubic are in arithmetio progression, and the 
roots of the cubic of Art. 62 in harmonic progression. 

16. Form the equation whose roots are the six anhaimonio functions of four 
points in a right lino determined by the equation 

oo^ + 4aijp' + 6014^ + 403' + 04 = 0. 

The six anhaimonic ratios are 

1 1 1 

^l» T-> ^1 — , ^8, T" I 

91 9« 93 
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(a-i3)(7-g) K-ii ei-e^ 
wHere ^' ' " (y- a) (fi - li)^ K^p " Oi - 0:! 

{ P-y){a-9) _ /i'-p _ 02-ei 
^ " (a - 3) (7 - «) " M - A" ~ ^ - «i' 

^ (7 - g) (3 - g) ^ y-x ^ g3-ei . 

also the equation whose roots are 

08-7)(«-«), (7-«)(3-«), (a-3)(7-») 
is one of the cuhics 

ao'<' - l2aoIt ± 16 v/j* - 27/* = 0. 

The equation whose roots are the ratios, with sign changed, of the roots of tither 
of these cuhics ia 

4A(^» - ^ + 1)3 - 27r<t>^{<t> - !)• = (see Ex. 16, p. 88), 

▼here As/3-27/'. 

The roots of the equation in ^ are the six anharmonic ratios. This equation can 
be written in a more expressive form, as will appear from the following propo- 
sitians: — 

(«). The six anharmonic ratios may he expressed in terms of any ono of them, 
as follows : — 



<t>' ^' 1 - ^' ^ > - r 

From the identical equation 

(3 - 7) (« - «) + (7 - «) 08 - «) + (a - 3) (7 - «) s 

we hftTO the relations 

^i + --=l, ^+-- = 1, ^ + -=1, 
93 91 92 

which detennine all the anharmonic ratios in terms of any one of them. 

(b). If two of the anharmonic ratios hecome equal, the six values of ^ are 
— « and — «§\ each occurring three times ; and in this case / = 0. 

For suppose ^i = 93 ; we have then from the second of the above relations 

^I'-^i + l =0, 

whence ^1 ca — «, or — oi* ; 

and substituting either of these values for ^ in (a), we find all the anharmonic ratios. 
Hso, Binoe 

A — K A — /i 

have 

/ B a^tn — iai az + 3«3* = 0. 

l2 
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(r). If one of the ratios is hannonic, the six yalaes of ^ are — 1, 2, -« each 
occurring twice; and in this case /= 0; for if 

^ = - 1, -Z^rr-l, or2x-Ai-i' = 0, 

one of the factors of /(see Ex. 18, p. 52). 

(d). These results, as well as the conyerse propositions, may he proved hy 
writing the sextic in ^ under the following form : — 

^P{{1> -¥!)(<!> - 2){<f^ - J)}« = 27/»{(4»+ «)(4» + «')}». 

17. Solve the equation 

'a^+Uz + iy ar(«-l)* 



( a^+Uz + l V 
lp*+lV+l/ 



1 /i + eV* 



Ant. p\ -, — ^ , where^ = 1 

1 8. Express 2(a - 3)^(7 - 8)' as a rational function of 9i , 02, Os ; and ultimately 
in terms of the coefficients of the quartic. 

(2^\ 96 

19. Express 

(3« - y»)2(o' - 8«)2 + (78 - o')»(3' - 52)2 ^. (^2 _ ^ja(^2 _ 52)2 

as a rational function of 9i, ^2, ^3. 

This symmetric function is equivalent to 

(^3 -.y?)2+ (,^_ ;^2)2+ (X2_ ^2)2 =,266 2(^ - «3)»(ai - ^) ! 

20. Form the equation whose roots are the several products in pairs of the roots 
of a hiquadratio. 

The required equation is the product of three factors of the type 

Am, (fl^2 - 2<?^ + «)» - 4/^2 (a^2 _ 2e^ + «) + 16/^2 = 0. 

21. Form the equation whose roots are the several values of -, where 

a, P, y, 8 are the roots of a hiquadratic. 

The required equation is the product of three factors of the type 

(*- ^-P) (* -"-±^) =*' + 2^%H.'^'=^+2j,^i-,.. 
Am. 4 («^2 + 2b<i> + <?)2- /(<f^ + 24^ + c) + /= 0. 
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22. ProTB 

1 9J/3a/-2H7\ 

(a-3)»'' 2 \Jr»-27J»r 

From the ezpantaioDS for a, jS, 7, 8 in temu of 9i, 9a, Os* we have 

^(a-ja)**" 2a» ( («a-<b)» "*" (ei-«i)» "*" (ei-«a)« )' 
-which may be ezpreowd in tenns of a, H, /, /, as above. 



^ ^^ ^i^tiix^=''' 



9\^ 



if / = 0, and m of the form 3p or 3p + 1, j? being a podtiye integer. 

24. Ptovethat 

UBM^ + ey*+ez^+ 2dyt + 2«za: + 2&ry 

can be resolTed into the sum or difference of two squares if 

/s «» + 2Adrf- aJ» - ««» - c» = 0. 
Here al7a («r+«y+C8)'+ (a<?-4')y»+2(<wi-^)yz+(«*-c«)«2, 

and {oe - l^)f^ -k- 2(ad - hc)ffz ■\- {ae ~ ^ ^ 

is a peifcct square if 

(atf-i»)(a«-«j2) = (flrf-fc)», 
-or/=0. 

25. If a, /3| 7y 9 be the roots of the equation 

oo^ + 4aiaf' + 602'^ + 4«8« + «4 = 0, 

soIto, in terms of the coefficients oo} ^^ii &c., the equation 

V^flf — a + v^« - 3 + -y/^ - 7 + \/« — • = 0. 

When \/o + \/i3^+V^7 + V^=0 

ifl rationalized, and the coefficients substituted for a, /9, 7, 8, we have 

Now, substituting ITq, [7i, J72, ITs, ITi for ao, ai, 02, ^3, 04, and reducing, we find 
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26. To express the solution of the biquadntic in teims of a tingle root of tha 
reducing cubic. 

Substituting r' + p for jr in the equation 

ar^ + Ahj^ + Gi-x* + 4<fr + e = 0, 
we have 

•y* T 4 l\x^ + 6 l\x^ + 4 Uzz' + Ti = 0. 

As there arc here two independent Tariablcs at our disposal, it is allowable to 
make the assumptions 

«/* + 6l72jr'» + r« = 0. UiZ^' + r3= 0. 

Eliminating :r^, and reducing as in Art. 65, we have 

4i7a»-/Cr2 + /=0; 

whence Ta = aO, where 9 if a root of the reducing cubic, and therefore 

Again, 

whence, finally, since x^ af-\- p, or ax-\-b= 171 + ««'» we haye 



ax 



+ 3 = VtfiB - 2r*+ J- aH-2H- — =^=, 



an expression which has only four ralues. 

This expression might of course be obtained from the resulting formula of Art. 61^ 
or Art. 63. The method of arriving at it in the present Example is a distinct method 
of solving the biquadratic. 

27. Prove that every rational algebraic function of a root 9 of a given cubio 
equation can in general be reduced to the form 

Co -f Ci9 

Let the given function be j^!, where ^{$) and ^{0) are rational integral func- 

tions of $ of any order. By successive substitutions from the given cubic each of 

these may be reduced to a quadratic. Hence the given function is reducible to the 

form 

Co + ei$ + ggg* 

dt, + did + di0^' 

Equating this to the fonn written above, and reducing by the given cubic, wo ob- 
tain an identical equation, viz., 

i;o + Xi« + Xa»»E2 0, 

where Zo, Zi, Za are linear functions of Co, Ci, Do, Di, Wo have, therefore, the 
three equations Zo = 0, Xi = 0, Za = 0, to determine the ratios of Co, Ci, i>0) Di. 
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28. Prove that the solution of the biquadratic does not involve the extraction 
of a cube root when any relation among the roots a, 3» 7* 9 exists which can be ex- 
pressed by the vanishing of a rational function of a root B of the reducing cubic. 

Any rational function of 9 can always be depressed to the second degree, as in 
the preceding example. Hence the determination of will not involve the extrac- 
tion of a cube root ; and the formula of Ex. 26 shows that the expression for the 
root of the biquadratic will not then involve any cube root. 

29. Find the relation which connects the roots of the biquadratic when the 
equation 

is satisfied by each of the following values of p : — 

(l)f, (2)., (3)0, (4) ^-^^ (6)^/^, (6) J J, (7)g, (8)?!^. 

Ana, (1) 3+7-o-« = 0, (2) 3 + 7 = 0, (3) (7-a) 08-8)- (o-3)(7-») =0, 
(4), (8) 37-«8=0, (6) (7-a) (3-«)-«(o-3)(7-»)=0, (6), (7) 3-7 = 0. 

30. Prove the identity 

< (J3- 27 J*) = (flo«/- 3ir2) (flo«/- 12^H27e?«(<?»+ 2ao»/). 

This may be proved as follows : — Putting ai = in the values of I and /, and ex- 
panding, it readily appears that the part of A independent of a\ may be thrown into 
the form 

ooUi (ooai - 9aa')^ + 27aoas' (2ao a%ai — ao a^ - 20)'). 

Now, replacing 02, as, 04 by A%f Az, Ai, and substituting for the latter quanti- 
ties the values of Art. 37, we obtain the result. — Mr. M. Eoberts. 

31. When a biquadratic has two equal roots, prove that Euler's cubic has two 
equal roots whose common value is 

3aJ-2HI 

21 ' 

and hence show that the remaining two roots of the biquadratic in this case are real, 
equal, or imaginary, according as 2J7/- ZaJ is negative, zero, or positive. 

32. Prove that when a biquadratic has — (1) two distinct pairs of equal roots the 
last two terms of the equation of squared differences (Art 67) vanish, giving the 
conditions A = 0, 2HI - 3aJ =■ ; and when it has — (2) three roots equal, the last 
three terms of this equation vanish, giving the conditions J = 0, / = ; and show 
the equivalence of the conditions in the former case with those already obtained in 
Ex. 8, Art. 61, and Ex. 12, p. 146. Prove also that the equation of squared dif- 
ferences reduces in the former case to ^' (a^^ + 12J7)^, and in the 'latter case to 
^3(a'(^+ 16^)3. 
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PROPERTIES OF THE DERIVED FUNCTIONS. 

69. Qraphlc RepresentaHon of the lleiiTed Func- 
tion.— Let APB be the 

curve representing the po- 
lynomial /(a?), and P the 
point on it corresponding 
to any value of the varia- 
ble X = OM. We proceed to 
determine the mode of re- 
presenting the value olf{x) 
at the point P. Take a se- 
cond point Q on the curve, 
corresponding to a value of 




Kg. 6. 



X which exceeds Oif by a small quantity h. Thus 



also 



OM^x, MN=h, ON^x + h; 



or 



The expansion of Art. 6 gives 

f(x + A) = /(«) +/(;r) A +-^^ A» + . . 



f^J^\zM._fi,),fMh. 



But 



1.2 



f{x + h) -f{x) ^ QS ^ OS 

h MN PS 



(1) 



tan QP8 = tan PEN. 



Now, when h is indefinitely diminished, the point Q approaches, 
and ultimately ooinoides with, P ; the chord PQ becomes the 
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tangent PT to the curve at P ; the angle PEN beoomes PTM. 
Also all terms of the right-hand member of equation (1) except 
the first diminish indefinitely, and ultimately vanish when A = 0. 
The equation (1) beoomes therefore 

tanPrif=/(ir); 

from which we conclude that the value assumed by the derived 

Junetumfix) on the substitution of any value ofxis represented by 

the tangent of the angle made with the axis OX by the tangent at 

the corresponding point to the curve representing the function f[x). 

70. Maxima and Minima Talnes of a Polynomial. 
Theorem. — Any value of x which renders f{x) a maximum or 
minimum is a root of the derived equation f{x) = 0. 

Let a be a value of x which renders f{x) a minimum. We 
proceed to prove that /"(a;) = 0. Let h represent a small incre- 
ment or decrement of x. We have, since /(a) is a minimum, 

/(a) </(a + A), also/(a) </(a - h) ; 

hence /(a + h) -/(a), and /(a - h) -/(a) are both positive, i. e. 
the following two expressions are positive : — 

/'(«)A + Y^A' + 

-r{a)h^-q^h^- 



Now, when h is very small, we know (Art. 5) that the signs 
of these expressions are the same as the signs of their first terms ; 
hence, in order that both should be positive, /"(a) must vanish ; 
and, moreover, /"(a) must be positive. An exactly similar proof 
shows that when /(a) is a maximum f\a) = 0, andf\a) is nega- 
tive. Thus, in order to find the maximum and minimum values 
of a polynomial/(aj), we must solve the equation /'(jr) = 0, and sub- 
stitute the roots mf{x). Each root will furnish a maximum or 
minimum value, the criterion to decide between these being the 
sign of /"(a?) when the root is substituted in it — whenf'\x) is 
negative^ the value is a maximum; and whenf\x) is poiitivCy the 
value is a minimum. 
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The theorem of this Ar- 
ticle follows at once from 
the construction of Art. 69 ; 
for it is plain that when the 
value of f[x) is a maximum, 
as at P, P' (Fig. 6), or a mi- 
nimum, as at py p'y the tan- 
gent to the curve will be 
parallel to the axis OX, 
and, oonsequently. 




Fig. 6. 



tanPrif=/(ir) = 0. 

Pig. 6 represents a polynomial of the 5th degree. Correspond- 
ing to the four roots of /'(a?) = (supposed all real in this case), 
viz. 0-Sf, Om, 0M\ Om\ there are two maxima values, ifP, 
JITP', and two minima values, mp^ m'p\ of the function. 



mininnim. 



EzAKPLES. 

1. Find the max. or min. yalue of 

f{x) B 2«* + « - 6. 

a? = — - makes f{x) = — -, a minii 
(See fig. 2, p. 15.) 

2. Find the max. and min. yalues of 

fix) a 2ir» - 3r» - 36a? + 14. 

/'(ar) = 6(«»-«-6), /» = 6 (2a; - 1). 

X — — 2 makes f(x) = 68, a maximum. 

x=. 3 makes f{x) = ~ 67, a minimum. 

3. Find the max. and min. values of 

/(j) = 3a;* - l&c3 + 6a;2 - 48a; + 7. 

Here f{x) = has only one real root, a; = 4 ; and it gives a miTiimum value, 
fix) = - 346. 

4. Find the max. and min. values of 

f{x)slOx^-l7x^ + x + e. 

The roots of f{x) are, approximately, '0302, 1*1031. The former gives a 
maximum value, the latter a minimum. (See fig. 3, p. 16.) 
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71. Itolle's Theorem. — Between two consecutive real roots 
a and b of the equation f[x) = there lies at least one real root of 
the equation f{x) = 0. 

For as x increases from a to b^ f{^)y varying continuously' 
£rom/(fl) to/(6), must begin by increasing and then diminish, 
or must begin by diminishing and then increase. It must, 
therefore, pass through at least one maximum or minimiiTn 
Talue during the passage from f{a) to f[b). This value (/(a), 
suppose) corresponds to some value a of ^ between a and by 
which by the Theorem of Art. 70 is a root of the equation 

The figure in the preceding Article illustrates this theorem. 
We observe that between the two points of section A and B 
there are three maximimi or minimum values, and between the 
two points B and C there is one such value. It appears also 
from the figure that the number of such values between two 
consecutive points of section of the axis is always odd. 

Corollary, — Two consecutive roots of the derived equation may 
not comprise between them any root of the original equation^ and 
never can comprise more than one. 

The first part of this proposition merely asserts that between 
two adjacent zero values of a polynomial there may be several 
maxima and minima values ; and the second part follows at once 
from the above theorem ; for if two consecutive roots oif[x) = 
oomprised between them more than one root of f[x) = 0, we 
should then have two consecutive roots of this latter equation 
comprising between them no root of /[x) = 0, which is contra- 
dictory to the theorem. 

72. Constltotlon of the Derived Fonedons. — ^Let the 
roots of the equation f{x) = be ai, a2, as, . . . a». We have 

f(x) s (a? - ai) {z - a^{x - 03) ... (aJ - On). 

In this identical equation substitute y -¥ xlot x\ 
/(y + a?) = (y + iF-ai)(y H-iT-aa) ... (y + ar-Cn) 



= y" + qxtT^ + q^y"*^ + . . . + qn^iy + q 



n> 
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where 

ji =ic — ai + a? — ai + a? — aj+. . .+a? — am 

q% = (ic - oi)(a?-aa) + (a?- ai)(ic - oj) + . . . + (a? - a«.i)(« - o,), 

Ji^-i«=(aJ- a8)(a?-aj) . . . (af-Cn) + (ic-ai)(aj-as) . . . (a? - aii) + . . . 

+ (a: - ai)(a?- aa) ...(«- a«^i), 
j„ = (a? - oi) (a; - oa) (aj - os) . . . fa? - a,»). 
We have, again, 

/(y + ;r) =/(a?) +/(a:) y +t&) y.+ . . . +y~. 

Equating the two expresedonB for/(y + a;), we obtain 
f{x) = (a? - ai)(a? - aj) ... (a? - a«), 
/'(ar) = (a; - a«)(a? - aj) ... (a? - On) + ...., as aboYO written, 

Y^= the similar value of qn^ in terms of x and the roots. 

The value oif{x) may be conveniently written as follows : — 

' a?-oi x-a% x-Qn 

73. Multiple Roote. Theorem. — A muttiph root of the 
order m of the equation f{x) = is a multiple root of the order i» - 1 
of the first derived equation f{x) = 0. 

This follows immediately from the expression given iorfix) 
in the preoeding Article ; for if the factor [x -oi)"* occurs in/{ar), 
t. ^. if ai = aa = . . • = am ; we have 



X - ax a? - Om+l X-On 



Each term in this will still have [x - oi)"* as a factor, except 
the first, which will have {x - ai)"^^ as a factor ; hence [x - oi) 
is a factor in /'(a?). 



fli-i 
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Cob, 1. — Any root which occurs m times in the equation f{x) = 
occurs in degrees of multiplicity diminishing by unity in the first m-1 
derived equations, 

8moef\x) is derived from /'(a?) in the same manner Baf{x) 
is bomf{x)j it is evident by the theorem just proved thaty (a?) 
will contain {x - ai)"*~^ as a factor. The next derived function, 
f^{x)y will contain {x - ci)"^ ; and so on. 

CoR. 2. — Iff{p) and its first i» - 1 derived functions all vanish 
for a value a ofxy then {x - a)** « a factor inf[x). 

This, which is the converse of the preceding corollajy, is 
most readily established directly as follows : — Eepresenting the 
derived functions by /i (a?), /«(«?), . . . .fm-i{x) (see Art. 6), and 
substituting a + a; - a for a;, we find that/(^) may be expanded 
in the form 

from which the proposition is manifest. 

74. Determiiialion of Multiple Roots. — It is easily 
inferred from the preceding Article that if f{x) and /'(a?) have 
a common factor [x - a)*""*, [x - a)** will be a factor in /(a?) ; for, 
by Cor. 1, the m - 2 next succeeding derived functions vanish 
as well as /(a?) and /'(a?) when x = a; hence, by Cor. 2, a is a 
root olf{x) of multiplicity m. In the same way it appears that 
if /(^) BSiAf[x) have other common factors 

the equation /(a;) » will have p roots equal to j3, g roots equal 
to 7, r roots equal to S, &c. 

In order, therefore, to find whether any proposed equation 
has equal roots, and to determine such roots when they exist, 
we must find the greatest common measure oifx) and f[x). 
Let this be ^[x). The determination of the equal roots will 
depend on the solution of the equation ^ [x) » 0. 
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EZAKPLSS. 

1. Find the multiple roots of the equation 

«' + «'- 16a; + 20 = 0. 

The G. C. M. oif(x) and/' (a:) is easily found to be « - 2 ; hence (z - 2)* is a 
factor mf(x). The other factor is a; + 5. 

Whenever, after determining the multiple factors o{f{x), we wish to obtain the 
remaining factors, it will be found convenient to apply by repeated operations the 
method of division of Art. 8. Here, for example, we divide twice by « — 2, the 
calculation being represented as follows : — 

1 1-16 20 



2 


6 


-20 


3 


-10 





2 


10 





1 6 

Thus 1 and 6 being the two coefficients left, the third factor is x-^d. This 
operation verifies the previous result, the remainders after each division vanishing 
as they ought. 

2. Find the multiple roots, and the remaining factor, of the equation 

x^ - 10r» + 16* - 6 = 0. 

The G. C. M. off(x) and /'(or) is found to be ic» - 2jr + 1. Hence {x - 1)» is a 
factor in /(a:). Dividing three times in succession hj x—l, we obtain 

/(x)^(a:-l)'(a:« + 3« + 6). 

3. Find the multiple roots of the equation 

a:* - 2a? - 11a:* + 12a? + 36 = 0. 

TheG. C. M. of/(z) and/'(af) is a^ -a?-6. The factors of this are a? + 2 and 

a; — 3. Hence 

/(ar)^(a? + 2)«(a?-3)«. 

4. Find all the factors of the polynomial 

/(j) s a:« - 6a:5 + 6a;* + 9x» - 14«» - 4a? + 8. 

Ant. f{x) a (a? - l)(a? + 1)' (x - 2)». 

The ordinary prooess of finding the greatest oommon mea- 
sure of a polynomial and its first derived function may become 
very laborious as the degree of the function increases. It is 
wrong, thereforCi to speak, as is customary in works on the 



Theorem. 159 

Theory of Equations, of the determination in this way of the 
multiple roots of numerical equations as a simple process, and 
one preliminary to further investigations relative to the roots. 
It is chiefly in connexion with Sturm's theorem that the opera- 
tion is of any practical value. The further consideration of 
multiple roots is deferred to Chap. IX., where this theorem will 
be discussed. It will be shown also in Chap. X., that the mul- 
tiple roots of equations of degrees inferior to the sixth can, in 
any particuhir instance, be determined from simple consider- 
ationsCt involving the process of finding the greaLt common 
measure. 

75. This and the succeeding Article will be occupied with 
ttieorems which wiU be found of great importance in the sub- 
sequent discussion of methods of separating the roots of equa- 
tions. 

Theorem. — In passing cantintwusly from a value a -h o/x 
a little less than a real root a of the equation f{x) =0 to a value 
a -¥ h a little greater ^ the polynomials f{x) andf{z) have unlike 
signs immediately before the passage through the root^ and like signs 
immediately after. 

Substituting a - A in /(a;) and f[x)y and expanding, we 
have 

/(« - A) = /(a) - / (a) A + ^ A» - . . . . , 
/(a-A)= /(a) -/'(a) A + 



Now, since /(a) = 0, the signs of these expressions, depending 
on those of their first terms, are imlike. When the sign of A is 
changed, the signs of the expressions become the same. The 
theorem is therefore proved. 

CUirollary. — The theorem remains true when a is a mult^le 
root of any order of the equatiouf[x) = 0. 

Let the root be repeated r times. The following functions 
(using suffixes in place of the accents) all vanish : — 



Ao)i /i(«)> /aW> • • • '/r-iW- 
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In the series for /(a - A) and/'(a - h) the first terms which 
do not vanish are, respectively, 



^'^"^ (-*)'. i-#%-T(-A) 



r-i 



1.2...r^ '' 1.2...r-l 



These have plainly unlike signs ; but when the sign of A is 
changed they will have like signs. Hence the proposition is 
established. 

76. Extending the reasoning of the last Article to every 
consecutive pair of the series 

■ 

A^h /iW> A{^)y . . ./r-iW, 

we may state the proposition generally as follows : — 

Theorem. — When any equation f[x) = has an r-muUiple 
root a, a value a little inferior to a gives to this series of r /unctions 
signs alternately positive and negative^ or negative and positive ; 
and a value a little superior to it gives to all these functions the same 
nign ; and this sign iSj moreover^ the same sign as the sign offr{a)y 
the first derived function u:hich does not vanish when a is substituted 

for X. 

In order to give a precise idea of the use of this theorem, 
let us suppose that /6(a) is the first function which does not 
vanish when a is substituted, and let its sign be negative ; 
the conclusion which may be drawn from the theorem is, that 
for a value a- hoix the signs of the series of functions/, /^/a, 

f^fiyf^y are 

and for a value a-¥ holx they are 



for before the passage through the root the sign of /« must be 
different from that of /s ; the sign of /s must be different from 
that of /«, and so on ; and after the passage the signs must be all 
the same. It is of course assumed here that A is so small that 
no root of f[x) = is included within the interval through 
which X travels. 
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EZAMPLBS. 

1. Find the multiple roots of the equation 

f(x) = x*+ 12«»+ 32jf«- 24* + 4 = 0. 

Am. f{x) » (jc» + 6a: - 2)«. 

2. Show that the hinomial equation 

cannot haTe equal roots. 

3. Show that the equation 

«» - fi^jf + (« - l)r= 

will hare a pair of equal roots if ^^ = r*^^ 

4. ProTO that the equation 

afi + 6px^ + 6p»ap + q = 

has a pair of equal roots when q^ + 4/?' = ; and that if it have one pair of equal 
roots it must haye a second pair. 

6. Apply the method of Art. 74, to determine the condition that the cuhir* 

fi» + 3fl3 +0 = 

should have a pair of equal roots. 

The last remainder in the process of finding the greatest common measure must 
Tanish. Ana, 6^ + 4^ = 0. 

6. Apply the same method to show that both O and H yanish when the cubic 
baa three equal roots. 

7. If a, i9, 7, 8 be the roots of the biquadratic f{x) = 0, prove that 

/'(«)+/'(«+/' (7) +/'(«) 
can be expressed as a product of three factors. 

Ant. (o + /3-7-«)^a^■7-/3-«)(a + «-/3-7). 

8. If a, i9, 7, «, Ac, bo the roots of f{x) = 0, and o', jS*. 7, &c., of /'(r) = ; 
prove 

/'(a)/'(/3)/'(7)/'(») ■ ■ . . = *^f{a)fmf{y) 

and that each is equal to the absolute term in the equation whose roots are th'^ 
squares of the differences. 

9. If the equation 

«*• +i>l«"-* +/>2 !?»-'+ .... +l?H-lJ- +^» = 

baye a double root a ; prove that a is a root of the equation 

jn«*-* + 2p2J^^ + SpiX^ + + npn = 0. 

M 



162 Properties of the Derived Functions. 

10. Show that the max. and min. values of the cuhic 

a^ + Uj? + 3«r + rf 
are the roots of the equation 

a'p'-2(7p + A = 0, 

where A is the discriminant. 

If the cunro representing the polynomial /(x) be moved parallel to the axis of y 
(see Art. 10) through a distance equal to a max. or min. value p, the axis of x will 
become a tangent to it, t. e. the equation /(x) — p = will have equal roots. Hence 
the max. and min. values are obtained by forming the diseriminant of /(x) — p, or 
by putting rf — p for p in ^« + 4-H' = 0. 

11. Prove similarly that the max. and min. values of 

ax* + 4*x5 + 6tfx' + 4d!x + e 
arc the roots of the equation 

a3p'- 3(a2/- 9-ff^p' + 3(fl/2 _ \%HJ) p - A = 0, 

where A is the discriminant of the quartic. 

12. Apply the theorem of Art. 76 to the function 

/(x) = X* - Tx* + 16x2 _ i3jj + 4. 
TTe have 

/l (X) = 4X3 - 21x3 + 30j; « 13, 

/2(x) = 2(6x2-21x+16), 
/3 (X) = 2 (12x - 21), 
/4W = 24. 

Here /a (x) is the first function which does not vanish when x = 1 ; and/s (1) is 
negative. What the theorem proves is, that for a value a little less than 1 the signs 
^^ /» fi* fit A O.TQ -\ — + — , and for a value a little greater than 1 they are all 
negative. We are able from this series of signs to trace the functions/, /i, &c., in 
the neighbourhood of the point x = 1. Thus the curve representing /(x) is above 
the aids before reaching the multiple point x = 1, and is below the axis immediately 
after reaching the point, and the axis must be regarded as cutting the curve in three 
coincident points, since (x — 1)' is a factor in/(x). Again, the curve corresponding 
to/i (x) is below the axis both before and after the passage through the point x = 1 . 
It touches the axis at that point. The curve representing/t (x) is above the axis 
before, and below the axis after the passage, and cuts the axis at the point 



CHAPTER VIII. 

LIMITS OF THE ROOTS OF EQUATIONS. 

77. Definition of liintlts. — In attempting to disoover the 
real roots of numerical equations, it is in the first place advan- 
tageous to narrow the region within which they must be sought. 
"We here take up the inquiry referred to in the observation at 
the end of Art. 4, and proceed to prove certain propositions 
relative to the limits of the real roots of equations. 

A superior limit of the positive roots is any greater positive 
number than the greatest of them ; an inferior limit of the posi- 
tive roots is any smaller positive number than the smallest of 
them. A superior limit of the negative roots is any greater ne- 
gative number than the greatest of them; an inferior limit of 
the negative roots is any smaller negative number than the 
amalleet of them : the greatest negative number meaning here 
that nearest to - oo . 

When we have f oimd limits within which all the real roots 
of an equation lie, the next step towards the solution of the 
equation is to discover the intervals in which the separate roots 
are dtuated. The principal methods in use for this latter pur- 
pose will form the subject of the next Chapter. 

The following Propositions all relate to the superior limits 
of the positive roots ; to which, as will be subsequently proved, 
the determination of inferior limits and limits of the negative 
roots can be immediately reduced. 

78. Proposition I. — In any equation 

^ the first negative term be - pr aj*^, and if the greatest negative 
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coefficient be -phy then\^pk + 1 is a superior limit of the positive 
roots. 

Any value of x which makes 

af^*^ - 1 
^ >Pk Cxf^ + ^25*"^' + . . . + a: + 1) >pk = — 

iF— 1 

will, dfortioriy jnakef{x) positive. 

Now, taking x greater than unity, this inequality is satisfied 
by the following : — 

a? — 1 

or af^^^x^> pk^^*\] 

or ar^{x-l)>pkj 

which inequality again is satisfied by the following : — 

{x-l)"^' [x-l) = OT>pk, 
since plainly a^"* > (a* - l)*""*. 

We have, therefore, finally 

{x - ly = or>jt?*, 
or a? = or > 1 + \/pk- 

79. Proposition II. — If in any equation each negative coef- 
ficient be taken positively y and divided by the sum of all the positive 
coefficients which precede ity the greatest quotient thus formed in- 
creased by unity is a superior limit of the positive roots. 

Let the equation be 

Ooic" + aiixf^^ + Oajr**"' - a^'* + a,a^ + + a« = 0, 

in which, in order to fix our ideas, we regard the fourth coef- 
ficient as negative, and we consider also a negative ooefiicient in 
general, viz. - ar. 

Let each positive term in this equation be transformed by 
means of the formula 



a»aj" = a„(ir-l)(a:^*+a^*+. . . + a? + l) + fl 



my 
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whioh iB derived at onoe from 

aj*" -1 
x— 1 

the negative terms remaining imohanged. 

The polynomial /(a;) becomes then, the horizontal lines of the 
following oorresponding to the suooessive terms oif{x) : — 

^(ar-l)af '+ ao(iC- 1)«*^+ a^ix - 1)0^^ + . . . +ao{x-l)2f^'¥ . . . + a©. 



+ 

We now regard the vertical columns of this expression as 
sacceasive terms in the polynomial ; the successive coefficients of 
a?*"', af^\ &o., being 

ih{x-l)y (oo + fli) (a? - 1 ), (oo + «i + Oj) (a? - 1 ) - a,, &o. 

Any value of a; greater than unity is sufficient to make positive 
every term in which no negative coefficient chj Ory &c., occurs. 
To make the latter terms positive, we must have 

(Oo + «! + aa) (;P - 1) XI3, 



(Oo + fli + fla + . . . + flfr-i) {x-l)> ttry &C. 

Hence 

x> + 1, ....a;> — +1, &c. 

And to ensure every term being made positive, we must take 
the value of the greatest of the quantities found in this way. 
Such a value of ^, therefore, is a superior limit of the positive 
roots. 
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80. Practical Applications. — The propositions in the 
two preceding Articles furnish the most convenient general 
methods of finding in practice tolerably close limits of the 
roots. Sometimes one of the propositions will give the closer 
limit : sometimes the other. It is well, therefore, to apply 
both methods, and take the smaller limit. Prop. I. will usually 
be found the more advantageous when the first negative coef- 
ficient is preceded by several positive coefficients, so that r is 
large ; and Prop. II. when large positive coefficients occur before 
the first large negative coefficient. In general. Prop. II. will 
give the closer limit. We speak of the integer next above the 
number given by either proposition as the limit. 

Examples. 

1. Find a superior limit of the positive roots of the equation 

ir* - 6a;» + 40x» - 8a; + 23 = 0. 
Prop. I. g^yes 8 + 1, or 9, as limit. 

Prop. II. g^ves j- + 1, or 6. Hence 6 is a superior limit. 

2. Find a superior limit of the positive roots of the equation 

«6 + 3x* + a?s - 8«» - 61* + 18 = 0. 

Prop. I. gives ^b\ + 1 ; and 5 is, therefore, a limit. 
Prop. II. gives — - + 1, and 12 is a limit. 

In this case Prop. I. gives the closer limit. 

3. Find a superior limit of the positive roots of 

a?' + 4«« - 3«« + 6«* - 9a;» - 11«» + 6« - 8 = 0. 
Of the fractions 

3 9 11 8 

1+V 1 + 4 + 6' 1 + 4+6' 1 + 4 + 6 + 6' 

the third is the greatest, and Prop. II. g^ves the limit 3.]^ Prop. I. g^ves 5. 

4. Find a superior limit of the positive roots of 

afi + 20a:' + 4:c« - ll:c*- 120a;* + 13a? - 26 = 0. 

Ans, Both methods g^ve'the limit 6. 
6. Find a superior limit of the positive roots of 

4»« - 8** + 22aP» + 98«2 - 73ar + 6 = 0. 

Ant. Prop. I. gives 20. Prop. II. gives 3. 
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It is usually possible to determine by inspection a limit 
oloser than that given by either of the preceding propositions. 
This method consists in arranging the terms of an equation in 
groups having a positive term first, and then observing what is 
the lowest integral value of x which will have the effect of render- 
ing each group positive. The form of the equation wiU suggest 
the arrangement in any particular case. 

S. The equation of Ex. 2 can be arranged as follows : — 

s^(a^ - 8) + x(3ar» - 61) + z3 + 18 = 0. 

« = 3, or any greater number, renders each group positiye ; hence 3 is a superior 
limit. 

7. The equation of Ex. 4 may be arranged thus : — 

««(«»- 11) + 204;*(a^ - 6) + 4«« + 13a: - 25 = 0. 
« = 3, or any greater number, renders each group positive ; hence 3 is a limit. 

8. Find a superior limit of the roots of the equation 

«* - 4x» + 33«» - 2a: + 18 = 0. 
This can he arranged in the form 

a;* (a;* - 4a: + 6) + 28a:(a: --^^) + 18 = 0. 

'Sow the trinomial afi —ix + 5, haying imaginary roots, is positive for all values 
of s (ikrt. 12). Hence a; = 1 is a superior limit. 

The introduction in this way of a quadratic whose roots are imaginary, or of one 
with equal roots, will often be f oimd useful. 

9. Find a superior limit of the roots of the equation 

6^ _ 7;p4 _ 10^3 _ 23a:» - 90a; - 317 = 0. 

In examples of this kind it is convenient to distribute the highest power of x 
among the negative terms. Here the equation may be written 

«*(a:-7) + a:»(«»-10) + a:2(^_23) + a?(a:*-90) + a;*-3l7 = 0, 

•o that 7 is evidently a superior limit of the roots. In this case the general methods 
give a very high limit. 

10. Find a superior limit of the roots of the equation 

a:* -a:*- 2^ -4a;- 24 = 0. 

When there are several negative terms, and the coefficient of the highest term 
imity, it is convenient to multiply the whole equation by such a number as will 
enaUe ns to distribute the highest term among the negative terms. Here, multiply- 
ing by 4, we can write the equation as follows : — 

a;» (a: - 4) + «« (ac* - 8) + « (x» - 16) + a;* - 96 = 0, 
and 4 is a superior limit. The general methods give 25. 



1 68 Limits of the Roots of Equations. 

81. Proposition III. — Any number which renders positive 
the polynomial f{x) and aU its derif>ed functions fi[x)yf2[x)^ .. ./»(«) 
is a superior limit of the positive roots of the equation f{x) = 0. 

This method of finding limits is due to Newton. It is muoh 
more laborious in its application than either of the preoeding 
methods ; but it has the advantage of giving always very dose 
limits ; and in the ease of an equation all whose roots are real 
the limit found in this way is, as vnll be subsequently proved, 
the next integer above the greatest positive root. 

To prove the proposition, let the roots of the equation 
fix) = be diminished by h ; then x-h-y^ and 

/(y + A)./(A)+/.Wy+4^y» + ... + j^|^y. 
If now h be each as to make all the ooeffidents 

positive, the equation in y cannot have a positive root ; that is to 
say, the equation in x has no root* greater than h ; hence A is a 
superior limit of the positive roots. 

EZAXPLB. 
f{x) 3 a?* - 2*8 - 3«» - 16« - S. 

In applying Newton's method of finding limits to any example the general mode 
of procedure is as follows : — Take the smallest integral number which renders 
/n_i(j;) positive ; and proceeding upwards in order to /i (x), try the effect of substi- 
tuting this number for x in the other functions of the series. When any function 
is reached which becomes negative for the integer in question, increase the integer 
successively by units, tUl it makes that function positive ; and then proceed with 
the new integer as before, increasing it again if another function in the series 
should become negative ; and so on, till an integer is reached which renders all the 
functions in the series positive. In the present example the series of functions is 

/ {x) = «* - 2a:» - 3a^ - 16x - 3, 

/iM = 4«'-6x«-6«-15, 
\f2(x) = 6j:2 - 6a; - 3, 
J/3(x)=4ar-2, 

A-/«(«) = 1. 
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Here 9^1 makesyi (x) poatiye. We tiy then the effect of the substituticm x=s\ 
ukft(x). It makes /2(j;) negatiye. Increase by 1 ; and j; = 2 makes /a {x) positiye. 
Try the effect of s = 2 in /i (j;) ; it gives a negatiye result. Increase by 1 ; and 
jr s= 3 makes /i(j) positiye. Proceeding upwards, the substitution s = 3 makes 
/(s) negatiye ; and increasing again by unity, we find that s = 4 makes f(x) posi- 
tiye. Hence 4 is the superior limit required. 

It is assumed in this mode of applying Newton's rule, that when any number 
makes all the deriyed functions up to a certain stage positive, any higher number 
will also make them positive ; so that there is no occasion to try the effect of the 
higher number on the functions in the series below that one where our upward 
prog r ess is arrested. This is evident from the equation 

^(a + A) = ^(a) + ^'(a)h + ^"{a) j-j + ■ • • 

(taking f(x) to represent auy function in the series, and using the common notation 
for derived functions), which shows that if ^(a), ^'(a), ^"(a), . . . are all positive, 
and h also positiye, ^ (a + A) must be positive. 

It may be observed that one advantage of Newton's method is that often, as in 
the present instance, it gives us a knowledge of the two successive integers between 
which the highest root lies. Thus in the present example, since /(x) is negative for 
4r = 3, and positive for s = 4, we know that the greatest root of the equation lies 
between 3 and 4. 

82. Inferior Idmlte, and I^lmlte of the ItfegatlTe 
Moo t s. — ^To find an inferior limit of the positive roots, the 

equation must be first transformed by the substitutions; = -. 

Find then a superior limit h of the positive roots of the equation 

in y. The reciprocal of this, viz. -, will be the required inferior 

h 

limit ; for since 

,11. 1 

y<A, - > T> I.e. a:>Y. 
y h h 

To find limits of the negative roots, we have only to trans- 
form the equation by the substitution a? = - y. This transfor- 
mation changes the negative into positive roots. Let the su- 
perior and inferior limits of the positive roots of the equation in 
y\}Q h and h\ Then - h and - /*' are the limits of the negative 
roots of the proposed equation. 
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83. Umitlng Eqaatlons. — If all the real roots of the 
equation f\x) =0 could be founds it would he possible to determine 
the number of real roots of the equation f{x) =0. 

To prove this, let the real roots of /'(a*) = be, in ascending 
order of magnitude, a', /3', 7', . • • ^' ; ai^d let the following series 
of values be substituted for xmf{x) : — 

— 00 , a', /3', 7', ... X', + 00 . 

When any successive two of these quantities give results 
with different signs there is a root of /(a?) = between them ; 
and by the Cor., Art. 71, there is only one ; and when they 
give results with the same sign there is, by the same Cor., no 
root between them. Thus each change of sign in the results of 
the successive substitutions proves the existence of one real root 
of the proposed equation. 

If all the roots of /(a?) = are real, it is evident, by the theorem 
of Art. 71, that all the roots of/' (a;) = are also real, and that 
they lie one by one between each adjacent pair of the roots of 
f{x) = 0. In the same case, and by the same theorem, it follows 
that the roots oif\x) = 0, and of all the successive derived 
functions, are real also; and] the roots of any function lie 
severally between each adjacent pair of the roots of the function 
from which it is immediately derived. 

Equations of this kind, which are one degree below the 
degree of any proposed equation, and whose roots lie severally 
between each adjacent pair of the roots of the proposed, are called 
limiting equations. 

It is evident that in the application of Newton's method 
of finding limits of the roots, when the roots olf{x) = are 
all real, in proceeding according to the method explained in 
Art. 81, the function /(a?) is itself the last which will be rendered 
positive, and therefore the superior limit arrived at is the integer 
next above the greatest root. 
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EZAXPLES. 

1. PtOTe that any deriyed equation /«• {x) = cannot have more imaginary roots, 
but may have more real roots, than the equation /(x) = from which it is derived. 

From this it follows that if any of the derived fimctions be found to have 
imaginary roots, the same number at least of imaginary roots must enter the primi- 
tive equation. 

2. Apply the method of Art. 83 to determine the conditions that the equation 

afi - qx-{-r = 
thoald have all its roots real. 

3. Determine by the same method the nature of the roots of the equation 

«• — nqx + (« - 1) r = 0. 

Ant. When n is even, the equation has two real roots or none, according as 
^ > or < f*-*. 

When n is odd, the equation has three real roots or one, according as 
^ > or < r*">. 

4. The equation j^(« — 1)" = has all its roots real ; hence show, by forming 
the It** derived function, that the following equation has all its roots real and im- 
equal, and situated between and 1 : — 

2n 1.2 2»(2ft-l) 

6. Show similarly by forming the «'* derived of (a?' - 1)* that the following 
equation has all its roots real and imequal, and situated between - 1 and 1 : — 

••(n-l) , «(«-!) «(«_l)(«-2)(n-3) _, . n 
2ii(2ii-l) 1.2 2«(2»-l)(2«-2)(2»-3) 

6. If any two of the quantities /, m, ft in the following equation be put equal to 
sero, show that the quadratic to which the equation then reduces is a limiting equa- 
tioo ; and hence prove that the roots of the proposed are all real : — 

{x-a){x-b){X'e)-'n{x-'a)-m^x-'b)-n^(x-e)-2lmn = 0. 



CHAPTER IX. 

SEPARATION OF THE ROOTS OF EQUATIONS. 

84. By the methods of the preoeding Chapter we are enabled to 
find limits between which all the real roots of any numerical 
equation lie. Before proceeding to the actual approximation 
to any particular root, it is necessary to separate the interval in 
which it is situated from the intervals which contain the remain- 
ing roots. The present Chapter will be occupied with certain 
theorems whose object is to determine the number of real roots 
between any two arbitrarily assumed values of the variable. It 
is plain that if this object can be effected, it will then be possible 
to tell not only the total number of real roots, but also the limits 
within which the roots separately lie. 

The theorems given for this purpose by Fourier and Budan, 
although different in statement, are identical in principle. For 
purposes of exposition Fourier's statement is the more con- 
venient, while with a view to practical application the statement 
of Budan will be found superior. The theorem of Sturm, although 
more laborious in practice, has the advantage over the preceding 
that it is imfailing in its application, giving always the exact 
number of real roots situated between any two proposed quan- 
tities ; whereas the theorem of Fourier and Budan gives only a 
certain limit which the number of real roots in the proposed 
interval cannot exceed. 

85. Theorem of Fourier and Budan. — Let two numbers 
a and ft, of which a is the lessy be substituted in the series /onned by 
f{x) and its successive derived functions^ viz,,, 
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the number of real roots which lie between a and b cannot he greater 
than the excess of the number of changes of sign in the series when 
a is substituted for x^ over the number of changes when b is sub' 
stitutedfor x; and when the number of real roots in the interval 
faUs short of that difference^ it will be by an even number. 

This is the fonn in which Fourier states the theorem. 

It is to be understood here, as elsewhere, that, when we 
speak of two numbers a and (, of which a is the less, one or 
both of them may be negative, and what is meant is that a is 
nearer than i to - oo . 

We proceed to examine the changes which may occur among 
the signs of the functions in the above series, the value of x 
being supposed to increase continuously from atob. The fol- 
lowing different cases can arise : — 

(1). The value of x may pass through a single root of the 
equation f{x) « 0. 

(2). It may pass through a root occurring r times in f{x) = 0. 

(3). It may pass through a root of one of the auxiliary 
functions /» (a?) = 0, this root not occurring in either fm^\{x) = 
or/«+i(«) = 0. 

(4) . It may pass through a root occurring r times mfn^{x) = 0, 
and not occurring in/m.i {x) - 0. 

In what follows the symbol x is omitted after / for con- 
venience. 

(1). In the first case it is evident, from Art. 75, that in passing 
through a root of the equation f{x) = one change of sign is 
lost ; for / and A have xmlike signs immediately before, and 
like signs immediately after, the passage through the root. 

(2). In the second case, in passing through an r-multiple 
root oif{x) = 0, it is evident that r changes of sign are lost ; for, 
by Art. 76, immediately before the passage the series of func- 
tions 

fj fij fj • • • /r-lj fr 

have signs alternately + and -, or - and +, and immediately 
after the passage have all the same sign as f. 
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(3). In the third oase, the root oifm{^) "^ must give to/, 
and/m^i either like signs or unlike signs. Suppose it to give like 
signs ; then in passing through the root two changes of sign aie 
lost, for before the passage the sign of /m is different firom these 
like signs, and after the passage it is the same (Art. 76). Sup- 
pose it to give unlike signs ; then no change of sign is lost, for 
before the passage the signs of /^.i, Jmj fm^\ must be either 
+ + - , or - - + , and after the passage these become 
+ - -, and - + 4. On the whole, therefore, we con- 
clude that no variation of sign can be gained, but two variations 
may be lost, on the passage through a root of /m(^) = 0, 

(4) . In the fourth case x passes through a value (let us say a) 
which causes not only/,, but also/m+i,/«+3, . . . ,/i»4r-i to vanish. 
It is evident from the theorem of Art. 76 that during the passage 
a number of changes of sign will always be lost. The definite 
nimiber may be collected by considering the series of functions 



Jm-\y J my / m+l> • • . • , Jm^-\y J % 

We easily obtain the following results : — 

(a). When/m.i(a) and/w+r(a) have like signs: 

If r be even, r changes are lost. 
If r be odd, r + 1 changes are lost. 

(6). When/m-i(a) and/«^(a) have unlike signs: 

If r be even, r changes are lost. 
If r be odd, r - 1 changes are lost. 

We conclude, therefore, on the whole, that an even number of 
changes is lost during the passage through an r-multiple root 

0f/m(^). 

It wiU be observed that (1) is a particular case of (2), and 
(3) of (4), L e, when r = 1. Since, however, the cases (1) and (3) 
are those of ordinary occurrence, it is well to give them a sepa- 
rate classification. 

Reviewing the above proof, we conclude that as x increases 
from a to 6 no change of sign can be gained ; that for each 
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paaBage through a single root oif{x) = one change is lost ; and 
that under no oiroumstances except a passage through a root of 
/(as) B can an odd number of changes be lost. Hence the 
number of changes lost during the whole variation of x from 
a to 6 must be either equal to the number of real roots of/ {x) « 
in the interval, or must exceed it by an even number. The 
theorem is therefore proved. 

86. Application of the Theorem. — ^The form in which 
the theorem has been stated by Sudan is, as has been already 
observed, more convenient for practical purposes than that just 
given. It is as follows: — Let tJie roots of an equation f{x) =0 
be diminished^ first by a and then by by where a and b are any two 
numbers of which a is the less ; then the number of real roots be- 
tween a and b cannot be greater than the excess of the number of 
c/tanges of sign in the first transformed equation over the number in 
the second. 

This is evidently included in Fourier's statement, for the 
two transformed equations are (see Art. 33) — 

/(«)+/.(«)y+-^y' + ... + -j^§^„y"=o, 

from which, assuming the results of the last Article, the above 
proposition is manifest. 

The reason why the theorem in this form is convenient in 
practice is, that we can apply the expeditious method of dimi- 
nishing the roots given in Art. 33. 

Examples. 

1. Find the situationB of the roots of the equation 

«fi - 3«* - 24a?5 + 96«« - 46a? - 101 = 0. 
We shall examine this function for yalues of x hetween the intervals 

-10, -1, 0, 1 10; 

these numbers being assumed on account of the facility of calculation. Diminutioa 
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of the roots by 1 giyes tlie following series of coeflicieiits of the tmisformed 
equation: — 

1, 2, -26, 16, 66, -78. 

In dJTniniwliTng the roots by 10, it is apparent at the yery oatset of the calculation 
that the signs of the coefficients of the transformed equation will be all positiye ; so 
that there is no occasion to complete the calculation in this case. 

In dimimshing the roots by - 10 and — 1, it is conyenient to change the alter- 
nate signs of the equation, and diminish the roots by + 10 and + 1 ; and then in 
the result change the alternate signs again. The coefficients of the transformed 
equation when the roots are diminished by — 1 are 

1, -8, -2, 189, -291, 60. 

In diminishing by - 10 we obserye in the course of the operation, as before, that 
the signs will be all positive in the result, i.e. when the alternate signs are changed 
they will be alternately poeitiye and negatiye. 

Hence we haye the following scheme : — 

(-10) +_ + _ + _ 

(-1) + + - + 

(0) + - - + - - , the equation itself. 

(1) + + - + + - 
(10) + + + + + + 

These signs are the signs taken hyf{z) and the several derived functions /i, /2, 
/a, /i, /fi on the substitution of the proposed numbers ; but it is to be observed that 
they are here written, not in the order of Art. 85, but in the reverse order, viz., 

/6, fi, fz, fit fli /• 

From these we draw the following conclusions : — All the real roots must lie 
between - 10 and + 10 ; one real root lies between - 10 and - 1, since one change 
of sign is lost ; one real root lies between — 1 and 0, since one change of sign is lost ; 
no real root lies between and 1 ; and between 1 and 10, since three changes of sign 
are lost, there is at least one real root; but we are left in doubt as to the nature of 
the other two roots : whether they are imaginary, or whether there are three real 
roots between 1 and 10. 

We might proceed to examine, by further transformations, the interval between 
1 and 10 more closely, in order to determine the nature of the two doubtful roots ; 
but it is evident that the calculations for this purpose might, if the roots were nearly 
equal, become very laborious. This is the weak side of the theorem of Fourier and 
Budan. Both writers have attempted to supply this defect, and have given methods 
of determining the nature of the roots in doubtful intervals ; but as these methods 
are complicated, we do not stop to explain them ; the more especially as the theorem 
of Sturm effects fully the purposes for which the supplementary methods of Fourier 
and Budan were invented. 



Application of the Theorem to Imaginary Roots. 177 

2. Analyse the equation of Ex. 1, p. 100, viz., 

The roots of this are all real, and lie between - 2 and 2 (see Ex. 6, p. 100). When- 
ever the roots of an equation are all real, the signs of Fourier's functions determine 
the exact number of real roots between any two proposed integers. We obtain the 
following result : — The roots lie in the intervals 

(-2, -1); (-1,0); (1,2). 

3. Analyse the equation of Ex. 3, p. 100, viz., 

a:* + «* - 4a:» - 3a:« + 3* + 1 = 0. 

Ans. Two roots in the interval (- 2, — 1), and one root in each 
of the intervals (- 1, 0) ; (0, 1) ; (1, 2). 

4. Analyse the equation 

3^ - 80ar» + 1998z> - 14937a; + 6000 = 0. 

The equation can have no negative roots. Diminish the roots by 10 several times 
in succession till the signs of the coefficients become all positive. We obtain the 
following result : — 



(0) 


+ - 


+ - 


+ 


(10) 


+ - 


+ + 


— 


(20) 


+ 


- + 


+ 


(30) 


+ + 


+ - 


+ 


(40) 


+ + 


+ + 


+ 



Thus, there is one root between and 10, and one between 10 and 20 ; no root 
between 20 and 30. Between 30 and 40 either there are two real roots, or there is 
an indication of a pair of imaginary roots. That the former is the case will appear 
by diminishing the roots of the third transformed equation by units. This process 
will separate the roots, which will be found to lie between (2, 3) and (4> 5) ; so that 
the proposed equation has a third real root in the interval (32, 33), and a fourth in 
the interval (34, 35). 

87. Application of the Theorem to Imai^nary 
Roots. — Since there exist only n changes of sign to be lost in 
the passage of x from - oo to + oo , if we have any reason for 
knowing that a pair of changes is lost during the passage of x 
through an interval which includes no real root of the equation, 
we may be assured of the existence of a pair of imaginary roots. 
Circumstances of this nature will arise in the application of 
Fourier's theorem when any of the transformed equations con- 
tain vanishing coefficients. For we can assign by the principle 
of Art. 76 the proper sign to this coefficient, corresponding to 
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values of x immediately before and immediately after that value 
whieh causes the ooeffioient to vanish ; the whole interval being 
so small that it may be supposed not to include any root of the 
equation f{x) = 0. 

EXUCPLES. 

1. Analyse the equation 

fix) 2 X* - 4«s - 3* + 23 = 0. 

We shall examine this function between the intervals 0, 1 , 10. The transfonned 
equations are 

A/4 (0)x* + J/s (0)^ + i/2(0)«»+/i (0)»+/(0) = 0, 

5V/*(i)^+j/.(i)^+i/2(i)^+/i(i)*+/a) = o, 

A/4 (10) a:* + i/s (10) «s + J/, (10) flr* +/i (10) a; +/(10) = 0, 

the first of these being the proposed equation itself. 

Making the calculations by the method of the preceding Article, we find that die 
coefficient /a (1) = 0, and we have the following scheme : — 



(0) 


+ - - + 


(1) 


+ - - + 


(10) 


+ + + + + 



We may now replace each of the rows containing a zero coefficient by two, the 
first corresponding to a value a little less, and the second to a value a little greater, 
than that which gives the zero coefficients ; the signs being determined by the 
principle established in Art. 76. It must be remembered that in the above scheme 
the signs representing the derived functions are written in the reverse order to that 
of the Article referred to. The scheme will then stand as follows, using h to repre- 
sent a very small positive quantity : — 



(0) 




-h + - + - + 

+ A + - - - + 

+ - - - + 
+ + - - + 

(10) + + + + + 

In this scheme the signs corresponding to - A and + A are determined by the 
condition that the sign of the coefficient which is zero when a; >= must, when 
« B — A, be different from that next to it on the left-hand side ; and when x = + A 
it must be the same. The signs corresponding to 1 — A and 1 + A are determined 
in a similar manner. 
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Now since a pair of cbanges is lost in the interval (— A, + A), and since the 
equation has no real root hetween — h and + h, we have proved the existence of a 
pair of imaginary roots. Two changes of sign are lost between 1 + A and 10, so 
that this interval either includes a pair of real roots, or presents an indication of a 
pair of imaginary roots. Which of these is the case remains still doubtful. 

2. If several coefficients vanish, we may be able to establish the existence of 
aereral pairs of imaginary roots. This will appear from the following example : — 

«« - 1 = 0. 

The signs corresponding to — A and + h are, by the theorem of Art. 76, 

(-A) +- + - + 

(+A) + + + + + -!-_ 

Hence, since no root exists between - h and + A, and since 4 changes of sign 
axe lost in passing from a value very little less than to one very little greater, we 
are assured of the existence of two pairs of imaginary roots. The other two roots 
are in this case plainly real (see Art. 14). 

The nnmber of imaginary roots in any binomial equation can be determined in 
this way. 

3. Find the character of the roots of the equation 

x» + lOx* + i: - 4 = 0. 

In passing from a small negative to a small positive value of x we obtain the 
ffollowing aeries of signs : — 

(-A) +- + - + + - + - 

(0) +0000+0 + - 

(+A) + + ++ + + + + - 

Since six changes of sign are here lost, there are six imaginary roots. The 
remaining two roots are, by Art. 14, real : one positive, and the other negative. 
The negative root lies betwen - 2 and — 1, and the positive between and 1. 

4. Analyse completely the equation 

There are two imaginary roots. Whenever, as in the present instance, the roots 
are comprised within small limits, it is convenient to diminish by successive units. 
In this way we find here a root between and 1, and another between 1 and 2. 
Proceeding to negative roots, we find on diminishing by - 1 that — 1 is itself a root, 
and writing down the signs corresponding to a value a little greater than - 1, we 
oibeenre an indication of a second negative root between — 1 and 0. 

6. Analyse the equation 

«» + «• + «»- 26* - 36 = 0. 

Tfaflfe are two imaginary roots ; one real positive root between 2 and 3 ; and two 
ml BQgatiTe roots in the intervala (- 3, - 2), (~ 2, - 1). 

n2 
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88. Corollaries fk-om the Theorem of Fourier and 
Bndan. — ^The method of detecting the existenoe of imaginary 
roots explained in the preceding Article is called The Rule of 
the Double Sign. A similar role, due to De Gua^ was in 
use before the discovery of Fourier's theorem. This rule and 
Descartes' Rule of Signs are immediate corollaries from the 
theorem, as we proceed to show. 

Cor, 1. — Be Gfua^s Rule for finding Imaginary Roots. 

The rule may be stated generally as follows : — When 2m suc- 
cessive terms of an equation are absent j the equation has 2m imaginary 
roots; and when 2m + 1 successive terms are absent j the equation 
has 2m + 2, or 2m imaginary roots^ according as the two terms be- 
tween which the deficiency occurs have like or unlike signs. This 
follows, as in case (4), Art. 85, by examining the number of 
changes of sign lost during the passage of x from a small nega- 
tive value - A to a small positive value h. 

Cor. 2. — Descartes^ Rule of Signs. 

When is substituted for x in the series of functions 
/n(^)> A-i(«)> • • •/a(^)>/i(^)>/(^)> the signs are the same as the 
signs of the coefficients Oq, ai, a,, . . . an-i, a^ of the proposed 
equation ; and when + oo is substituted the signs are all positive. 
Fourier's theorem asserts that the number of roots between 
these limits, viz., the number of positive roots, cannot exceed the 
number of variations lost during the passage from to + oo , 
that is the number of changes of sign in the series ^o, ai, 03 . . . On. 
This is Descartes' rule for positive roots ; and the similar rule 
for negative roots follows in the usual way by changing the 
negative into positive roots. 

Cor. 3. — Newton^ Method of finding Limits, 

When a number h has been found which renders positive 
each of the functions /n(ir),/„.i (a-), . . . fix)^ f{x)^ f{x) ; since 
+ 00 also renders each of them positive, it follows from Fourier's 
theorem that there can be no root between h and + 00 , that is to 
say, A is a superior limit of the positive roots; and this is 
Newton's proposition (Art. 81). 
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89. Starm'to Theorem. — We have already shown (Art. 74) 
that it is possible by performing the common algebraical operation 
of finding the greatest common measure of a polynomial f{x) 
and its first derived polynomial to find the equal roots of the 
equation /(a;) = 0. Sturm has employed the same operation for 
the formation of the auxiliary functions which enter into his 
method of separating the roots of an equation. 

Let the process of finding the greatest common measure of 
y(jr) and its first derived be performed. The successive re- 
mainders will go on diminishing in degree till we reach finally 
either one which divides that immediately preceding without 
remainder, or one which does not contain the variable at all, 
i. e. which is numerical. The former is, as we have already 
seen, the case of equal roots. The latter is the case where no 
equal roots exist. It is convenient to divide the discussion of 
Sturm's theorem into these two cases. We shall in the present 
Artide consider the case where no equal roots exist ; and pro- 
ceed in the next Article to the case of equal roots. The per- 
formance of the operation itself will of course disclose the class 
to which any particular example is to be referred. 

The auxiliary functions employed by Sturm are not the 
xemainders as they present themselves in the calculation, but 
the remainders with their signs changed. In finding the greatest 
common measure of two expressions it is indifferent whether the 
signs of the remainders are changed or not : in the formation 
of Sturm's auxiliary functions the change is essential. It is 
convenient in practice to change the sign of each remainder 
before making it the next divisor. 

Confining our attention for the present, therefore, to the case 
where no equal roots exist, Sturm's theorem may be stated as 
follows : — 

Theorem. — Let any tivo real quantities a and b he substituted 
for X in tfie series o/n -^ 1 functions 

ronsisting of the given polynomial f{.r)^ if a first derived f^{x)y and 
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the successive remainders {tcith their signs changed) in the process 
of finding the greatest common measure off(x) andfx{x) ; then the 
difference between the number of changes of sign in the series when 
a is substituted for ar, and the number when b is substituted for x 
ejrpresses exactly the number of real roots of the equation f{x) =0 
between a and b. 

The mode of formation of Sturm's functions supplies the 
following series of equations, in which ^i, ^2, . . • gn^i represent 
the successive quotients in the operation : — 

/i(^) = 92f2{x) -fz{x), 



fr-l {X) = qrfrifo) -frJx^), 



(1) 



These equations involve the theory of the method of finding 
the greatest common measure ; for it follows from the first equa- 
tion that ii f{x) and/i(a?) have a common factor, this must be 
a factor in/2(ir) ; and from the second equation it follows, by 
like reasoning, that the same factor must occur in/s(2;) ; and so 
on, till we come finally to the last remainder, which, when /(a?) 
and/i(ir) have common factors, will be a polynomial consisting 
of these factors. In the present Article, where we suppose the 
given polynomial and its first derived to have no common 
factor, the last remainder /n(a;) is numerical. It is essential for 
the proof of the theorem to observe also, that in the case now 
under consideration no two consecutive functions in the series 
can have a common factor ; for if they had we could, by reason- 
ing similar to the above, show from the equations that this fac- 
tor must exist also mf{x) and/i(ii;) ; and such, according to our 
hypothesis, is not here the case. In examining, therefore, what 
changes of sign can take place in the series during the passage 
of X from a to 6, we may exclude the case of two consecutive 
functions vanishing for the same value of the variable; and the 
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different oases in which any change of sign can take place are 
the following : — 

(1). "When X passes through a root of the proposed equation 
/(ar) = 0: 

(2). When x passes through a value which causes one of the 
auxiliary functions /i,/2, . . ./«_i to vanish : 

(3). When x passes through a value which causes two or 
more of the series/, /i, . . ./«_i to vanish together; no two of 
the vanishing functions, however, being consecutive. 

(1). When X passes through a root of /(a?) = 0, it follows from 
Art. 75 that one change of sign is lost, since immediately before 
the passage /(ar) and/i(ar) have unlike signs, and immediately 
after the passage they have like signs. 

(2). Suppose X to take a value a which satisfies the equation 
/r{^) ■» 0. From the equation 

/r-i(ir) = qrMx) -/r+i(a?) 

we have /r-i(a) = -/r+i(a), 

which proves that this value of x gives io/r.i{x) and/r+i(ir) the 
flame numerical value with different signs. In passing from a 
value a little less than a to one a little greater, we can suppose 
the interval so small that it contaius no root of fr-\{x) or/r+i(a?) ; 
henoe, throughout the interval under consideration, these two 
functions retain their signs. If the sign o{/r{x) does not change 
(as will happen in the exceptional case when the root a is re- 
peated an even number of times) there is no alteration in the 
aeries of signs. In general the sign of fr{x) changes, but no 
variation of sign is either lost or gained thereby in the group of 
three ; because, on account of the difference of signs of the two 
extremes /r_i{ir) and/r+i(ar), there will exist both before and after 
the passage one variation and one permanency of sign, whatever 
be the sign of the middle function. If, for example, before the 
passage the signs were + — ; after the passage they are + + -, 
f . e. a variation and a permanency are changed into a perma- 
nency and a variation ; but no variation of sign is lost or gained 
on the whole. 
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(3). Since the reasoning in the previous oasee is founded on 
the relations of the function to those adjacent to it only ; and 
since those relations remain unaltered in the present case, be- 
cause no two adjacent functions vanish together, we condnde 
that if/(^) is one of the vanishing functions, one change of sign 
is lost, and if not, no change is either lost or gained. 

We have proved, therefore, that when x passes through a 
root oifipc) = one change of sign is lost, and under no other 
circumstances is a change of sign either lost or gained. Hence 
the number of changes of sign lost during the variation of x 
from a to 5 is equal to the number of roots of the equation be- 
tween a and h,* 

Before proceeding to the case of equal roots, we add a few 
simple examples to illustrate the application of Sturm's theo- 
rem. It is convenient in practice to substitute first - oo, 0, 
+ 00 in Sturm's functions, so as to obtain the whole number of 
negative and of positive roots. To separate the negative roots, 
the integers -1,-2,-3, &c., are to be substituted in succession 
till we reach the same series of signs as results from the substitu- 
tion of - 00 ; and to separate the positive roots we substitute 
1, 2, 3, &c., till the signs furnished by + oo are reached. 

EXAHPLSS. 
1. Find the number and situation of the real roots of the equation 

f{x) ^x^-2x-'b = 0, 

We find /i (or) = 3a:» - 2, /,(«) = 4*+ 16, /s(j?) = - 643. 

Corresponding to the values - oo , 0, + oo of «, we have 

(_oo) -. + _ _ 

(0) - - + -, 

(+ 00 ) + + + -. 

Hence there is only one real root, and it is positive. 

* The student often finds a difficulty in perceiving in what way a number of 
changes of sign con be lost in Sturm's series, since the only loss of sign takes place 
between the first two functions, f(x) and f\ {x). It may tend to remove this diffi- 
culty to observe, that as x increases from one root a of f{x) = to a second fi, 
although no alteration takes place in the number of changes of sign, the distribution 
of the signs among /i (x) and the following functions alters in such a way that the 
signs of f{x) and f\ (2;), which were the same immediately after the passage of x 
through a, become again different immediately before the passage through 3- 
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Again, oorrespondiiig to Tallies 1, 2, 3 of x^ we liave 

(1) - + + -, 

(2) - + + -, 
(8) + + + -. 

The real root, therefore, lies hetween 2 and 3. 

2. Fmd the number and dtuation of the real roots of the equation 

«> - 7« + 7 = 0. 
We easily obtain 

/i(x) = 3a;«-7, 

fi{x) = 2x - 3, 

/8W = 1; 
whence 

(_oo) - + _ +, 

(0) + +. 

(+«) + + + +. 

aU the roots are real : one negative, and two positiye. 
We hare, farther, the following results : — 



(-4) 


- + - +, 


(-3) 


+ + - +, 


(-2) 


+ + - +, 


(-1) 


+ - - +, 


(1) 


+ - - +, 


(2) 


+ + + +. 



Here — 4 and + 2 give the same series of signs as — oo and + ao ; hence we stop at 
these. The negative root lies between - 4 and - 3 ; and the two positive roots 
hetween 1 and 2. 

This example illustrates the superiority of Sturm's method over that of Fourier. 

The substitution of 1 and 2 in Fourier*8 functions gives, as can be immediately 
verified, the following series of signs : — 

(1) + - + +, 

(2) + + + +. 

From Fourier's theorem we are authorised to conclude only that there cannot be 
mt&r§ than two roots between 1 and 2. From Sturm*8 we conclude that there are 
two roots between 1 and 2. If we have occasion to separate these two roots, we 
must, of coune, make further substitutions in/(^). 

3. Find the number and situation of the real roots of the equation 

j:*-24:»-3««+ 10«-4 = 0. 
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We obUin, ranoTing the factor 2 from the deriyed, 

/i (x) = 2j:» - Sx* - 3jf + 6, 
/2(x)=9jc»-27x+11, 
/3(x)=-8x-3, 
/4(x) = -1433. 

[N.B. — In fonning Stiirm*8 functions it is allowable, as is evident from the 
equations ( 1 \ Art. 89, to introduce or suppress numerical factors just as in the 
prtx'oss of tinding the o. c. M. ; taking care, howeyer, that these are pontiUy so thit 
the signs of the remainders are not thereby altered.] 

We have the following series of signs : — 



(-oc) 


+ - + + -, 


(0) 


- + + --, 


(+«) 


+ + + --. 



Hence there are two real roots, one positive, and one negative and two imaginary 
roots. To find the position of the real roots, it is sufficient to substitute positive 
and negative integers successively in/(x) alone, since there is only one positive and 
onf negative root : we easily find in this way that the negative root lies between 
~ 2 and — 3, and the positive root between and 1. 

90. 8t«nii^ Theorem. Eq«al Roots. Let the opera- 
tion for finding the greatest common measure oif{x) and/'(ar) 
be performed, the signs of the successiye remainders being 
changed as before. The last of Sturm's functions will not now 
be numerical, for since f{x) and/('jr) are here supposed to con- 
tain a common measure involving x^ this will now be the last 
function arrived at by the process. Let the series of functions 
be *^^ 

/'W,/.W,/.('), ,Mx). 

During the passage of x through any value except a multiple root 
olf[x) = 0, the conclusions of the last Article are still true with 
respect to the present series, since no value except such a root 
can cause any consecutive pair of the series to vanish. When x 
passes through a multiple root oif{x) = 0, there is, by the Cor., 
Art. 75, one change of sign lost between/ and /i ; and we pro- 
ceed to prove that no change of sign is lost or gained in the rest 
of the series, viz./i,/, . . . ./r. Suppose there exists an w-mul- 
tiple root a oif[x). It is evident from the equations (1) of Art. 89, 
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that [x - a)"*"^ is a factor in each of the fimotions/i, fi . . . ^fr* 
Let the remaiiiing factors in these functions he, respectively, 
^19 ^9 • . • . 0r- By dividing each of the equations (1) hy 
(ir-a)"*"*, we get a series of equations which establish hy the 
reasoning of the last Article that, owing to a passage through a, 
no change of signs is lost or gained in the series 0i, 02, ... . 0r- 
Neither, therefore, is any change lost or gained in the series 
fif/iy • • -/r ; for the effect of the factor {x-a)^^ in the passage 
of X from a value a - A to a value a + hia either to change the 
signs of all (when w - 1 is odd) or of none (when m-lia even) 
of the functions 01, 0s, . . . . 0r ; and changing the signs of all 
these functions cannot increase or diminish the number of 
variations. 

We have therefore proved that when x passes through a 
multiple root oi/{x) = one change of sign is lost between /and 
/„ and none either lost or gained in any other part of the series. 
It remains true, of course, that when x passes through a single 
root of/ (;r) = a change of sign is lost as before. We may thus 
state the theorem as follows for the case of equal roots : — 

The difference between the number of changes of sign when a and b 
are substituted in the series 



JjJ^y.t^y ••••/# 



r> 



the last of these being the greatest common measure of fond f, is 
equal to the number of real roots between a and i, each multiple 
root counting only once. 

Examples. 

1. Find the nature of the roots of the equation 

a:* - 6a:» + 9a;2 - 7ir + 2 = 0. 
We easily obtain 

fi{x) = 4x» - Ibx^ + 18a: - 7, 

/2(a:) = i:»-2jr + l; 

ft {x) divides f\ {x) without remainder ; hence in this case Sturm* s scries stops at 
f%{x)i thus establishing the existence of equal roots. 
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To find the number of real roots of the equationi we substitute — oo and + oo 
for jT in the series of functions /, /i, f%. The result is 

(-00) + - +, 

(+00) + + +. 

Hence the equation has only two real distinct roots ; but one of these is a triple root, 
as is evident from the form of /a (a;), which is equal to (2; - 1)'. 

2. Find the nature of the roots of the equation 

a:* - 6a:» + 13x» - 12a: + 4 = 0. 
Here 

/i (a:) = 4a:» - 18«* + 26a: - 12, 

/,(a:)=ar»-3a: + 2; 

f%{^ is the last Sturmian function ; so the equation has equal roots. 

(-00) + - +, 

(+00) + + +. 

There are only two real distinct roots. In fact, since /a (a;) ^ (a; - l)(a: - 2), each of 
the roots 1, 2 is a double root. 

3. Find the nature of the roots of the equation 

a:* + 2a:*+«3_a;8_2a?-l = 0. 
Here 

/i = 6a:* + 8a:> + 3a:» - 2a: - 2, 

/a = 2a:8 + 7a:» + 12a: + 7^ 

/s = - a:® - 6a; - 6, 

/4 = -a?-l, 

/6"0. 

Since /6= 0, a; + 1 is a common measure of /and /i, and /(a;) has a double root - 1. 
We have also 

(_oo) - + __+, 

(+«) + + + --. 

Hence there are two real distinct roots. The equation has, therefore, beside the 
double root, one other real root, and two imaginary roots. 

4. Find the nature of the roots of the equation 

«« - 7aH* + 16a:* - 40a?« + 48a: -16 = 0. 
Here 

/i {x) = 6a:6 - 35a:* + 60a:» - 80a: + 48, 

/2(a:) = 13a:* - 84«3+ 192a:» - 176jc + 48, 

/3 (x) = a:3 - 6ar» + 12a: - 8 = (a: - 2)S. 

Am. There are three real distinct roots, one of them being quadruple. 
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91. Application of Starm's Theorem. — In the case of 
equations of high degrees the calculation of Sturm's auxiliary 
functions becomes often very laborious. It is important, there- 
fore, to pay attention to certain observations which tend some- 
what to diminish this labour. 

(1). In calculating the final remainder when it is numerical, 
since its sign is all we are concerned with, the labour of the last 
operation of division can be avoided by the consideration that 
the value of x which causes /n-i to vanish must give opposite 
signs iofnr.2 and/„. It is in general possible to tell without any 
calculation what would be the sign of the result if the root of 
/i»-i(ip) = were substituted mfn^2[x). Thus in Ex. 3, Art. 89, if 

g 

the value - q, which is the root of fz{x) = 0, be substituted 

o 

for xm^a? - 27a? + 11, the result is evidently positive ; hence 
the sign olfnix) is -, and there is no occasion to calculate the 
value - 1433 given for/n(a?) in the example in question. 

(2). When it is possible in any way to recognize that all the 
roots of any one of Sturm's functions are imaginary, we need 
not proceed to the calculation of any function beyond that one ; 
for since such a function retains constantly the same sign for all 
values of the variable (Cor. Art. 12), no alteration in the number 
of changes of sign presented by it and the following functions 
can ever take place, so that the difference in the number of 
changes when two quantities a and h are substituted is indepen- 
dent of whatever variations of sign may exist in that part of 
the series which consists of the function in question and those 
following it. With a view to the application of this observation 
it is always well, when we arrive at the quadratic function 
(aa^ i- bx -\- c, suppose), to examine, in case the term containing 
x^ and the absolute term have the same sign (otherwise the roots 
could not be imaginary), whether the condition 4ac > b^ ib ful- 
filled ; if so, we know that the roots are imaginary, and the cal- 
culation need not proceed farther. 

Similar observations apply to the case where one of the 
functions is a perfect square, since such a function cannot change 
its sign for real values of x. 
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Examples. 

1. Analyse the equation 

a:* + 3«3 + 7a:» + lOa? + 1 = 0. 
We find 

/2(a:) = -29a?2-78a?+14, 

/3(ic)=- 1086a: -481, 

Here we see immediately that the yalue of z given by the equation /s (x) = 0, 
which differs little from — J, makes /2(jf) positive ; hence fi{x) is negative. 
There are two real, and two imaginary roots. The real roots lie in the intervals 
{-2,-1}, {-1,0}. 

2. Analyse the equation 

«* - 4a:3 - 3* + 23 = 0. 
We find 

/2(«) = 12a:« + 9a;-89, 

/,(«) = -491a? + 1371, 
/4W= -. 

IX ^ / V A • 1371 1371 ^^^ ^ . 6 . 

Here f^iz) = gives x = -— — > -— > 2-74 > -, and a: = - makes 

/iiz) positive ; hence the root of /3(a;) makes it positive also. 
There are two real and two imaginary roots. 
The real roots lie in the intervals {2,3}, {3,4}. 

3. Analyse the equation 

2jc* - 13a:» + 10:c - 19 = 0. 

Here; /i(a;) = 4a;»- 18*+ 6, 

/2(ar) = 13a?-16a: + 38. 

Since 4 x 13 x 38 > 15', the roots oif2{x) are imaginary, and we proceed no 
farther with the calculation of Sturm's remainders. 
Substituting — <» , 0, + <» , we obtain 

(-flo) + - +, 

(0) - + +, 

(+00) + + +. 

There are two real roots, one positive, the other negative. 

4. Analyse the equation 

f{x) = a?» + 2a?* + «» - 4a;» - 3« - 6 = 0. 
Here 

fi{x) = 6aj* + 8a!» + 8af» - 8x - 3, 

/2 (a?) = 6a:» + 66«» + 44a? + 119, 

fi{x) = - 116a?» - 67a: - 223. 
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Since 4 x 116 x 223 > 67^> we may stop the calculatioii here. We find, on 
fiuhstitnting — « , 0, + « , 



(-«) 


— 


+ 


— 


» 


(0) 


— 


— 


+ 


■~ 1 


(+«) 


4- 


+ 


+ 


^" • 



There are four imaginary roots, and one real positive root. 

5. Find the numher and situation of the real roots of the equation 

a^-1j^- 7.r2 + \^x + 10 = 0. 

An9. The roots are all real, and are situated in the intervals 
{-3,-2}, {-1,0}, and two between {2, 3}. 

6. Analyse the equation 

2:* + 3a?* + 23:3 _ 3^2 _ 2j: - 2 = 0. 

It will be found that the calculation may cease with the quadratic remainder. 

Am. There is only one real root : in the interval {1, 2 } . 

7. Analyse the equation 

a:»+ lla?2- 1022: + 181 =0. 

We find f% W = 864:r - 2761, 

/3(z) = 441. 

In some examples, of which the present is an instance, it is not easy to tell 
immediately what sign the root of the penultimate function gives to the preceding 
function. We have here calculated /s [x\ and it turns out to be a much smaller 
number than might have been expected from the magnitude of the coefficients in/2(x) . 
In fact when the root oifi{x) is substituted in/i {x) the positive part is nearly equal 
to the negative part. This is always an indication that two rooti of the proposed 
equation are fuarly equal. There are in the present instance two positive roots be- 
tween 3 and 4. Subdividing the intervals, we find the two roots still to lie between 
3*2 and 3'3 ; so that they are very close together. We see here another illustni- 
tion of the contiauity which exists between real and imaginary roots. If /8(jr) 
turned out to be zero, the roots would be actually equal« If it turned o^it to be a 
small negative number, the two nearly equal roots would be imaginary. 

8. Analyse the equation 

af* + «* + «'-2a:« + 2*-l = 0. 

The quadratic function is found to have imaginary roots. 

Ant. One real root between {0, 1}; four imaginary rooti. 
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9. Analyse the equafaon 

gs^exfi- 304^ + 12a? - 9 = 0. 
We find 

/2(a:) = 6a:« + 20«» + 7; 

and aa <i>^^« baa plainly all imaginary roots, the calculation may stop here. 

Ana, Two real roots ; in the intervals {- 2, - 1 } , { 6, 7}. 

10. Analyse the equation 

2x» - 18«» + 60a:* - 120*' - 30«» + 18a; - 6 = 0. 
We find 

/2(:r) = 6«* + 220a^ + l; 

and the calculation may stqp. 

Ans, Two real roots ; in the interyals {-1,0}, {5,6). 

11. Examine how the roots of the equation 

2«» + 16a?3 - 84a: - 190 = 
are situated in the several intervals between the numbers — oo , — 7, 6, + oo . 
Here /i{a;) = «» + 6a:-U, 

/,(a?) = 27a? + 40, 

The substitution of the above quantities gives 



(-00) 


— 


+ 


— 


+ , 


(-7) 


+ 





— 


+ , 


(6) 


+ 


+ 


+ 


+ , 


(+«) 


+ 


+ 


+ 


+ . 



Whenever, as in this example, any quantity makes one of the auxiliary functions 
vanish (here — 7 satisfies /i {z) = 0), the zero may be disregarded in counting the 
number of changes of sign in the corresponding row ; for, since the signs on each 
side of it are different, no alteration in the number of changes of sign in the row 
could take place, whatever sign be supposed attached to the vanishing quantity. 

The roots are all real. There is one root between — oo and - 7 ; and two be- 
tween — 7 and 6. 

12. Analyse the equation 

3aj* - 6a;> - 8a? - 3 = 0. 
We find 

/i(a;) = 3a?»-3a?-2, 

/2W = (*+!)». 
As /a (a;) is a perfect square the calculation may cease. 

Ans, Two real roots ; in the intervals {- 1, 0}, { 1, 2}. 
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92. Conditions for the Reality of the Roots of an 
Equation. — The number of Sturm's functions, including 
f[x\f\x) and the w - 1 remainders, will in general be n + 1. 
In certain eases, owing to the absence of terms in the proposed 
function, some of the remainders will be wanting. This can 
occur only when the proposed equation has imaginary roots ; for 
it is plain that, in order to insure a loss of n changes of sign in 
the series of functions during the passage of x from - oo to + oo 
(namely, in order that the equation should have all its roots 
real), all the functions must be present. And, moreover, they 
must all take the same sign when a; = + oo ; and alternating 
signs when ^ = - oo . Since the leading term of an equation is 
always taken with a positive sign, we may state the condition 
for the reality of all the roots of any equation (supposed not to 
have equal roots) as follows : — In order that all the roots of an 
equation of the n'* degree should he realy the leading coefficients of 
all StumCa remainderSy in number n - 1, mtMt be positive. 

Examples. 

1. Find the oonditioii that the roots of the eqaation 

ax^ + 2bx + e = 



Ana. i^ — ac>0. 



should he real and unequal. 

2. Find the conditions that the roots of the cuhic 

«» + SH§ -\- = 

should be all real and unequal. 

When this cubic has its roots aU real, it is eyident that the 'general cubic from 
which it is derived (Art. 36) has also its roots all real ; so that, in investigating the 
conditions for the realitj of the roots of a cubic in general, it is sufficient to discuss 
the form here written. 

We find 

/2(«) = -2irs-fl', 

/sW=-(6'* + 4iP). 

[In calculating these, before dividing /i (z) by/2(«), multiply the former by the 
positive factor 2 J'.] 

Hence the required conditions are, ^negative and O* + 4JEP negative. 

These can bo expressed as one condition, viz., (?' -I- 4^ negative, since this 
implies the former (cf. Art. 43). 

O 
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3. Calculate Sturm's remainders for the biquadratic 

«* + 6Bi» + 4Gf« + a'/- 3iP = 0. 

We find 

/a («) = - 3Jr«« - 36=2 - (a«/ - SJ?*), 

/,(«) = - (2ir/- 3«/)r - QI, 

These are obtained without much difficulty by aid of the identity of Art. 37. 
Before diriding /i by /a, multiply by the positive factor SJT' ; and when the re- 
mainder is found, remove the positive factor a*. Before dividing /2 by /a, multiply 
by the positive factor (2HI — 3a/]' ; and when the remainder is found, remove the 
positive faetor a'JT*. 

93. Conditions for tlie Reality of tlie Roots of a 
Biqnailratic. — In order to arrive at criteria of the nature of 
the roots of the general algebraic equation of the fourth degree 
by Sturm's method, it is sufficient to consider the equation of 
Ex. 3 of the preceding Article. By aid of the forms of the 
leading coefficients of Sturm's remainders there calculated, we 
can write down the conditiom that all the roots of a biquadratic 
should be real and unequal in the form 

H negative^ 2HI- ^aJ negative^ P - 27 tP positive. 

It will be observed that the second of these conditions is 
different in form from the corresponding condition of Art. 68. 
To show the equivalence of the two forms it is necessary to 
prove that when H is negative and A positive, the further con- 
dition 2HI - ZaJ negative implies the condition a^I - 12jGP 
negative, and conversely. From the identity of Art. 37, 
written in the form - H{aU- 12H^) ^ a^{2EI-3aJ) - 3(?^, 
it readily appears that when H and 2JII - 3a J are negative 
a' J- 12fl* is necessarily negative. And to prove the converse 
we observe that when aJ is positive 2HI - 8a J is negative, 
since /is positive on account of the condition A positive; and 
when a J is negative 2HI - SaJ is still negative, since the 
negative part 2HI exceeds the positive part - SaJ, as may be 
readily shown by the aid of the inequalities 12H^ > a^I and 
P > 27cr. 

The student will have no difficulty in verifying, by means 
of Sturm's functions, the remaining conclusions arrived at in 
the different cases of Art. 68. 
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Examples. 

1. Apply Budan's method to separate the rooia of the equation 

a:* - 16x» + 69jj2 - 70x - 42 = 0. 

Am, Boots in intervals {- 1, 0}, {2, 3}, {4, 6}, {9, 10}. 

2. Apply Sturm's theorem to the analysis of the equation 

«* - 4a;5 + 7:c» - 6* - 4 = 0. 

In analysiag a biquadratic of this nature which has plainly two real roots, when 
a Sturmian remainder is reached whose leading coefficient is negative, the calculation 
may cease, since the other pair of roots must then be imaginary, and the positions 
of the real roots can be readily found by substitution in the given equation. 

Ans, Two roots imaginary ; real roots in intervals {- 1, 0}, {2, 3). 

3. Analyse in a similar manner the equation 

«« - 6«3 + 10x2 - 6x - 21 =0. 

An$. Two roots imaginary; real roots in intervals {- 1, 0}, {3, 4}. 

4. Apply Sturm's theorem to the analysis of the equation 

«* + 3j;«-«'-3«+11 = 0. 

Ant. Boots all imaginary. 

5. Find by] Sturm's method the number and position of the real roots of the 

equation 

a:* - lOx' + 6« + 1 = 0. 

Ans. Boots all real; one in the interval {— 4, — 3(; two in the interval 
{-1, 0}; and positive roots in the intervali {0, 1}, {3, 4}. 

6. If, in the .following, the sequences of 'signs are those of the leading coef- 
ficients of Sturm's remainders for a biquadratic, prove 



+ + + four real roots ; 





no real root; - + - cannot occur. 



7. If , the signs of the leading coefficients of the first two of Sturm's remainders 
for a quintic be — +, prove that the number of real roots is determined. 

Ant. One real root only. 

8. If JET and /are both positive, prove that all the roots of the biquadratic are 
imaginary ; and that under the same conditions the quintic written with binomial 
coefficients has'only one real root. Mr. M. Boberts, Dublin Exam, Fapert^ 1862. 

o2 
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9. Proye that, if e has any value except unity, the equation 

<?>«* - 2<J*«5 + 2;p - 1 = 

has a pair of imaginary roots. 

10. Prove that the roots of the equation 

aJ - (a' + *a + <j») a: - 2abc = 

are all real, and solve it when two of the quantities a, &, c become equal. 

11. Prove that when the biquadratic 

has a triple factor, it may be expressed in the form 



12. Verify by means of Sturm's remainders the conditions which must be ful- 
filled when the biquadratic of the previous example is a perfect square, and prove 
in that case 

aVW={(«« + *)*+3ir}«. 

13. If an equation of any degree, arranged according to powers of x^ have three 
consecutive terms in geometric progression, prove that its roots cannot be all real. 

These three terms must be of the form kx^ + kax^^ + kc?x*''^. Let the equation 
be multiplied by a; — a. The resulting equation will have two consecutive terms 
absent, and must therefore have at least two imaginary roots ; but all the roots of 
this equation except a are roots of the given equation. 

14. If an equation have four consecutive coefficients in arithmetic progression, 
prove that its roots cannot be all real. 

This can be reduced to the preceding example. Writing down four terms of the 
proper form, and multiplying by a; — 1, it readily appears that the resulting equation 
has three consecutive terms in geometric progression. 



CHAPTER X 

SOLUTION OF NUMBRICAL EQUATIONS. 

94. Algebraical and Mumeiieal Equatloiis. — There is 
an essential distinction between the solutions of algebraioal and 
numerical equations. In the former the result is a general for- 
mula of a purely symbolical character, which, being the general 
expression for a root, must represent all the roots indifferently. 
It must be such that, when for the functions of the coefficients 
involved in it the corresponding symmetric functions of the 
roots are substituted, the operations represented by the radical 
signs ^^ Y become practicable ; and when the square and 
cube roots of these symmetric functions are extracted, the whole 
expression in terms of the roots will reduce down to one root : 
the different roots resulting from the different combinations 
± y^ of square roots, and ^^ w^, w'^/ of cube roots. 
For a simple illustration of what is here stated we refer to the 
case of the quadratic in Art. 55. In Articles 59 and 66 we have 
similar illustrations for the cubic and biqusidratic. It is to be 
observed, also, that the formula which represents the root of an 
algebraic equation holds good even when the coefficients are 
imaginary quantities. 

In the case of numerical equations the roots are determined 
separately by the methods we are about to explain ; and, before 
attempting the approximation to any individual root, it is in 
general necessary that it should be situated in a known interval 
which contains no other real root. 

The real roots of numerical equations may be either com- 
mensurable or incommensurable ; the former class including 
integers, fractions, and terminating or repeating decimals which 
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are reducible to fractions ; the latter consisting of interminable 
decimals. The roots of the former class can be found exactly, 
and those of the latter approximated to with any degree of 
9xxs\irBjCiy^ by the methods we are about to explain. 

We shall commence by establishing a theorem which reduces 
the determination of the former class of roots to that of integral 
roots alone. 

95. Theorem. — An equation in which the coefficient of the 
first term is unitt/y and the coefficients of the other terms whole 
numberSy cannot hare a commensurable root which is not a whole 
number. 

For, if possible, let v, a fraction in its lowest terms, be a 

root of the equation 

we have then 

(a\ /a\«-> (a\ ^ 

\b) ■*"-^' UJ ■*" — '^■-^'^'UJ ■^^•'" ' 

from which, multiplying by i*^', we obtain 

a" 
- -- = «!«*»"* + i?ja"^ 6 + . . . . + Pn-\ab^^ +^nJ""^ 



Now a** is not divisible by i, and each term on the right-hand 
side of the equation is an integer. We have, therefore, a frac- 
tion in its lowest terms equal to an integer, which is impossible. 

Hence -z- cannot be a root of the equation. The real roots of 



the equation, therefore, are either integers or incommensurable 
quantities. 

Every equation whose coefficients are finite numbers, frac- 
tional or not, can be reduced to the form in which the coefficient 
of the first term is unity and those of the other terms whole 
numbers (Art. 31) ; so that in this way, by the aid of a simple 
transformation, the determination of the commensurable roots 
in general can be reduced to that of integral roots. 
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We proceed to explain Newton's process, called the Method 
of Divisors, of obtaining the integral roots of an equation whose 
coefiScients are all integers. 

96. Mewton'8 Metbod of DlTlsors. — Suppose A to be an 
integral root of the equation 

Ooir" + ai a?""* + ....+ a«.i a? + a„ = 0. (1) 

Let the quotient, when the polynomial is divided by a? - A, be 

in which ft„, Ji, &c., are plainly all integers. 

Proceeding as in Art. 8, we obtain the following equations : — 

flfo = ^uj <3f 1 = ^1 - hbo, (h^bz— hbiy .... 

The last of these equations proves that a„ is divisible by A, 
the quotient being - 6„.i. The second last, which is the same as 



On 

h 






proves that the simi of the quotient thus obtained and the se- 
cond last coefficient is again divisible by A, the quotient being 
- bn^2 ; and so on. 

Continuing the process, the last quotient obtained in this 
way will be - 6o, which is equal to - Oq. 

If we perform the process here indicated with all the divi- 
sors of On which lie within the limits of the roots, those which 
satisfy the above conditions, giving integral quotients at each 
step, and a final quotient equal to - a^y are roots of the proposed 
equation. Those which at any stage of the process give a frac- 
tional quotient are to be rejected. 

When the coefficient a© = 1, we know by the theorem of the 
last Article that the integral roots determined in this way are 
all the commensurable roots of the proposed equation. If a^ bo 
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not= 1, the prooess will still give the integral roots of the equa- 
tion as it stands ; but to be sure of determining in this way all 
the commensurable roots, the equation must be first transformed 
to one which shall have the coefficient of the highest term equal 
to unity. 

97. Applicatloii of tile Method of Divisors. — With a 
view to the most convenient mode of applying the Method of 
Divisors, we write the series of operations as follows, in a manner 
analogous to Art. 8 : — 

an an^i ttn^ . . . . Oa fli Oo 

-iw-i -J»-8 -h -fti -Jo 



-' hbn^ — hhn^ — Ail - A Jo 



The first] figure in the second line (- i»_i) is obtained by 
dividing On by h. This is to be added to fl«-i to obtain the first 
figure in the third line (- AJn-i). This is to be divided by A to 
obtain the second figure in the second line (- J«_») ; this to be 
added to a^Ji ; and so on. If A be a root, the last figure in the 
second line thus obtained will be - Oo. 

When we succeed in proving in this manner that any integer 
A is a root, the next operation with any divisor may be performed, 
not on the original coefficients any a»-i, . . . . , but on those of the 
second line with their signs changed, for these are the coefficients 
of the quotient when the original polynomial is divided by a; - A. 
When any divisor gives at any stage a fractional result it is to 
be rejected at once, and the operation so far as it is concerned 
stopped. 

The nimibers 1 and - 1, which are always of course integral 
divisors of An, need not be included in the number of trial divisors. 
It is more convenient before applying the Method of Divisors to 
determine by direct substitution whether either of these nimibers 
is a root. 
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1. Find the intogral roots of the equation 

«* - 2«» - 13«» + 38j? - 24 = 0. 

By grouping the tenns (see Art 79) we observe without difficulty that all the 
roots lie between — 5 and + 6. The following diyisors are possible roots : — 

8, 4. 



-2 



-*, 


-3, -2, 2, 


We commence with 4 : 




-24 


38 -13 




-6 8 



32 - 5 

The operation stops here, for since — 6 is not divisible by 4, 4 cannot be a root. 
We proceed then with the number 3 : 

-24 38 -13 -2 1 

- 8 10 -1 -1 



30 - 3 -3 0; 

hence 3 is a root ; and in proceeding with the next integer, 2, we make use, 
above explained, of the coefficients of the second line with signs changed : 

8-10 1 1 

4 -8 -1 



- 6 -2 0; 

hence 2 also is a root ; and we proceed with — 2 : 

-4 3 1 

2 

6; 

hence - 2 is not a root, for it does not divide 5. — 3 is plainly not a root, for it 
does not divide —4. 

[Wo might at once have struck out — 3 as not being a divisor of the absolute 
term 8 of the reduced polynomial. This remark will often be of use in diminishing 
the number of divisors' 
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We proceed now to the last divisor, — 4 : 

-4 3 1 

1 -1 



4 

Thus — 4 is a root. 

The equation has, therefore, the integral roots 3, 2, - 4 ; and the last stage of 

the operation shows that when the original polynomial is divided by the binomials 

X — Z^ X — 2j x-\-^y the result is x — 1 ; so that 1 is also a root. Hence the original 

polynomial is equivalent to 

{x-l)(x-2){x-Z){x-\-i). 

2. Find the integral roots of 

3«« - 23«' + 36a:» + 31a; - 30 = 0. 

The roots lie between — 2 and 8 ; hence we have only to test the divisors 
2, 3, 6, 6. 

We find immediately that 6 is not a root. 
For 6 we have 

-30 31 36-23 3 

- 6 6 8-3 



26 40 -15 0; 

hence 6 is a root. For 3 we have 

6-6-8 3 

2 -1 -3 

-3 -9 0; 

hence 3 is a root ; and we easily find that 2 is not a root. 

The quotient, when the original polynomial is divided by (x — 6] (x — 3), is, from 

the last operation, 

3 jr* + a; - 2 : 

of this 1 is not a root, and - 1 is a root. Hence all the integral roots of the pro- 
posed equation are — 1, 3, 6. 

2 

The other root of the equation is-. It is a commensurable root ; but, not being 

integral, is not given in the above operation. 
3. Find all the roots of the equation 

ar* + «3 - 2a:2 ^ 4^ _ 24 = 0. 

Limits of the roots are — 4, 3. 

Ana. Roots - 3, 2, ± 2 \/^lT 
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4. Find all the roots of the equation 

a:* - 2;c» - I9a:» + 68a; - 60 = 0. 

The roots Ue between — 6 and 6. 

Wo find that 2, 3, — 6 are roots, and that the factor left after the final diyision 
is 2: — 2 ; hence 2 is a double root. The polynomial is therefore equivalent U> 

(a;-2)2(a;-3)(^ + 6). 
In Art. 99 the case of multiple roots will bo further considered. 

98. Method of Umltlng the Wumber ofDlTisors. — 

It is possible of course to determine by direct substitution 
whether any of the divisors of fl„ are roots of the proposed equa- 
tion ; but Newton's method has the advantage, as the above 
examples show, that some of the divisors are rejected after very 
little labour. It has a further advantage which will now be 
explained. When the number of divisors of a« within the limits 
of the roots is large, it is important to be able, before proceeding 
with the application of the method in detail, to diminish the 
number of these divisors which need be tested. This can be 
done as follows : — 

If A is an integral root of /(a?) = 0,/(ar) is divisible by a? - A, 
and the coefficients of the quotient are integers, as was above 
explained. If therefore we assign to x any integral value, the 
quotient of the corresponding value of/ (a?) by the correspond- 
ing value oi x-h must be an integer. We take, for convenience, 
the simplest integers 1 and - 1 ; and, before testing any divisor A, 
we subject it to the condition that /(I) must be divisible by 
1 - A (or, changing the sign, by A - 1) ; and that/(- 1) must 
be divisible by - 1 - A (or, changing the sign, by 1 + A). 

In applying this observation it will be found convenient to 
calculate/ (1) and/(- 1) in the first instance : if either of these 
vanishes, the corresponding integer is a root, and we proceed 
with the operation on the reduced polynomial whose coefficients 
have been ascertained in the process of finding the result of 
substituting the integer in question. 
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EXUCPLBS. 

1. a* - 23a:* + leOx* - 281xa - 267* - 440 = •. 

The roots lie between - 1 and 24. 
We lia7e the following divisors : — 

2, 4, 6, 8, 10, 11, 20, 22. 
We easily find 

/(I) = -840, and /(- 1) = - 648. 

We therefore exclude all the above divisors, which, when diminished by 1, do 
not divide 840 ; and which, when increased by 1, do not divide 648. The first 
condition excludes 10 and 20, and the second 4 and 22. Applying the Method of 
Divisors to the remaining integers 2, 6, 8, 11, we find that 6, 8, and 11 are root«, 
and that the resulting quotient is d^ + « + 1. Hence the given polynomial is equi- 
valent to 

(x-6)(«-8){«-ll)(j?« + «+l). 

2. «• - 29«* - 31«» + 31«» - 32a; + 60 = 0. 
The roots lie between -3 and 32. 

Divisors: -2, 2, 3, 4, 5, 6, 10, 12, 15, 20, 30. 

/(I) = ; so 1 is a root. 

/(— 1) = 124 ; and the above condition excludes all the divisors except — 2, 3, 30. 
We easily find that - 2 and 30 are roots, and that the final quotient is a^ + 1 . 
The given polynomial is equivalent to (x-l){x- 30) {x + 2) (x* + 1). 

99. Determination of Multiple Roote. — The Method 
of Divisors determines multiple roots when they are commen- 
surable. In applying the method, when any divisor of On which 
is found to be a root is a divisor of the absolute term of the re- 
duced polynomial, we must proceed to try whether it is also a 
root of the latter, in which case it will be a double root of the 
proposed equation. If it be found to be a root of the next 
reduced polynomial, it will be a triple root of the proposed ; and 
so on. Whenever in an equation of any degree there exists only 
one multiple root, r times repeated, it can be found in this way ; 
for the common measure of /(a?) and f\x) will then be of the 
form {x - a)'""*, and the coefficients of this could not be com- 
mensurable if a were incommensurable. 
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Multiple roots of equations of the third, fourth, and fifth 
degrees can be completely determined without the use of the 
process of finding the greatest common measure, as will appear 
from the following observations : — 

(1). TJie Cubic. — In this case multiple roots must be com- 
mensurable, since the degree is not high enough to allow of two 
distinct roots being repeated. 

(2). The Biquadratic. — In this case either the multiple roots 
are commensurable or the function is a perfect square. For'the 
only form of biquadratic which admits of two distinct roots 
being repeated is 

(» - ay(x - ^)\ 

i. e. the square of a quadratic. The roots of the quadratic may 
be incommensurable. If we find, therefore, that a biquadratic 
has no commensurable roots, we must try whether it is a per- 
fect square in order to determine further whether it has equal 
incommensurable roots. 

(3). TJie Quintic. — In this case, either the multiple roots are 
conmiensurable, or the function consists of a linear conmiensurable 
factor multiplied by the square of a quadratic factor. For, in 
order that two distinct roots may be repeated, the function must 
take one or other of the forms 

(* - aVix - py(x - y), {x - ay{x - /3)». 

In the latter case the roots cannot be incommensurable ; but the 
former may correspond to the case of a commensurable factor 
multiplied by the square of a quadratic whose roots are incom- 
mensurable. If then a quintic be found to haye no conmien- 
surable roots it can have no multiple roots. If it be foxmd to 
have one commensurable root only, we must examine whether 
the remaining factor is a perfect square. If it have more than 
one commensurable root, the multiple roots will be foxmd among 
the commensurable roots. 
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Examples. 

1. Find all the commensurable roots of 

2x» - 31af« + 112a; + 64 = 0. 

The roots lie between the limits — 1, 16. The divisors are 2, 4, 8. 
64 112 -31 2 

8 16 -2 



120 -16 0; 

8 is therefore a root. Proceed now with the reduced equation : 

-8 -16 2 

- 1 -2 



-16 0; 

8 is a root again, and the remaining factor is 2j; + 1. 

Ans, f{x) s (2a: + 1) (a; - S)^. 

2. Find the commensurable and multiple roots of 

«* - «» - 30j?» - 76* - 66 = 0. 

The roots lie between the limits - 6, 12. (Apply method of Ex. 10, Art. 80). 

3. Find the commensurable and multiple roots of 

9«* - 12*5 - 71a?» - 40* + 16 = 0. 

The roots lie between the limits — 2, 6. 

The equation as it stands is found to have no integral root ; but it may still have 
a commensurable root. To test this we multiply the roots by 3 in order to get rid 
of the coefficient of s^. We find then 

«* - 4a:3 - 7U' - 120a; + 144 = 0. 

Limits : - 6, 16. 

We find — 4 to be a double root of this, and the function to be equivalent to 
(a;2 - 12a; + 9) (a; + 4)'. The original equation is therefore identical with the fol- 
lowing: — 

(a;» - 4a; + 1) (3a; + 4)' = 0. 

4. Find the commensurable and multiple roots of 

a;* + 12a;» + 32«* - 24a: + 4 = 0. 
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The roots lie between - 12 and 1. The only diyison to be tested are, therefore, 
— 4, — 2, — 1. We find that the equation has no commensurable root. We pro- 
ceed to try whether the given function is a perfect square. This can be done by 
extracting the square root, or by applying the conditions of Ex. 8, p. 123. We find 
that it is the square of a^ + 6:e — 2 (of. Ex. 1, p. 161). Hence the given equation 
has two pairs of equal roots, both incommensurable. 

5. Find the commensurable and multiple roots of 

fix) s a:* - «* - 12«» + 8«« + 28* + 12 « 0. 

The limits of the roots are — 4, 4. 

We find that — 3 is a root, and that the reduced equation is 

a:* - 4«» + 8ar + 4 = 0, 

and that there is no other commensurable root. 

The only case of possible occurrence of multiple roots is, therefore, when this 
latter function is a perfect square. It is found to be a perfect square, and we have 

fix) ^{x^-2x- 2)» {X + 3). 

6. Find the commensurable and multiple roots of 

f{x) = x5 - 8a:* + 222:> - 26r» + 21« -18=0. 

Ant, f{x) - (x* + 1) (x - 2) {X - 3)». 

7. The following equation has only two difierent roots : find them : — 

«* - 13a:* + 67a:» - 171a?» + 216a; - 108 = 0. 

In general it is obvious that if an integral root h occurs twice, the last coefficient 
must contain A^ as a factor, and the second last h ; if the root occurs three times, 
h^ must be a factor of the last, h^ of the second last, and h of the third last coef- 
ficient. The last coefficient here = 2' . 3'. Hence, if neither — 1 nor 1 is a root, 
the required roots must be 2 and 3. That these are the roots is easily verified. 

8. The equation 

800a:* - 102a:» - « + 3 = 

has equal roots : find all the roots. 

In this example it is convenient to change the roots into their reciprocals before 
applying the Method of Divisors. 

Ans. f(*) s (10* - Z)(bx - l)(4a: + 1)». 

100. Mewton'B Method of Approxlmatloii. — ^Having 

shown how the commensurable roots of equations may be ob- 
tainedy we proceed to give an account of certain methods of 
obtaining approximate values of the incommensurable roots. 
The method of approximation, commonly ascribed to Newton,* 
which forms the subject of the present Article, is valuable as 

* See Note B at the end of the volume. 
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being applicable to numerioal equations involving transcendental 
as well as those involving algebraical functions only. Although 
when applied to the latter class of functions Newton's method is, 
for practical purposes, inferior in form to Homer's, which will 
be explained in the following Articles, yet in principle both 
methods are to a great extent identical. 

In all methods of approximation the root we are seeking is 
supposed to be separated from the other roots, and to be situated 
in a known interval between close limits. 

Let /(a;) = be a given equation, and suppose a value a to 
be known, differing by a small quantity h from a root of the 
equation. We have then, since a + A is a root of the equation, 
/(a + A) = ; or 

Neglecting now, since A is small, all powers of A higher than the 

first, we have 

/(«) +/(«) A = 0, 

giving, as a first approximation to the root, the value 

Bepresenting this value by 6, and applying [the same process a 
second time, we find as a closer approximation 

Ab)- 

By repeating this process the approximation can be carried 
to any degree of accuracy required. 

EXAHPLE. 

Find an approximate yalue of the positiye root of the equation 

a:» - 2i; - 6 = 0. 

The root lies between 2 and 3 (Ex. 1, Art. 89). Narrowing the limits, the root is 
found to lie between 2 and 2*2. We take 2*1 as the quantity represented by a. It 
cannot differ from the true yalue a + A of the root by more than 0*1. We find 
easily 

/(«) /(2-1) -061 



/'(a) f(2'\) 11*23 



= 0*00643. 
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A first approximation ia, therefore, 

2-1 - 0-00643 = 2-0946. 

flh) 
Taking this as h, and calculating the fraction ^tttt) we obtain 

&-*^-^» 2-09465148 
for a second approximation ; and so on. 

The approximation in Newton's method is, in general, rapid. 
When, however, the root we are seeking is accompanied by an- 

other nearly equal to it, the fraction -pr^ is not necessarily small, 

since the value of either of the nearly equal roots reduces/'(«) to 
a small quantity. A case of this kind reqxures special precau- 
tions. We do not enter into any further discussion of the 
method, since for practical purposes it may be regarded as 
entirely superseded by Homer's method, which will now be 
explained. 

101. Homer's Method ofSolTtng Wiunerieal Eqna- 
tlons. — By this method both the commensurable and incom- 
mensurable roots can be obtained. The root is evolved figure 
by figure : first the integral part (if any), and then the decimal 
part, till the root terminates if it be commensurable, or to any 
number of places required if it be incommensurable. The pro- 
cess is similar to the known processes of extraction of the square 
and cube root, which are, indeed, only particular cases of the 
general solution by the present method of quadratic and cubic 
equations. 

The main principle involved in Homer's method is the suc- 
cessive diminution of the roots of the given equation by known 
quantities, in the manner explained in Art. 33. The great ad- 
vantage of the method is, that the successive transformations 
are exhibited in a compact arithmetical form, and the root 
obtained by one continuous process correct to any number of 
places of decimals required. 

This principle of the diminution of the roots will be illus- 
trated in the present Article by some simple examples. In the 

p 
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following Articles we shall proceed to certain considerations 
which tend to facilitate the practical application of the method. 



Examples. 

1. Find the pomtire root of the equation 

2a:3 - 86x2 - 86a; - 87 = 0. 

The first step, when any numerical equation is proposed for solution, is to find the 
Jlrttjlffure of the root. This can usually be done by a few trials ; although in cer- 
tain cases the methods of separation of the roots explained in Chap. IX. may have 
to be employed. In the present example there can be only one positive root ; and 
it is found by trial to lie between 40 and 60. Thus the first figure of the root is 4. 
We now diminish the roots by 40. The transformed equation will have one root 
between and 10. It is found by trial to Ue between 3 and 4. We now diminish 
the roots of the transformed equation by 3 ; so that the roots of the proposed equa- 
tion will be diminished by 43. The second transformed equation will have one root 
between and 1. On diminishing the roots of this latter equation by '5, we find 
that its absolute teim is reduced to zero, i. e. the diminution of the roots of the pro- 
posed equation by 43*6 reduces its absolute term to zero. We conclude that 43-5 is 
a root of the giren equation. The series of arithmetical operations is represented as 
fbllowB : — 



-86 
80 

"^ 
80 



-86 
-200 

-285 
3000 



-87 
11400 



(43-5 



11487 

9694 



76 


8716 


-1898 


80 


483 


1893 


165 31^8 





6 601 




161 


8699 




6 


87 
3786 




167 




6 







178 
1 

T74 



The broken lines mark the conclusion of each transformation, and the figures in 
dark type are the coefficients of the successiye transformed equations (see Art. 33). 
Thus 

2*9 + 166x> + 2716jr - 11487 = 
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is the equation whose roots are each less by 40 than the roots of the given equation, 
and whose poaitiye root is found to lie between 3 and 4. If the second transformed 
equation had not an exact root -5 ; but one, we shall suppose, between -5 and -6, the 
first three figures of the root of the proposed equation would be 43-6 ; and to find 
the next figure we should proceed to a further transformation, diminishing the lootg 
bj *5 ; and so on. 

2. Fiad the positiye root of the equation 

4x5 -13r»-31:p- 276 = 0. 

We first write down the arithmetical work, and proceed to make certain observationi 
on it : — 

(6-25 



- 13 
24 




-31 
66 




-275 
210 


11 
24 


35 
210 




-65 

51-392 


35 
24 




245 

11-96 




-18 606 

13-608 


59 256-96 
•8 1212 





59-8 
•8 




269-06 

3-08 






60-6 
•8 


27216 




61-4 

•2 





61-6 

We find by trial that the proposed equation has its positiTe root between 6 and 7« 
The first figure of the root is, therefore, 6. Diminish the roots by 6. The equaticQ 

«s + 59r» + 245«-66 = 

has, therefore, a root between and 1 . It is found by trial to lie between *2 and *8. 
The first two figures of the root of the proposed are therefore 6-2. Diminish the 
roots again by *2. The transformed equation is found to have the root *06« Henoe 
6*25 is a root of the proposed equation. 

It is convenient in practice to avoid the use of the decimal points. This can 
easily be effected as follows : — When the decimal part of the root (suppose •uhe . . •) 
is about to appear, multiply the roots of the corresponding transformed equation by 
10, t. tf. annex one zero to the right of the figure in the first column, two to the right 
of the figure in the second column, three to the right of that inj[the third ; and soon, 
if there be more columns (as there will of course be in equations of a degroe higher 
than the third). The root of the transformed equation is then, not 'obc . • . , but 
<vhc , . . Diminish the roots by a. The transformed^equation has a root 'he . , , 
Multiply the roots of this equation again by 10. The root becomet ^*c . . . , and 

p2 
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the proceflB is contmiied as before. To illustrate this we repeat the aboye operation, 
omitting the decimal points. In all subsequent examples this simplification will be 
adopted:— 



- 13 
24 



-31 

66 



-275 
210 



(6-26 



11 

24 




35 
210 




-66000 

51392 


35 
24 




84600 

1196 




-18606000 

13608000 


590 

8 




25696 
1212 





598 
8 




2690600 

30800 






606 
8 


2721600 





6140 

20 

6160 

3. Find the positive root of the equation 

20a:3 - \2\3^ - 121a? - 141 = 0. 

The root is easily found to lie between 7 and 8. It is, therefore, of the form 

1 ,ab . .. When the roots are diminished by 7, and multiplied by 10, the resulting 

equation is 

20«* + 2990*3 + 112500* - 57000 = 0. 

The positive root of this is a . 6 ... ; and as the root plainly lies between and 1, 
we have a = 0. We therefore place zero as the first figure in the decimal part of 
the root, and multiply the roots again by 10, before proceeding to the second trans- 
formation. 5 is easily seen to be a root of the equation thus transformed. 

Ant. 7-05. 

In the examples here oonsidered the root terminates at an 
early stage. When the calculation is of greater length, if it 
were necessary to find the successive figures by substitution, 
the labour of the process would be very great. This, however, 
is not necessary, as will appear in the next Article ; and one of 
the most valuable practical advantages of Horner's method is, 
that after the second, or third (sometimes even after the first) 
figure of the root is found, the transformed equation itself suggests 
by mere inspection the next figure of the root. The principle of 
this simplification will now be explained. 
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102. Principle of the Trlal-dlvlsor. — We have seen in 
Art. 100 that when an equation is transfonned by the substitution 
oi a + h for x, a being a number differing from the true root by 
a quantity h small in proportion to a, an approximate numeri- 
cal value of h is obtained by dividing /(«) by /'(a). Now the 
successive transformed equations in Homer's process are the 
results of transformations of this kind, the last coefficient being 
f{u)y and the second last /'(a) (see Art. 33). Hence, after two 
or three steps have been completed, so that the part of the root 
remaining bears a small ratio to the part already evolved, we 
may expect to bo furnished with two or three more figures of the 
root correctly by mere division of the last by the second last 
coefficient of the final transformed equation. We might there- 
fore, if we pleased, at any stage of Homer's operations, apply 
Newton's method to get a further approximation to the root. In 
Homer's method this principle is employed to suggest the next 
following figure of the root after the figures already obtained. 
The second last coefficient of each transformed equation is called 
the trial-dimor. Thus, in the second example of the last Ar- 
ticle, the number 5 is correctly suggested by the trial-divisor 
2690800 In this example, indeed, the second figure of the 
root is correctly suggested by the trial-divisor of the first trans- 
formed equation, although, in general, this is not the oase. In 
practice the student will have to estimate the probable effect of 
the leading coefficients of the transformed equation ; he will find, 
however, that the influence of these terms becomes less and less 
as the evolution of the root proceeds. 



Examples. 

1 . Find the positiYe root of the equation 

j;^ + «» + a? - 100 = 

correct to four decinud places. 

It is eaflily seen that the root lies hetween 4 and 5. We write down the work, 
and proceed to make ohsen^ations on it : — 
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1 

4 




1 
20 






-100 
84 


5 

4 


21 
36 




-16000 

11928 


9 

4 




6700 

264 






-4072000 

3788376 


180 

2 




6964 
268 






-288624000 

256071744 


132 
2 




628200 

8196 








- 87662256 


134 
2 






631396 
8232 






1860 
6 






68968800 

55136 








1366 
6 


64017936 
56152 








1872 
6 




64078088 




18780 

4 








13784 

4 






13788 

4 




18708 

: diTnininh the r 


oot 


Bb'< 


F 4. Ab the decimal part is now about to 



(4-2644 



tach. ciphers to the coefficients of the tnmsfonned equation as explained in £x. 2, 
Art 101. Since the coefficient 130 is small in proportion to 5700, we may expect 
that the trial divisor will give a good indication of the next figure. The figure to 
be adopted in eyery case as part of the root is thai highest number which in the pro' 
cesM of transformation will not change the sign of the absolute term. Here 2 is the 
proper figure. In diminishing bj 2 the roots of the transformed equation 

x^ + 130«» + 5700* - 16000 = 0, 

the absolute term retains its sign (— 4072). If we had adopted the figure 3, the 
absolute term would haye become positiye, the change of sign showing that we had 
gone beyond the root. We must take care that, after the first transformation (the 
reason of this restriction will appear in the next example), the absolute term pre- 
seires its sign throughout the operation. If we were to take by mistake a number 
too small, the error would show itself, just as in ordinary division or evolution by 
the next suggested number being greater than 9. Such a mistake, however, will 
rarely be made. The error which is most common is to take the number too large. 
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and this will show itself in the work bj the change of sign in the ah^lute term. In 
the above work it is evident, without performing the fifth transformation, that the 
corresponding figure of the root is 4, so that the correct root to four decimal places 
is 4-2644. 

2. The equation «* + 4«» - 4«» - llx + 4 = 

has one root between 1 and 2 ; find its value correct to four decimal places. 



4 
1 



6 
1 



6 
1 



7 
1 

80 

6 



86 
6 



92 
6 



98 
6 



1040 

3 

1043 
3 

1046 
3 

1049 
3 

10580 

6 

10526 
6 

10532 
6 

10538 
6 

10644 



-4 

5 



1 
6 



7 
7 



1400 

616 



1916 
652 



2468 
688 



806600 

3129 

308729 
3138 

311867 
3147 



81601400 

63166 



31564656 
63192 

31627748 
63228 



81690076 



11 
1 



4 
10 



(1*6369 



10 

7 



60000 

60976 



-8000 

11496 



8496 
14808 



90840000 

72690661 



88804000 

926187 

24230187 
935601 



-176494890000 

152131062016 

-88868887984 



86166788000 

189387336 

25366176336 
189766488 



86644941884 
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We see without completiiig the fifth transfonnation that 9 ia the next figure of 
the root. The root is, therefore, 1'6369 correct to four decimal places. 

The trial-divisor hecomes effective after the second transformation, suggesting 
correctly the number 3, and all subsequent numbers. The first transformed equation 
has its last two terms negative. We may expect, therefore, that the influence of 
the preceding coefficients is greater than that of the trial-divisor, as in fact is here 
the case. The number 6, the second figure of the root, must be found by substitu- 
tion. We have to determine what is the situation between and 10 of the root of 

the equation 

ar* + SOarS ^ 1400x» - 3000x - 60000 = 0. 

A few trials show that 6 gives a negative, and 7 a positive result. Hence the 
root lies between 6 and 7 ; and 6 is the number of which we are in search. In the 
subsequent trials we take those greatest numbers 3, 6, 9, in succession, which allow 
the absolute term to retain its negative sign. In the first transformation, diminishing 
the roots by 1, there is a change of sign in the absolute term. The meaning of this 
is, that we have passed over a root lying between and 1, for gives a positive 
result, 4 ; and 1 gives a negative result, — 6. In all subsequent transformations, 
80 long as we keep below the root, the sign of the absolute term must be the same 
as the sign resulting from the substitution of 1 . This supposes of course that no 
root lies between 1 and that of which we are in search. This supposition we have 
already made in the statement of the question. In fact the proposed equation can 
have only two positive roots ; one of them lies between and 1, and therefore only 
one between 1 and 2. 

When two roots exist between the limits employed in Homer's method, 
i.0, when the equation has a pair of roots nearly equal, certain precautions must be 
observed which will form the subject of a subsequent Article. 

3. Find the root of the preceding equation between and 1 to four decimal places. 
Commence by multiplying by 10. The coefficients are then 

1, 40, - 400, - 11000, 40000 ; 

the trial-divisor becomes effective at once in consequence of the comparative small - 
ness of the leading coefficients. The positive sign of the absolute term must be pre- 
served throughout. Ans. '3373 

4. Find to three places of decimals the root situated between 9 and 10 of the 
equation 

«*-3x» + 76j:- 10000=0. 

[Supply the zero coefficient of a?'.] Ans. 9-886. 

In the examples hitherto considered the root has been found 
to a few decimal places only. We proceed now to explain a 
method by which, after three or four places of decimals have 
been evolved as above, several more may be correctly obtained 
with great facility by a contracted process. 
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103. Contraction of Horner's Process. — ^In the ordi- 
nary process of contracted Division, when the given figores are 
exhausted, in place of appending ciphers to the successive divi- 
dends, we cut off figures successively from the right of the 
divisor, so that the divisor itself becomes exhausted after a num- 
ber of steps depending on the number of figures it contains. 
The resulting quotient will differ from the true quotient in the 
last figure only, or at most in the last two figures. In Homer's 
contracted method the principle is the same. We retain those 
figures only which are effective in contributing to the result to 
the degree of approximation desired. When the contracted 
process commences, in place of appending ciphers to the succes- 
sive coefficients of the transformed equation in the way before 
explained, we cut off one figure from the right of the last coef- 
ficient but one, two from the right of the last coefficient but two, 
three from the right of the last coefficient but three ; and so on. 
The effect of this is to retain in their proper places the im- 
portant figures in the work, and to banish altogether those which 
are of little importance. 

The student will do well to compare the fijrst transformation 
by the contracted process in the first of the following examples 
with the corresponding step in the second example of the last 
Article, where the transformation is exhibited in full. He will 
then observe how the leading figures (those which are most 
important in contributing to the result) coincide in both cases, 
and retain their relative places ; while the figures of little im- 
portance are entirely dispensed with. 

In addition to the contraction now explained, other abbrevia- 
tions of Homer's process are sometimes reoommended ; but as 
the advantage to be derived from them is small, and as they 
increase the chances of error, we do not think it necessary to 
give any account of them. The contraction here explained is 
of so much importance in the practical application of Homer's 
method of approximation that no account of this method is 
complete without it. 
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Examples. 

1. Find the root between 1 and 2 of the equation in Ex. 2 of the last Article 
eorrect to seyen or eight decimal places. 

Assuming the result of the Example referred to, we shall commence the con- 
tracted process after the third transformation has been completed. The subsequent 
work stands as follows : — 



im 



6 

3166 
6 

3162 
6 



2516578a 
18936 



- 17549439 (1-636913575 
15213090 



2535515 
18972 



- 2336349 
2301597 



255448t 
285 



311581 



- 34752 
25601 



<X 



255733 -9151 

285 7680 



256018 - 1471 

1280 

-191 
179 

12 

Here the effect of the first cutting off of figures, namely, 8 from the second last 
eoefficient, 14 from the third last, and 052 from the fourth last, is to banish alto- 
getber the first coefficient of the biquadratic. We proceed to diminish the roots by 
6 as if the coefficients 1, 3150, 2516578, - 17549439 which aro left were those of a 
cubic equation. In multiplying by the corresponding figure of the root the figures 
out off should be multiplied mentally, and account taken of the number to be carried, 
just as in contracted division. 

After the diminution by 6 has been completed, we cut off again in the transformed 
cubic 7 from the last coefficient but one, 68 from the last but two, and the first 
coefficient disappears altogether. The work then proceeds as if we were dealing 
with the coefficients 31, 255448, -2336349 of a quadratic. The effect of the next 
process of cutting off is to banish altogether the leading coefficient 31. The sub- 
sequent work coincides with that of contracted division. When the operation ter- 
minates, the number of decimals in the quotient may be depended on up to the last 
two or three figures. The extent to which the evolution of the root must be 
carried before the contracted process is commenced depends on the number of decimal 
places required ; for after the contraction commences we shall be furnished, in addi- 
tion to the figures already evolved, with as many more as there are figures in the 
trial-divisor, less one. 

2. Find to seven or eight decimal places the root of the equation 



a?* - 12a; + 7 = 



which lies between 2 and 3. 
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This equation can have only two podtiye roots : one lies between and 1, and 
the other between 2 and 3. For the evolution of the latter we have the following : — 




2 


-12 
4 B 






7 (2-047275671 
-8 


2 
2 


4 

8 


-4 
24 




- 100000000 
83891456 


4 
2 


12 
12 


20000000 
972864 






- 16108544 
15493401 


6 
2 


240000 
3216 




20972864 
985792 






- 615143 
446262 


800 

4 


243216 
3232 




2196866«| 
17478 






- 168881 
156226 


804 

4 


246448 
3248 


2213343 
17478 


- 12655 
11159 


808 
4 


2496$l$ 
248(6 


223082X 
49 






- 1496 
1338 


812 

4 


223131 
49 






-158 
156 



EXI5 



% 



223181) 



On this we remark, ^at after diminiahing the roots by 2, and multiplying the roots 
of the transformed equation by 10, we find that the trial-divisor 20000 will not "go 
into " the absolute tenn 10000 ; we put, therefore, xero in the quotient, and mul- 
tiply again by 10, and then proceed as before. 

3. Find the root of the same equation which lief between and 1. 

Am. -693685829. 

4. Find the positive root of the equation 

«3 + 24-84«« - 67-613a; - 3761-2768 = 0. 

[When the coefficients of the proposed equation contain decimal points, it wiU 
be found that they soon disappear in the work in consequence of the multiplications 
by 10 after the decimal part of the root begins to appear.]* 

Ah8. 11-1973222. 

5. Find the negative root of the equation 



ar* - 12r» + 12a; - 3 = 

to seven places of decimals. 

When a negative root has to be foimd, it is convenient to change the sign of x 
and find the corresponding positive root of the transformed equation. 

Ans. - 3-9073786. 
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104. Application of Horner's Method to Cases where 
Roots are nearly Equal. — We have seen in Art. 100 that the 
method of approximation there explained fails when the pro- 
posed equation has two roots nearly equal. Examples of this 
nature are those which present most difficulties, both in their 
analysis (see Ex. 7, Art. 91) and in their solution. By Homer's 
method it is possible, with very little more labour than is neces- 
sary in other cases, to eflEect the solution of such equations. So 
long as the leading figures of the two roots are the same certain 
precautions must be observed, which will be illustrated by the 
following examples. After the two roots have been separated, 
the subsequent calculation proceeds for each root separately, ju^t 
as in the examples of the previous Articles. It is evident, from 
the explanation of the trial-divisor given in Art. 102, that for 
the same reason as that which explains the failure of Newton's 
method in the case under consideration (see Art. 100), it will 
not become effective till the first or second stage after the roots 
have been separated. 

Examples. 

1. The eqiiation 

«3 _ 7a: + 7 = 

has two roots between 1 and 2 (see £z. 2, Art. 89) ; find each of them to eight de- 
cimal places. 

Diminishing the roots by I, we find that the transformed equation (after its 
roots are multiplied by 10), viz. 

ix^ + 30«* - 400a: + 1000 = 0, 

must have two roots between and 10. We find that these roots lie, one between 
3 and 4, and the other between 6 and 7. The roots are now separated, and we pro- 
ceed with each separately in the manner already explained. If the roots were not 
separated at this stage, we should find the leading figure common to the two, and, 
haying diminished the roots by it, find in what intervals the roots of the resulting 

equation were situated ; and so on. 

Am, 1-36689584, 1*69202147. 

2. Find the two roots of the equation 

«3 - 49a;2 + 668a; - 1379 = 
which lie between 20 and 30. 

We shall exhibit the complete work of approximation to the smaller of the two 
roots to seven places ; and then make certain observations which will be a guide to 
the student in all cases of the kind. 
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49 
20 



29 
20 



-9 
20 



11 

3 



14 
3 



17 
3 



900 

2 



202 
2 



204 
2 



20G0 

1 

2061 
1 

2062 
1 



20680 

3 

20633 
3 

20636 
3 



206)^Sl 

The diminution of 
is an indication that a 
sent concerned. The 



658 
680 



78 
180 



102 
42 



60 
51 



900 

404 



496 
408 



-8800 

2061 

-6739 
2062 



467700 

61899 

405801 
61908 



34389]^ 
206 

34183 
206 



2Q1BI -3397T 

4 



-3393 

4 



!; - 338SI 



1379 
1660 



(23-2131277 



181 

-180 



1000 

-992 



8000 

-6739 



1861000 

- 1217403 



43597 
-34183 



9414 
-6786 

2628 
-2372 

256 
-236 

20 



the roots by 20 changes the sign of the absolute term. This 
root exists between and 20, with which we are not at pre- 
roots of the first transformed equation 

ic»+llj;'- 102*4-181 = 



are not yet separated, lying both between 3 and 4. The substitution of each of 
these numbers gives a positive result, so that we have not here the same criterion 
to guide us in our search for the proper figure as in former cases, viz., a change of 
sign in the absolute term. We have, however, a different criterion which enables 
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us to find by mere sabstitution the interyal within which the two roots lie. If we 
diminish the roots of a^ -\-\\x^ - \Q2x + 181 = by 4, the resulting equation is 
a^ + 2^x^ + 34i; + 13 ^ 0, which has no change of sign. Hence the two roots must 
lie between and 4. If we diminish its roots by 3, the resulting equation (as in 
the above work) has the same number of changes of sign as the equation itself. 
Hence the two roots lie between 3 and 4. They are, therefore, not yet separated ; 
and we proceed to diminish by 3. The next transformed equation 

«» + 200«» - 900« + 1000 = 

is found in the same way to have both its roots between 2 and 3 : the diminution by 
2 leaving two changes of sign in the coefficients of the transformed equation (as in 
the above work) , and the diminution by 3 giving all positive signs. So far, then, the 
two roots agree in their first three figures, viz. 23*2. We diminish again by 2. The 
resulting equation a^ + 2060r^ - SSOOx + 1261000 = has one root only between 1 
and 2 ; 1 giving a positive, and 2 a negative result : its other root lies between 2 
and 3 ; 3 giving a positive result. The roots are now separated. We proceed, as in 
the above work, to approximate to the lesser root, by diminishing the roots of this 
equation by 1 ; the trial divisor becoming effective at the next step. To approxi- 
mate to the greater root, we must diminish by 2 the roots of the same equation, 
taking care that in the subsequent operations the negative sign, to which the pre- 
viously positive sign of the absolute term now changes, is preserved. The second 
root will be found to be 23*2295212. 

So long as the two roots remain together, a guide to the proper figure of the root 
may be obtained by dividing twice the last coefficient by the second last, or the se- 
cond last by twice the third last. The reason of this is, that the proposed equation 
approximates now to the quadratic formed by the last three terms in each transformed 
equation, just as in previous cases, and in Newton's method it approximated to the 
simple equation formed by the last two terms, this quadratic having the two nearly 
equal roots for its roots ; and when the two roots of the equation ax^ + 6^ + « = 

— 2tf —b 
are nearly equal, either of them is given approximately by —7- or — -. Thus, in the 

above example, the number 3 is suggested by — ,^^ , and the number 2 by . 

' 102 ^ 900 

In this way we can generally, at the first attempt, find the two integers between 

which the pair of roots lies. We shall have, also, an indication of the separation of 

the roots by observing when the numbers suggested in this way by the last three 

20 h 

coefficients become different, t.e. when — suggests a different number from — . 

2a 

3. Calculate to three decimal places each of the roots lying between 4 and 6 of 

the equation 

ic* + 8z3 - 70x« - 144j? + 936 = 0. 

Am, 4*242 ; 4*246. 

4. Find the two roots between 2 and 3 of the equation 

64a:» - 692«* + 1649jj - 1446 = 0. 

Ant. The roots are both = 2*125. 
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Here we find that the two roots are not separated at the third decimal place. 
When we diminish by 5 the absolute term vanishes, showing that 2*125 is a root ; 
and proceeding with this diminution the second last coefficient also vanishes. Hence 
2-125 is a double root. 

When an equation contains more than two nearly equal 
roots, they can all be found by Homer's process in a manner 
similar to that now explained. Such cases are, however, of 
rare occurrence in practice. The principles already laid down 
will be a sufficient guide to the student in all cases of the kind. 

105. liagrange's Metiiodof Approilinatloii. — Lagrange 
has given a method of expressing the root of a numerical equa- 
tion in the form of a continued fraction. As this method is, for 
practical purposes, much inferior to that of Homer, we shall 
content ourselves with a brief account of it. 

Let the equation /(a?) = have one root, and only one root, 
between the two consecutive integers a and a + 1. Substitute 

fl + - for if in the proposed equation. The transformed equation 

in y has one positive root. Let this be determined by tried to 
lie between the integers h and 6 + 1. Transform the equation 

in y by the substitution y = 6 -. The positive root of the 

s 

equation in 2 is found by trial to lie between c and c + 1. Con- 
tinuing this process, an approximation to the root is obtained in 
the form of a continued fraction, as follows : — 

1 

a + 



6 + 1 



c + 1 . . . . 

Examples. 

1. Find in the form of a continued fraction the positiye root of the equation 

xs - 2z - 6 = 0. 

The root lies between 2 and 3. 

To make the transformation a; = 2 + -, we first employ the process of Art. 38, 

y 

diminishing the roots by 2. We then find the equation whose roots are the reci- 
procals of the roots of the transformed. 
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The equation in y ib in this way found to be 

ys _ iOy2 - 6y - 1 = 0. 

This has a root between 10 and 11. 

Make now the substitation y s 10 + -. 

z 

The equation in c is 

61«» - 94«« - 20« - 1 = 0. 

ThiB has a root between 1 and 2. Take 2 = 1+-. 

The equation in m is 

64i|S + 26%^ - 89m - 61 = 0, 

which has a root between 1 and 2 ; and so on. 

We hare, therefore, the following expression for the root 

« = 24- — 



lO + l 



, 1 

2. Find in the form of a continued fraction the positive root of 

ar» - 6« - 13 = 0. 

Ana. 3 + — 



6 + 1 



1 + !- 

1 + ... 

106. IVmiierlcal Solutloii of the BIqaadratlc. — It is 

proper, before closing the subject of the solution of numerical 
equations, to illustrate the practical uses which may be made of 
the methods of solution of Chap. VI. Although, as before 
obfierved, the numerical solution of equations is in general best 
effected by the methods of the present Chapter, there are certain 
oases in which it is convenient to employ the methods of 
Chap. VI. for the resolution of the biquadratic. When a bi- 
quadratic equation leads to a reducing cubic which has a com- 
mensurable root, this root can be readily found, and the solution 
of the biquadratic completed. "We proceed to solve a few 
examples of this kind, using Descartes' method (Art. 64), which 
will usually be found the most convenient in practice. 
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1. Reeolye the quartic 

«*-6«»+3«» + 22«-.6 

into quadratic factors. 

Making the assumption of Art. 64, we easily obtain 

P +/>'=- 3, ^ + ^' + 4i>p'=3, pq'-^-ffq = 11, ^/=-6. 

^^^ ^ = l'P3f^^ jte + ^'-l), 

and, calculating / and /, the equation for ^ is 

, - 111 225 ^ 

Multiplying the roots by 4, we haye, if 4^ = /, 

fi- IIK- 460 = 0. 

By the Method of Divisors this is easily found to have a root - 6 ; hence 
^ = - -^-, giving i^=2, j + j'=-6. 

From these, combined with the preceding equations, we get 

l> = -2, i>' = -l, j=l, y'=-6. 

When the values of q and q' are found, the equation giving the value o£pq^-\-p'q 
determines which value of q goes with j», and which with p\ in the quadratic 
factors. The quartic is resolved, therefore, into the factors 

(«>-4« + l)(«»-2*-6). 

By means of the other two values of ^ we can resolve the quartic into quadratic 
factors in two other ways ; or we can do the same thing by solving the two qua- 
dratics already obtained. 

2. Resolve into factors the quartic 

fix) H ** - 8jp» - 12«» + 60* + 63. 

The equation for ^ is 

4^ - 195^ - 476 = 0, 

which is found to have a root = — 6. 

Ant. f{x) ■ (4P* - 2* - 3)(j« - 6* - 21). 
Q 



226 Solution of Numerical Equations. 

3. Besolye into factors 

/(«)««*-17jf»-204f-6. 

The reducing cubic is found to be 

^ , 217 3186 ^ 
^ 12 ^ 216 

or, multipljing the roots by 6, 

4^ -65K + 3185 = 0. 

7 
This has a root = 7 ; hence ^ = ^* 

Ant. f{x) a (j:« + 44f + 2) («» - 4« - 3). 

4. Besolye into factors 

f(x) H ** - 6«» - 9ar» + 66jp - 22. 

The reducing cubic is 

^ , 336 897 ^ 

3 
hence ^ ■ ~ o* 

Am, f(x) s (a:« - 11)(«2 - 6x + 2). 
6. BesoWe into factors 

f(z) s x« - 8jp» + 21x» - 26x + 14. 

Afu, /(«) s («a - 2x + 2) («» - 6* + 7). 

6. Besolye into factors 

«* + 12* + 3. 

Ant, («»-jfV6 + 3 + V6)(«H«V^ + 3- Ve"). 

7. Find the quadratic factors of 

«* - 8j?* - 12x« + 84* - 63 = 0, 

and eolye the equation completely (see £z. 18, p. 34). 

An8, {afl - 2x(2 + V7) + 3 VT\ {«» - 2* (2 - \/7) - 3 VT"}. 
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EXAXFLES. 



1. Find the podtiye root of 



4;»-6«-13 = 0. 



Am. 3176814393. 



Jint. 2094561483. 



2. Find the podtiye root of 

aJ-2*-6 = 
correct to eight or nine places. 

3. The equation 

2x» - 660-8«» + 6« - 1627 = 

has a root hetween 300 and 400 : find it. 

Ant. Commensurable root, 326*4. 

4. Find the loot between 20 and 30 of the equation 

ix* - 180 j:» + 1896* - 467 = 0. 

Ans. 28-52127738 

5. Find to six places the root between 2 and 3 of the equation 

ifl " 49x3 + 668« - 1379 > 0. 

Ant. 2-567861. 

6. Find to six places the root between 2 and 3 of the equation 

«* - 12*» + 12* - 3 = 0. 

Am. 2-858083. 

7. Find the poaitiye root of the equation 

«• + 2** - 23s - 70 =s 
correct to about ten decimal places. Am. 5*13457872528. 

8. Fiad the cube root of 673373097125. Am. 87e6» 

9. Find the fifth root of 637824. Am. 14. 
10. Find all the roots of the cubic equation 

«« - 3* + 1 = 0. 

The equation x^ ^- z^ + I = 0, of Ex. 7, p. 100, reduces to this. 

Am. - 1*87938, *34729, 1*63209. 

Note. — The smaller positive root furnishes the solution of the problem — To 
divide a hemisphere whose radius is unity into two equal parts bj a plane parallel 
to the base. 

1 1 . Find all the roots of the cubic 

a:' + jp*-2j:-l=0. 
(See Ex. 1, p. 100.) Am. - 1*80194, - *44604, 1*24698. 

q2 
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12. Find to fiye ilfininal plaees the negative root between - 1 and (see Ex. 3, 
p. 100) of the equation 

«» + «*-4«»-3x* + ar+l = 0. 

An*. - '28463. 

13. Solye the equation 

«» - 816«» - 19684X + 2977260 = 0. 

We here find that a root exists between 70 and 80. By Homer's process it is 
found to be 78. The depressed equation famishes two roots, which, increased by 
78, are the other roots of the cubic. 

Am, 78, 347, - 110. 

14. Find the two real roots of the equation 

«*-11727jp + 40386 = 0. 

Am. 3-45592, 21-43067. 

This equation is giren by Mr. O. H. Darwin in a Paper On the Prece*non of a 
VueouM Spheroid, and on the MemoU Hiatory of the Earth. Fhil. Drone., Part ii., 
1879, p. 508. The roots are ''the two values of the cube root of the earth's rota- 
tion for which the earth and moon more round as a rigid body.^ 



»» 



15. Find all the roots of the cubic equation 

20«3 - 24«» + 3 = 0. 

^iw. - 0-31469, 0-44603, 106865. 

This equation occurs in the solution by Professor Ball of a problem of Professor 
Townsend's in the Edueational Timee of Dec. 1878, to determine the deflection of a 
beam uniformly loaded and supported at its two ends and points of trisection. 

16. Find the poeitiye root of the equation 

14ar» + 12a* - 9a; - 10 =» 0. 

Ant. 0-85906. 

The equations of this and the following example occur in the investigation of 
questions relative to beams supported by props. 

17. Find the positive root of the equation 

7a^ + 20«» + 3«» - 16a? - 8 = 0. 

Ans. 0-91336. 

18. Find to ten decimal places the positive root of the equation 

«• + 12«* + 69*» + 150a:» + 201* - 207 = 0. 

Ans. -6386058033. 



CHAPTER XI. 



DETERMINANTS. 



107. Elementary Itfotions and Definitions. — This Chapter 
will be occupied with a discussion of an important class of func- 
tions which constantly present themselves in analysis. These 
functions possess remarkable properties, by a knowledge of which 
much simplification may be introduced into many mathematical 
operations. 

The function aibi + 0261, of the four quantities 

is obtained by assigning to a and by written in alphabetical order, 
tlie suffixes 1, 2, and 2, 1, corresponding to the two permutations 
of the numbers 1, 2 ; and adding the two products so formed. 
Similarly the function 

of the nine quantities 

(I, 6, €1 

a% 63 C] 

^3 ^3 ^3 

is obtained by adding all the products abc which can be formed 
by assigning to the letters (retained in their alphabetical order) 
suffixes corresponding to all the permutations of the numbers 
1, 2, 3. The whole expression might be represented by {abc)y 
or any other convenient notation, from which all the terms could 
be written down. 
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The notation {abed) might be employed to represent a similar 
function of the 16 quantities ^i, 61, Ci, ^„ ^2, &e. ; consisting of 24 
termSy which can all be written down by the aid of the 24 permu- 
tations of the numbers 1, 2, 3, 4. 

Andy in general, taking n letters rr, ft, c, . . . /, we can write 
down a similar function oonsistmg of n (w - 1) (;i - 2) .... 3. 2. 1 
terms, this being the number of permutations of the first n num- 
bers 1, 2, 3 ... n. 

Now the functions above referred to, which are of such 
frequent occurrence in mathematical analysis, diflEer from those 
just described in one respect only, namely : of the 1. 2. 3 ... w 
(which is an even number) terms, half are affected with posi- 
tive, and half with negative signs, instead of being all positive, 
as in the examples just given. 

We shall now give some instances of these latter functions. 
They occur most frequently as the result of elimination of the 
variables from linear equations. If, for example, x and y be 
eliminated from the equations 

ttix + 6iy = 0, 

OalP + 6jy - 0, 

the result is afi^ - ajbi » 0. 

Again, the result of eliminating x^ y^ z from the equations 

ttiX + Jiy + CxZ = 0, 

OaJC + J^ + Ca» = 0, 

Oaa? + 6sy + Cj» = 0, 

is, as the student will readily perceive by solving from two of 
the equations and substituting in the third, 

aiftjCj— a\h^C2 + a^bzCi - athyCz + ^361^^ - ^362^1 = ; (2) 

and this function differs from (1) above written only in having 
three of its terms negative, instead of having the six terms posi- 
tive. 
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Similarly the elimination of four variables from four linear 
equations gives rise to a function of the sixteen quantities 

fli, 61, (?i, fl?i, fla, hy Ac., 

which differs from the function above represented by {ahcd) only 
in having twelve of its terms negative. 

Expressions of the kind here described are called Determi- 
nants.* The notation by which they are usually represented was 
first employed by Gauchy, and possesses many advantages in the 
treatment of these expressions. The quantities of which the 
function consists are arranged in a square between two vertical 
lines. For example, the notation 

«i hi 

represents the determinant ai^ - chK 

Similarly, the expression on the left-hand side of equation (2) 
is represented by the notation 

di 61 Ci 
0% Ih C2 

Ot b^ Ci 

And, in general, the determinant of the n' quantities 
ai, 61, Ci . . . /i, Os, bt, &o.y is represented by 

Gi bi Ci . * , h 
(I2 O2 C2 • • • ^ 
(h bi c^ . , . h . (3) 



^n ^n Cf^ . . • »n 



By taking the n letters in alphabetical order, and assigning 
to them suflSxes corresponding to the n{n - l)(n - 2) . . . 3. 2. 1 
permutations of the numbers 1, 2, 3, ... n, all the terms of the 



* Sec Note C at the end of the Tolume. 
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determinant can be written down. Half of the terms must 
receive positive and half negative signs. In the next Article 
the rule will be explained by which the positive and negative 
terms are distinguished. 

The individual letters ai, 61, Ci, . . . 02, - . • &c., of which a 
determinant is composed, are called constituents^ and by some 
writers elements. 

Any series of constituents such as ai, 61, Ci, . . . A, arranged 
horizontally, form a row of the determinant ; and any series such 
as ai, (hy (hy . . . an, arranged vertically, form a column. 

The term lifie will sometimes be used to express a row or 
oolimm indifFerently. 

108. Rale with regard to Signs. — It is evident from 
the preceding Article that each term of the determinant will, 
since it contains all the letters, contain one constituent (and only 
one] from every column ; and will also, since the suffixes in each 
term comprise all the numbers, contain one constituent (and only 
one) from every row. We may thus regard the square array 
(3) of Art. 107 as the symbolical representation of a function con- 
sisting in general of n(n - 1) (n - 2) ... 3. 2. 1 terms, comprising 
all possible products which can be formed by taking one con- 
stituent, and one only, from each row ; and one constituent, and 
one only, from each column. All that is required to give perfect 
definitenessto the function is to fix the sign to be attached to any 
particular term. For this purpose the following two rules are 
to be observed : — 

(1). The term aib2C3 . . . Iny formed by the constituents situated 
in the diagonal dratvn from the left-fiand top comer to the right- 
hand bottom^ comer y is positive. 

This is called the leading or principal term. In it the suffixes 
and letters both occur in their natural order ; and from it the 
sign of any other term is obtained by means of the following rule. 

(2) Any interchange of two suffixes^ the Utters retaining their 
ordery alters the sign of the term. 



Rule with regard to Signs. 233 

This rule may be otherwise expressed thus : — Any interchange 
of two letters^ the suffixes retaining their order, alters the sign of a 
term. For if two letters be interchanged, and the two corre- 
sponding constituents interchanged, the process is equivalent to 
an interchange of suffixes. If, for example, in aibiC^d^ei the 
letters h and e be interchanged, we get aie^c^dibsy which is equal 
to aibiCzdiCi, and this is derived from the given term by an in- 
terchange of the suffixes 2 and 5. 

In applying this rule it is evident that an even number of 
interchanges will not alter the sign of a term, and that an odd 
number will. 

Examples. 

1. What sign is to be attached to the term aibiczd^ei in the determinant of the 
5th order ? 

The question is, How many interchanges will change the order 12346 into 34251 ? 
Hero, when 3 is interchanged with 2, and afterwards with 1, it comes into the lead- 
ing place, the order becoming 31245. Again, the interchange in 31245 of 4 with 
2, and afterwards with 1, presents the order 34125. The interchange of 2 with 1 
gives the order 34215 ; and finally the interchange of 5 with 1 gives the required 
order 34251. Thus there are in all six interchanges ; and therefore the required 
sign is positive. 

The general mode of proceeding may plainly be stated as follows : — ^Take the 
figure which stands first in the required order, and move it from its place in the 
natural order 1234 . . . into the leading place, counting one displacement for each 
figure passed over. Take then the figure which stands second in the required order, 
and move it from its place in the natural order into the second place ; and so on. If 
the number of displacements in this process be even, the sign is positive ; if it be 
odd, the sign is negative. 

2. What sign is to be attached to the term azlhc%dte\fig% in the determinant of 
the 7th order ? 

Here two displacements bring 3 to the leading place ; five displacements then 
bring 7 to the second place ; four then bring 6 to the third place ; three then bring 
5 to the fourth place ; the figure 1 is in its place ; and finally, one displacement 
brings 4 into the sixth place. Thus there are in all fifteen displacements ; and the 
required sign is therefore negative. 

3. Write down all the terms of the determinant 

a\ b\ c\ d\ 

02 ^2 C2 d^ 
«3 ^3 Cz dz 

Oi bi a di 
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The six permutations of suffixes in which the figure 1 occurs first are 

1234, 1243, 1324, 1342, 1423, 1432. 

The six corresponding terms are, as the student will easily see by applying the 
Biile (2), as in the previous examples, 

aibiCidi — aib2Cidz + aibzCid^— fli^3^rf4 + (iibiC2d2 — aibic^di. 

The other eighteen terms, corresponding to the permutations in which the figures 
2, 3, 4, respectively, stand first, are as follows : — 

02^1^42^3 — Oibie^di + (72^3^1 <^4 — <i2biCidi + a^biC^di — a^b^cid^ 
+ (izb\C2di — a^b\eid2 + fl3^^4fl^i — a^b^cxdi + a^biCid^, — d^b^Cidi 
+ 04^1 ^3^3 — fi^bic^dz + UibzCidz — a^biCidi + 04^3^2^! — <'4^3Cirf2. 

It will be observed here that the number of i)08itive terms is equal to the number 
of negative terms. The same must be true in general ; for, corresponding to any 
positive term there exists a negative term obtained by simply interchanging the last 
two sufiixes. 

4. Show that if any two adjacent figures are moved together over any number 
m of figures, the sign is unaltered. 

For if they be moved separately, the whole process is equivalent to a movement 
oyer 2m figures. 

5. Determine the sign to be attached to the second diagonal term, viz., 
^^i^M-s . . • A^/i, in the determinant of the ft** order. 

Here the number of displacements required to change the natural order to the 
required order is plainly 

(„-. 1) + (n- 2) + («- 3) + . . . + 2+ 1 =^^^^^2-^'. 

i >(i>-0 
Hence the required sign is (— 1) ' . 

109. In the Propositions of the present and following 
Articles are contained the most important elementary properties 
of determinants which, by the aid of Cauchy's notation above 
described, render the employment of these functions of such 
practical advantage. 

Prop. I. — If any two raws, or any two columns, of a determi- 
ndnt be interchangedy the sign of the determinant is changed. 

This follows at once from the mode of formation (Rule (2), 
Art. 108), for an interchange of two rows is the same as au 
interchange of two suffixes, aud an interchange of two columns 
is the same as an interchange of two letters ; so that in either 
case the sign of every term of the determinant is changed. 
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By aid of this proposition the role for obtaining the sign of 
any term may be stated in a form which is often more conve- 
nient for practical purposes than that abready given. It will 
readily be perceived that the general mode of procedure ex- 
plained in Ex. 1, Art. 108, is equivalent to the following : — 
Bring^ by movements of rows {or columns)^ the constituents of the 
term whose sign is required into the position of the kading diagonal. 
The sign of the term will be positive or negative according as the 
number of di^ldcements is even or odd. 



EXAMPLB. 

Wliat sign iB to be attached to the tenn \finx in the detenninant 

a b e X 
a fi y y 
I m n z 

Here a moTement of the fourth row orer three rows (t. #. three displacements) 
brings A. into the leading place. One displacement of the original second row up- 
wards brings fi into the required place in the diagonal term. And one further 
displacement of the original third row upwards effects the required arrangement, 
bringing \finx into the diagonal place. Thus the number of displacements being 
odd, the required sign is negative. 

110. Prop. XL — When^ in any determinant^ two rows or two 
columns are identical^ the determinant vanishes. 

For, by Prop. I., the interchange of these two lines ought 
to change the sign of the determinant A ; but the interchange 
of two identical rows or columns cannot alter the determinant 
in any way ; hence A = - A, or A = 0. 

111. Prop. III. — The value of a determinant is not altered if 
the rows be written as columnSy and the columns as rows. 

For all the terms, formed by taking one constituent from 
each row and one from each colunm, are plainly the same in 
value in both cases ; the principal term is identically the same ; 
and to determine the sign of any other term (by Prop. I.) the 
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number of displacements of rows necessary to bring it into the 
leading diagonal in the first case is the same as the number of 
displacements of columns necessary in the second case. 



Example. 



01 bi cj^ di 

az h% Cz di 

Oi bz C3 di 

»4 bi, ci di 



ai Oi 03 04 

bi b2 bz bi 

C\^ cz e^ Ci 

di d% ds di 



Here the sign of any term, e.g. 02 biCi dzy is the some in both determinants. For 
three displacements of rows are required to bring this term into the leading position 
in the first determinant ; and the same number of displacements of columns is re- 
quired to bring the same constituents into the leading position in the second deter- 
minant. 

112. Prop. IV. — If every constituent in any line he multiplied 
by the same factor ^ the determinant is multiplied by that factor. 

For every term of the determinant must contain one, and 
only one, constituent from any row or any column. 

Cor. 1. If the constituents in any line diflEer only by the 
same factor from the constituents in any parallel line, the de- 
terminant vanishes. 

Cor. 2. If the signs of all the constituents in any line be 
changed, the sign of the determinant is changed. For this is 
equivalent to multiplying by the factor - 1. 



Examples. 






kai bi ci 




«i 


bi 


Cl 


koz bz oi 


^k 


at 


b2 


c% 


ka» bz Cz 




«s 


bz 


cz 


01 in^\ 02 




01 


01 


0a 


fii fnfii $2 


sm 


fii 


fii 


/Sa 


71 w?! 72 




71 


71 


7a 



= 0. 
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3. Show that the following detenninant Taniahes : — 

3 15 2 



8 9 1 
6 16 21 



9 



When the constituents of the last row are divided by 3, they become identical 
with those of the second row. 
4. Froye the identity 



ea h l^ 
ab e (^ 






1 «» cs 



Bepresent the first detenninant by A, and multiply the rows by tf, h^ #, respec- 
tiyely. We have then 

abe a^ tfl 



obeA = 



abe H^ Ifl 
abe c* c* 



and, dividing the first column by abe, the result follows. 
6. Prove the identity 

1 a2 a? a* 

I 0^ »^ fi^ 

1 7« 78 y* 

1 «3 58 54 





^878 a 


a^ 


aS 




78a jB 


0" 


fi' 




^afi 7 


r" 


y" 




0^87 5 


8» 


5» 


6. Proving the 


1 identity 







1 -7 



-4 -3 



8 



6 



6 -9 



8 



9 



Change all the signs of the second row, and afterwards of the third colunm. 
7. Prove the identity 



a 


fi 


y 


m 


1 1 1 


a 


e 


7 


1 

S 

0^87 


a/87 ^7« 7«3 


It 

a 


fi" 


y" 




o"/87 i8"7a y'afi 



This is easily proved by miiltiplying the columns of the first detenninant by 
fiy, 70, afi, respectively ; and then dividing the first row by 0^7. 
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It is eyident that a similar process may be employed in general to reduce any 
determinant to one in which all the constituents of any selected row or column shall 
be iinits. 

8. Beduce the following determinant to one in which the first row shall consist 
of units :— 

4 2 5 10 



A s 



1 



6 



2 5 8 

Since 20 is the least common mtiltiple of 4, 2, 5, 10, it is sufficient to multiply 
the columns in order by 5, 10, 4, 2 ; we thus obtain 

I 20 20 20 20 



A = 



5.10.4.2 



10 24 



35 30 



6 
10 



20 20 16 

TaHug out the multiplier 20 from the first row, 5 from the third row, and 4 from 
the fourth row, we get finally 



A = 



5 10 24 
7 6 



6 
3 

4 



9. Proye the identity 
1 1 

a iB 



=-(3-7)(7-«)(a-iS). 



a« 3» 7» 

Since if fi were equal to 7, two columns would become identical, jB - 7 must bo 
a factor in the determinant. Similarly, 7 — a and a — jB must be factors in it. 
Hence the product of the three differences can differ by a numerical factor only 
from the yalue of the determinant, since both functions are of the third degree in 
a, iS, 7 ; and by comparing the term fiy^ we obsenre that this factor is + 1. 

10. Prove similarly the identity 

1111 



/3 
3» 



5 



i8» 7* 5» 



-(/3-7)(«-8)(7-«)(3-«)(«-iB)(7-5). 
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It is evident that a similar proof shows in general that the value of the determi- 
nant of this form, constituted by the n quantities a, jB, 7 ... X, is the product of the 
}ft (n - 1) differences which can be formed with these n quantities. 

113. Minor Determlnaiito. Definitions. — When in a 
determinant any number of rows, and the same number of 
oolimins, are suppressed, the determinant formed by the remain- 
ing constituents (maintaining their relative positions) is called a 
minor determinant. 

If one row and one column only be suppressed, the corre- 
sponding minor is called a first minor. If two rows and two 
colimins be suppressed, the minor is called a second minor ; and 
so on. The suppressed rows and colimins have common con- 
stituents forming a determinant ; and the minor which remains 
is said to be cofnpiementary to this determinant. The minor 
complementary to the leading constituent ai is called the leading 
first minor y and its leading first minor again is the leading second 
minor of the original determinant. 

It is usual to denote a determinant in general by ^. We 
shall denote by A« the first minor obtained by suppressing in A 
the row and column which contain any constituent a ; by A«, ^ 
the second minor obtained by suppressing the two rows and two 
colimms which contain a and /3 ; and so on. Thus Aa^ repre- 
sents the leading first minor, and Aai,&. or Aa,,^^ the leading 
second minor. 

The determinant A, formed by the constituents ^i, fti, Ci, &o., 
is often denoted for brevity by placing the leading term within 
brackets, as follows: A = (ai 62^3 • . . • ^«). The notation 
2 ± ^1 62 Cs . . . /n is also used to represent A ; this expressiug its 
constitution as consisting of the sum of a number of terms (with 
their proper signs attached) formed by taking all possible per- 
mutations of the n suffixes. 

114. Development of Determinanto. — Since every term 
of any determinant contains one, and only one, constituent from 
each row and from each column, it follows that A is a linear and 
homogeneous function of tlie constituents of any one row or any one 
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column. Thus we may write 

A = aiAi + 02^3 + flfa^a + &c. 

A = hiBi + h%B2 + ^sS, + &o. ; 
or, again, A = Oi-4i + hiBi + CiCi + &c. 

A = ^2-43 + ^A + C2C2 + &c. 

The student, on referring to Ex. 3, Art. 108, will observe 
that the determinant of the fourth order there written at length 
is constituted in the way here described, namely 



A = 01 



bi C2 d% 




61 Ci di 




hi Ci di 




hi Ci di 

i 


63 ^3 d^ 


+ fl. 


64 C4, di 


+ ttz 


hz C2 (4 


1 

+ 04 ^3 Ci ds '. 

1 


hi Ci di 




h (H d^ 




hi Ci di 




hi C2 dn 



We proceed to show that in the general case, writing A in 
the form 

A = ttiAi + <1%A% + 03-43 + . . . + dnAn, 

the coefficients Aiy A29 Az^ &c., are determinants of the order 

n-l. 

In effecting all the permutations of the suffixes 1, 2, 3. . . . ;;, 

suppose first 1 to remain in the leading place, as in the example 

referred to ; we then obtain 1 . 2 . 3 . . . (n- 1) terms which have 

Oi as a factor, and 

aiAi = Oi S ± h^ . . . /n ; 
hence 

0% C2 • • • V2 



-4i = S ± 62C3 . . . ii = 



O3 C^ • • • Iz 



^n Cn , » • If^ 



and this determinant is the minor corresponding to the consti- 
tuent Oi, or Ai = Aa,. 

To find the value of Azy we bring 03 into the leading place 
by one displacement of rows. This changes the sign of A, so 
that we obtain A% = - A^^ ; i. e. A2 = the minor corresponding to 
az with its sign changed. Again, bringing Uz to the leading 
place by two displacements, we have Az = A^^ ; and so on. 
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Thus we oonolude that, in general, 

Similarly, we oan expand A in terms of the constituents of 
any other column, or any row. For example, 

A = ai Aa, - hi Aj^ + Ci Ac, - &o. 

If it be required to obtain the proper sign to be attached to 
the minor which multiplies any constituent in the expanded 
form, we have only to consider how many displacements would 
bring that constituent to the leading place. For example, sup- 
pose the determinant (aibiCzdiei) is expanded in terms of its 
fourth column, and that it is required to find what sign is to be 
attached to d^ A^,. Here two displacements upwards, and after- 
wards three to the left, will bring d^ to the leading place ; hence 
t he sign is negative. This rule may be stated simply as follows : — 
Proceed from Oi to the constituent under consideration along the top 
roiCy and doicn the column containing the conatituent ; the number 
of letters passed over before reaching the constituefit will decide the 
sign to be attached to the minor. In the example just given; 
beginning at ai we count ai, 5i, Ci, e/i, (/}, i. e. five ; and this number 
being odd, the required sign is negative. 

It will be found convenient to retain both notations here em- 
ployed for the development of a determinant. The expansion in 
terms of the minors, with signs alternately positive and negative, 
is useful in calculating the value of a determinant by successive 
reductions to determinants of lower degree. For some purposes, 
as will appear in the Articles which follow, it is more convenient 
to employ the notation first given, in which the signs are all 
l>ositive (whatever the row or column under consideration), 
and the coefficient of any constituent represented by the cor- 
responding capital letter. By substituting for the capital letter 
the corresponding minor veith the proper sign, determined in 
the manner above explained, the latter notation is changed into 
the former. 
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b% e% 




h\ C\ 




h ei 


= «l 




-«a 




+ «» 






^ e% 




h Ci 




h e% 



Examples. 

1. ' ai ^1 ^ 

tn h% et 

tt^ hz c^ 

(Compare (2), Art. 107.) 

2. a h g 

h b f 

9 f c 

= abe + 2fgh - ap - hg'^ - ch^. 

3. Expand the detenninant of the fourth order in terma of the conatitnenta of 
the fourth row. 

A = — 4l4Aa^ + *4A*^ — «4 A<^ + d^^4^ 

a\ h\ e\ 





i f 




* 9 




* 9 


= a 




-A 




+ 9 






f » 




f ' 




» / 



= -fl4 



^1 ^ di 

b% ct d2 
hi Ci di 



+ *4 



fll <?! 


rfl 




02 ^ 


dt 


-<?4 


«8 <^ 


dz 





Hi ^ di 

02 ^2 d2 
lis ^ <^ 



+ * 



a% h% a 
az h% ci 



When the determinantB of the third order are expanded thia will give the ex- 
preafdon of Ex. 3, Art. 108, aa the student will eaaily yerify. 

4. 3 2 4 

7 6 1 

5 3 8 

= 3(48 - 3) - 7(16 - 12) + 6(2-24) 
= -3. 
6. Find the value of the detenninant 

8 7 2 20 





6 1 




2 4 




2 4 


= 3 




-7 




+ 6 






3 8 




3 8 




6 1 



1 



11 



8 



6 



It ia evidently convenient to expand thia in terma of the third row, since two of 
the constituents in that row vanish. 



A = 6 



1 
1 



4 




20 
7 
6 



+ 11 



8 
3 
8 



1 
1 



20 
7 
6 



and expanding the two determinants of the 3rd order, we find A = 2188. 
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6. Expand 



d 



b a f 

d e f 
Ans, aU* + 4V + «»/«- 2^/- 2eafd - 2ahde. 



7. Prove 






1 a 





7 


-a 1 


y' 


-iB' 


-3 -y 


1 


a' 


-7 


-o' 


1 



= l + a» + iB»+r* + «*^ + /r« + 7'' + (a«^ + iBiB' + 77T- 



8. Expand 



— a 



b -a 



d -a 



b 



b -fl 



9. Prove the following identity, and expand the detenninants : — 




1 
1 
1 



1 




1 




1 






y 



X 





y 

s 




s 

y 

X 





^ii#. «* + y* + «*-2ya«»-2«»«2-2«»y». 



10. Find the value of the determinant 



A = 



a 
h 

9 
K 



h 
b 

f 



9 

f 

e 

V 



K 

M 

V 





Expand first in terms of the last row or last column, and then each of the deter- 
minants of the third order in terms of A., fi, y. 

Am. -A = (6<?-/«)xH(«i-^«)Ai* + (fl^-A')'' + 2(yA-a/)/iF 

+ 2 (A/- bg) p\ + 2]{fy - eh) \fi. 

]i2 
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115. I^aplace's DeYelopment of a Determinant. — 

The expansion explained in the preceding Article is included 
in a more general mode of development given by Laplace. 
In place of expanding the determinant as a linear function 
of the constituents of any line, we expand it as a linear fimo- 
tion of the minors comprised in any number of lines. 

Consider, for example, the first two columns (at, b) of any 
determinant; and let all possible determinants of the second 
order (fl>Jj), obtained by taking any two rows of these two 
columns, be formed. Let the minor formed by suppressing 
the ap and hq lines be represented by Ap,^; then the deter- 
minant can be expanded in the form S ± {aphq)Ap,qy where 
each term is the product of two complementary determinants 
(see Art. 113). To prove this, we observe that every term of 
the determinant must contain one constituent from the column 
a and one from the column b. Suppose a term to contain the 
factor Opbqy there must then (interchanging jo and q) be another 
term containing the factor - Ogbp] hence, the determinant can 
be expanded in the form ^{rtpbg) Ap,q; and Ap,q is plainly 
the sum of all the terms which can be obtained by permuting 
in every possible way the n - 2 sufl^es of the letters c, dy <?, 
&o., viz., ± Ap,j, the sign being determined in any particular 
instance by the rule of Art. 108. This reasoning can easily 
be extended to the case where any number p of columns are 
taken, and all possible minors formed by taking p rows of these 
columns. Each minor is then multiplied by the complementary 
minor, and the determinant expressed as the sum of all such 
products with their proper signs. 

Examples. 

1. Expand the determinant (aibtCidi) in tenns of the minors of the socond order 
formed from the first two columns. 

Employing the bracket notation, we can write down the result as follows : — 

(«i4i) (czd4) - {aibz)(cidi) + (aibi){eidz) + (aa*8)(<?i««i) - {azb*) {ddz) + {a^bijieid^) ; 

where the sign to be attached to any product is determined by moving the two rows 
involyed in the first factor into the positions of first and second row. Thus, for 
example, since three displacements are required to moye the second and fourth 
lows into these positions, the dgn of the product (a2^4)(^i<'s) is negative. 
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ai *i 


ex 




ai 


01 


71 


a% h% 


€2 




03 


02 


72 


OS ^8 


H 




03 


0z 


73 



2. Expand similarly the determinant {aibte^die^)* 

Ant. (aih) (cidits) - (aibz) {etd^n,) + (fli*4) (ctdies) - (a\h^) {p^diti) 
+ (o«*8) {cicU$6) - (a^h) {eidzei) + (oa^s) (^K^^i) + (fl8*i) («i<fe«i) 
- (oide) (<?irf2#4) + (04*«) (<irf»#s). 

3. Prove the identity 
tfi ii tfi di ei f\ 

a% h% ti di e% f^ 

as h cz dz ez ft 

ai i9i 71 

a2 i32 72 

03 jBt 73 

This appears by expanding the determinant in terms of the minors formed firom 
the first three columns, for it is evident that all these minors vanish (having one row 
at least of ciphers) except one, vie. (aibtei). 

In general it appears in the same way that if a determinant of the 2m*^ order 
contains in any position a square of m^ ciphers, it can be expressed as the product of 
two determinants of the tn*^ order. 

4. Expand the determinant 

a h ji \ \' 
h b f II I,' 
9 f e p p' 



X' m' / 
in powers of a, /3, 7, where 

asfuf' ^ /iPj )8 s rx' — p\y 7 s \fi — \'^, 

Ant. ca»+*/3» + C7' + 2//87 + 2^7o+2Ao3. 

5. Verify the development of the present Article by showing that it gives in the 
general case the proper number of terms. 

Consider the first r columns of a determinant of the n<A order. The number of 
minors formed from these is equal to the number of combinations of n things taken 
r together. This number multiplied by 1 . 2 . 3 . . . r (the number of terms in each 
minor), and 1 . 2 . 3 . . . n — r (the number of terms in each complementary minor), 
will be found to give 1 . 2 . 3 . . . », viz. the number of terms in the determinant. 

116. DeYelopmeiit of a Determinant in Prodnets 
of the leading Constituents. — In the present and next fol- 
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As 



lowing Articles will be explained two additional modes of deve- 
lopment which will be found useful in the expansion of certain 
determinants of special form. The application which follows to 
the determinant of the fourth order will be sufficient to explain 
how any determinant may be expanded in products of the lead- 
ing constituents — 

It is required to expand the detenninant 

A b\ e\ d\ 

at S c% di 

Hi h C dz 

a^ h Ci D 

according to the products of A, B, C, D. In order to give prominence to the lead- 
ing constituentB we haye here replaced 01, ^, €3, dihj A, B, Cy D.^ When the ex- 
panaion is effected it is plain that the restilt must be of the form 

A 5 Ao + 2\A + ^AB + ABCDj 

where Ao consists of all the terms in which no leading constituent occurs ; 2a.^ is 
the sum of all the terms in which one only of these constituents occurs ; 1,\'AB is 
the sum of all in which the product of a pair of the leading constituents is found ; 
and ABCB, the leading term, is the product of all these constituents. It will be 
observed that the expansion here written contains no terms of the form \"ABC, and 
it is evident in general that the expanded determinant con contain no terms in which 
products of all the leading constituents but one occur, since the coefficient of any 
such product is the remaining diagonal constituent. It only remains to see what is 
the form of Aoi and of the undetermined coefficients \, fi^ , . , A.', fi, > . . &c. 
Putting Af Bf C, D a\l equal to zero in the identity above written, we have 

^1 ci di 



Ao 



Of d d2 
oz hz di 
04 &4 04 



Again, to obtain X, let ^, (7, 2> be made equal to zero, 
plainly the determinant 

ei di 



The coefficient of A is 














the coefficient 0^^ is similarly obtained by replacing A, Cj D each by zero in the 



Development of Determinants. 



247 



minor Gomplementary to B ; and so on. To obtain \'y let C and D be made zero ; 
the coefficient of A3 in the resulting determinant is plainly the second minor 



di 



Ci 



The coefficient of any other product ib obtained in a similar manner, 
the expansion of A may be written in the form 



Finally, 






h 


C\ 


di 


ai 





02 


d2 


«3 


bt 





di 


04 


h 


ei 






+^ 



e2 d2 




bz <f3 


+ B 


bi Ci 





d di 




as di 


+ C 


Oi Ci 





^1 


di 




at 


d2 


+ D 


Ai bi 








0^1^ 
Oi ct 
az bi 



■\-AB 



+ ABCD, 



di 


+^(7 


dt 


+^D 


€2 


+-BC 


di 


+-BD 


ei 


+ CD 


bi 


Ci 




bi 




bi 




Qi 




03 




0% 



A determinant whose leading oonstitu^its all yanish has been called uro^axioL 
The result just obtained may be stated as follows : — Any determinant may be #x« 
ponded in produete of the leading eonttituentt, the eoeffleient of every product in the 
reeult being a zero-axial determinant. 

117. Expansion of a Determinant by Products In 
Pairs of the Constituents of a Roir and Column, — In 

what follows we take the first row and first column as those in 
terms of which the expansion is required. This is plainly suf- 
ficient, since any other row and column may be brought by 
displacements into these positions. It will be found convenient 
to write the determinant under consideration in the form 



Oo a 


3 


y • 


a ax 


*, 


Ci . 


3' a^ 


h 


Ci . 


y a* 


h 


Cj . 


. • 




. • 



248 Determinants. 

Let this be denoted by A^, and its leading first minor 
{axhiC^ . . .) by the usual notation A. The determinant A' may 
be said to be derived from A by bordering it, horizontally with 
the constituents Oo) a, /3, 7, . . ., and vertically with the consti- 
tuents ao, a\ /3', 7', . . . When A' is expanded, all the terms 
which contain a© are included in Oo A . In addition to this, the ex- 
pansion will consist of the product of every other constituent of 
the first column by every other constituent of the first row, 
every such product of two being multiplied by its proper factor. 
What this factor is in the case of any product is easily seen. 
Let the coefficients of ai, 61, Ci, . . . Oj, 62, . . • &c., in the expan- 
sion of A be Ai, Bij . . . ^2, i?2, . . . , according to the notation 
explained in Art. 114. It is plain that the factor which multi- 
plies any product, for example aa^ in the expansion of A^, is the 
same as the factor which multiplies OqUi with sign changed, viz., 
- Ai ; similarly the factor which multiplies a(i is the factor with 
sign changed of Oo^i, viz., - Bi ; and so on. To obtain the factor 
of any such product the rule plainly is — Find the fourth comti- 
tuent completing the rectangle formed by the leading term Oo and 
the tico constituents which enter into the product: the required 
factor is obtained by substituting for the constituent of ^ so found 
the corresponding capital letter with the negative sign. It appesirs 
therefore finedly that the expansion of A^ may be written in the 
following form : — 

a' = Oo A — Ai aa - £1 j3o — d 7a — . . . 

- A^afi'^ B^fifi'- C?27i3'- . . . 

- A^ay*- Bsfiy- C^yy - . . . 

- &0. 

Examples of the utility of this mode of expansion will be 
found under a subsequent Article. 

118. Addition of Determlnaiito. Prof. Y. — If every 
constituent in any line can be resolved into the sum of two others^ 
the determinant can be resolved into the sum of two others. 
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Suppose the constituents of the first column to be ax + O], 
4h-¥ atj Oj + as, &o. Substituting these in the expansion of 
Art. 114, we have 

A = (ai + ai) -4i + (fla + aj) -^2 + (os + as) -4s + &o. 



= Oi-^i + Os^s + as-4s + . . &c. + ai-4i + a%A% + os^s + &0. ; 



or. 



tti + Oi 


6i 


Cl • • 




«1 


6. 


Ci . . 




€Ll 


6. 


Ci • • 


fla+ as 


6» 


C2 • • 




0% 


i. 


Ct . . 


+ 


as 


6. 


c% . . 


Os + as 

• • • 


*3 

• 


Cs . . 

• • 




«8 

• 


• • 


• • 




as 

• 


A. 

• • 


Cs • • 

• • 



which proves the proposition. 

If a second column consists of the sum of two others, it }B 
easily seen, by first resolving with reference to one column, and 
afterwards with reference to the other, that the determinant can 
be resolved into the sum of four others. For example, the de- 
terminant 

Gi + Oi Ji + /3i Ci 

Os + a2 J» + j3i Ct 
Os + as 63 + /3s Cs 

is (using the notation of Art. 113) equal to the sum of the four 
determinants 

{dihCi) + (aiftjCs) + {aSiCs) + (aijSsCs). 

Similarly it follows that if each of the constituents of one 
column consists of the algebraical sum of any number of terms, 
the determinant can be resolved into a corresponding number of 
determinants. For example — 

(ii — Qi + a I Ji Ci 
(f2 — 02 + a'2 ^2 O2 
^3 - as + a's fh C3 



fll 


61 


Ci 




ai 


61 


Ci 




a\ bi 


Ci 


(h 


i2 


c% 


— 


aa 


62 


C2 


+ 


a 2 (a 


C2 


<h 


h 


Cz 




as 


b^ 


Ci 




at bi 


c% 
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And, in general, if one column consists of the algebraic sum of 
tn others, a second column of the sum of n others, a third of the 
sum of p others, &c., the determinant can be resolved into the 
sum of mnp . . . , &c., others. 

Similar results plainly hold with regard to the rows, which 
may be substituted for columns in the proof just given. 

119. Prop. VI. — If the constituents of one Ibie are equal to 
the sums of the corresponding constituents of the other lines multi- 
plied by constant factors^ the determinant vanishes. 

For it can then be resolved into the sum of a number of 
determinants which separately vanish. For example, 



max + nbi a\ b\ 
mdi + nb% 0% bi 
nuh + nbz ttz bz 



= m 



dl 


ai 


b. 




ai 


tti 


h 


+ n 


az 


(h 


h 





bi ai 6i 

62 fl«i 62 , 

63 cr^ bs 



and each of the latter determinants vanishes (Ai't. 110). 

120. Prop. VII. — A determinant is unchanged tchen to each 
constituent of any rote or column are added those of several other 
rows or columns^ multiplied respectively by constant factors. 

For when the determinant is resolved into the sum of others, 
as in Art. 118, the determinants in which the added lines occur 
all vanish, since each of them must, when the constant factor is 
removed, contain two identical lines. Thus, for example, 

ai + mbi + nci bi Ci 
Oz + mbi + nc2 b^ c^ 
flj + mbz + wcj Jj Cz 

for when the second determinant is expressed as the sum of 
three others, the two arising from the added columns vanish 
identically (Art. 119). 

The proposition of the present Article supplies in practice 
one of the most useful properties in the evaluation of deter- 
minants. 



Ox 


A, 


Ci 




a% 


h 


<h 


= 


0, 


h 


Ct 
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Examples. 

1. Show tliat the following deteiminant YaniBhes : — 

i3 + 7 « 1 
7 + a fi \ 

o + i3 y 1 

Adding the constituents of the second column to those of the first, we can take 
out a + i3 + 7 as a factor, and two columns then hecome identical. 

2. Find the value of the determinant 



12 4 

2 3 7 

3 4 10 



Subtracting the constituents of the first column from those of the second, and 
three times the constituents of the first column from those of the third, we obtain 



which vanishes identically. 



3. 



-1111 
1-1 1 1 
1 1-1 1 
1 1 1-1 



1 
2 
3 

-1 






1 
1 
1 



1 
1 
1 



1 

2 
2 



1 
2 

2 



1 
2 
2 





2 
2 



2 


2 



2 
2 




= -16. 



Here the first transformation is obtained by adding in succession the constituents 
of the first row to those of the second, third, and fourth. 

4. 



7 11 

13 15 

3 9 


4 

10 

6 


= 3 


7 11 

13 15 

1 3 


4 

10 

2 


= 3 
= 3C 


7 -10 -10 
13 -24 -16 
1 
1 (16 - 24) = - 240 


= 3 

• 


10 10 
24 16 



Here the second transformation is obtained by subtracting three times the first 
column from the second, and twice the first from the third. In examples of this 
kind attempts should be made to reduce to zero all the constituents except one in 
some row or column, in which case the calculation reduces to that of a determi- 
nant of lower order. This can always be done by reducing any one line to units, as 
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in Ex. 7, Art. 112 ; but in general it can be effected more readily by direct addi- 
tions or subtractionB, as in the present instance. 

6. 



7 


-2 





6 




7 


-2 





6 




19 


-2 


17 


-2 


6 


-2 


2 


^.^ 


19 





-2 


17 


= 2 


-7 


5 


-2 





-2 


5 


3 




-7 





5 


-2 




12 


3 


9 


6 


2 


3 


4 




12 





3 


9 











The first transformation is obtained by adding to the second row three times the 
first, subtracting the first from the third row, and adding the first to the fourth 
row. The reduced determinant is easily calculated by subtracting four times the 
second column from the first, and three times the second column from the third. 
Thus 

19 -2 17 27-2 23 



- 7 



12 



17 

-2 

9 



= 2 



27 

-27 





6-17 





27 


23 


= _6 








-27 


-17 



= - 972. 



6. Calculate the detenninant 



A = 



12 



8 
13 



16 



6 



10 



3 



14 



9 



11 



16 



The first sixteen natural numbers are arranged here in what is called a '^ magic 
«quare/' t. e. the sum of all the figures in any row or in any column is constant. In 
general for a square of the first n' numbers this sum is }ft (n' + 1). Determinants 
of this kind can be at once reduced one degree. Here, adding the last three columns 
to the first, and subtracting the last row firom each of the others, we have 



A = 34 



1 16 14 4 

16 7 9 

1 10 11 6 

1 3 2 16 



= 34 






12 


12 


-12 





3 


6 


-7 





7 


9 


-11 


1 


3 


2 


16 



= - 34 X 12 



1 


1 


- 1 


3 


5 


- 7 


7 


9 


-11 



■and subtracting the second row from the last row, it is evident that the reduced de- 
terminant vanishes ; hence A = 0. 

7. Calculate the determinant formed by the first nine natural numbers arranged 
in a magic square : 

4 9 2 



8 



6 



Ant, 360. 
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8. Calculate the determinant fonned by the first twenty-five natural numbers 
arranged in a magic square : 

10 18 1 14 22 



12 26 



8 16 



23 
17 
11 



6 

5 

24 



19 
13 

7 



21 
20 



15 
9 
3 



Ant, - 4680000. 



9. Evaluate, by the method of the present Article, the determinant of Ex. 9, 
Art. 114. 

10 



A = 



111 

1 «» y« 
1 «« «a 
1 y2 «» 




1 
1 
1 



s» y* 



1 ^ y« 

1 _,» jpl_82 

1 ai'-y* -y» 



y* «»-y* -y» 

Here, to obtain the second determinant, we subtract the second column from each 
of the following ones. In the reduced determinant, subtracting the first row from 
each of the following, we find 

1 «» y« 



A = - 



-2«2 «»-,a_y« 
««-ya-a8 -.2y» 



22i» y* + «?-«* 

y» + «?-«» 2y' 



= (y» + »*-«» + 2ys)(y« + «»-«» - 2y«) 

= - (« + y + «) (y + «-«)(« + «- y) (« + y - «). 
10. Prove the identity 



As 



c» (a + *)« 



2abe(a + ft + c)*. 



(ft + «)2 
ft* 

Subtracting the last column from each of the others, (a + ft + «)' may be taken out 
as a factor. Calling the remaining determinant A', and subtracting in it the sum of 
the first two rows from the last, we have 



A' = 



b + e-a a» 

e+a-b ft* 

e—a — b e—a — b (a + ft)' 



2^ 

oft 



b+e-a a* 

e + a-b ft=» 

- 2ft - 2a 2aft 

a(ft + c-a) «^ 

b(e + a-b) fts 

-20ft -2aft 20ft 
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Adding the last column to each of the others, we obtain 

63 6(c + «) h^ =2 
2a& 



a (6 + «] a* 
62 6(c + a) 



= 2a6 



6 + c « 
= 2a6<;(a + * + «). 



Hence, A = A'(a + 6 + c)* = 2a6<j(a + 6 + <;)». 

11. Proye the identity 
1 1 1 

« /8 7 s03-7)(7-a)(o-i3)(o + i8 + 7). 

o» i8» 7* 

Subtracting the first column from each of the others, i3 ~ a and 7 — a become 
factors. In the reduced determinant, subtract the first row multiplied by c? from 
the second row. 

12. Beeolye into simple factors the determinant 

1111 



A5 



i3 


7 


8 


/9» 


7* 


«2 


^ 


7* 


«* 



Proceeding as in Ex. 11, we easily find that (fi-a) (7 - a) (8 - a) is a factor, and 
that the reduced determinant is 

1 1 1 

i3+o 7 + a 8 + 

i3»+/9»o + i5a* + o» 7>+7>o+7a» + o» «» + «»o + «o* + o» 

Subtracting the first column from each of the others, (7 - i3) (8 - fi) comes out 
as a factor, and the remaining &ctor is easily found to be (8 — y)(a + i3 + 7 + 8). 
Hence, finally, 

A=-(i3-7)(a-«)(7-o)(i3-8)(a-i3)(7-8)(a+i3 + 7 + «). 

13. Besolye into linear factors the determinant 

a b e 



Multiply the second column by «, and the third by »' ; and add to the first 
The factor a-\-mh-\- m^e may then be taken off the first column, leaying the con- 
stituents 1, «, «*. Adding then the second and third rows to the first, the factor 
a + 6 + may be taken out ; and the remaining determinant is easily found to be 
•equal to a + t^b + wc. Hence we have 

A a (a + * + e)(a + •»* + •»<j)(a + «»»* + ^), 
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14. Beeolye into linear factors the determinant 

abed 



The result is as follows : — 

since each of the factors here written is a factor of the determinant ; for example, 
a -{-h ^e^ d\s shown to he a factor hy adding the second column to the first, and 
suhtracting the third and fourth. By comparing the sign of a* it appears that the 
negative sign must he attached to the product. 

It may he ohserved that the determinant of £z. 9 is a particular case of the de- 
terminant here considered, viz., that ohtained hy putting a a 0, as will appear hy 
comparing the equivalent forms of Ex. 9, Art 114. 

121. MaltlpUcatlon of Determlnaiits.— Prop. YTTT — 

The product of two determinants of any order is itself a determinant 
of the same order. 

We shall prove this for two determinants of the third order. 
The student will observe, from the nature of the proof, that it 
is equally applicable in general. We propose to show that the 
product of the two determinants (^lisCs), (ai/Ssys) is 

«iai + iijSi + Ciyi aia% + JijSa + C173 OiOs + 6ij3s + Ciy, 
flaOi + bi^i + C271 ^202 + ^2)82 + ^272 OtQt + Jj/Sa + Ctyi 
a^ai + JajSi + C371 0302 + 63)32 + ^372 0303 + 63)33 + Cs73 

whose constituents are the sums of the products of the con- 
stituents in any row of {aib%c^ by the corresponding constituents 
in any row of (01/3273). 

Since each column consists of the sum of three terms, this 
determinant can be expanded into the sum of 27 others (Art. 
118). Now it will be observed that when any one of these 
is written down, a common factor can be taken ofiF each column ; 
and that several of the partial determinants will, when these 
factors are removed, have two (or more) columns identical. The 
determinants which do not vanish in this way can be easily 
selected. Taking, for example, the first vertical line of the first 
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column ; this would give a vanishing determinant if we were to 
take along with it the first line of the second column. We take 
then the second line of the second column, and along with 
these two we must take the third line of the third column to 
obtain a determinant which does not vanish. Retaining still 
the first line of the first column, we may take the third line 
of the second column along with the second line of the third 
column. Taking out the common factors of the columns, we 
write down these two determinants as follows : — 



ai)3373 



a, 


b. 


Cx 




(h 


h 


C2 


+ 0172)33 


az 


h 


Cz 





a\ C\ h\ 
ai Ci hi 

flfa Cz bz 



Taking in turn each of the other lines of the first column, 
we obtain four other determinants which do not vanish. Thus 
there are in all six terms ; and it is plain that {a^ J2 ^3) is a fac- 
tor in each of these. Taking out this factor, there remains the 
sum of six terms — 

aii3273 - Oifiiji - ctajSiYs + Ozfiiji + aajSsyi - 03)3271, 

and this is the determinant (01)3273). We have thus proved 
that the determinant above written is the product of the two 
given determinants. 

In either of the given determinants the rows may be writ- 
ten in place of columns; hence, the product may be written 
in several different forms as a determinant ; but these will, 
of course, give the same value when expanded. 

122. Moltlplieatlon of Determinants continued. — 

Another mode of proof of the proposition of the last Article, 
expressing as a determinant the product of two given determi- 
nants of the same order, may be derived from Laplace's mode 
of development already explained (Art. 115). 

The nature of this proof will be suflBciently understood fix)m 
the application which follows to two determinants of the third 
order : — 
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The product of the two determinants (ai^2^)} (ai/Sayi) iB (see Ex. 3, Art. 116) 
plainly equal to the determinant 



ai 

«s 

1 





h 



•1 







1 









ai 



OS ai 



^\ h fiz 



yi 72 rt 



In this determinant add to the fourth column the sum of the first multiplied hj 
a\, the second by fii, and the third by 71 ; add to the fifth column the sum of the 
first multiplied by as, the second by fi%, and the third by 73 ; and add to the sixth 
column the simi of the first multiplied by 09, the second by iSs, and the third by yi. 
The determinant becomes then 



01 


bi 


Cl 


«ioi + bifii + tfi7i 


oa 


h 


62 


fljai + bifii + C171 


Oi 


h 


«S 


«30i + hfii + ^71 


-1 














-I 









-1 



«ia2 + ^ii92 + ^7a 
(Hat + btfiz + ^71 
«3a2 + *3i8a + «S7i 







«i«i + ftiiBs+ ^i7a 
«2cu+ ^2^2 + ^73 







And this is, by Art. 116, equal to the product (with the proper sign) of the deter- 
minant 



-1 



0-1 
0-1 



(which is equal to - 1), 



by the complementary minor, which is the same determinant as that obtained in the 
preceding Article. That the sign to be attached to the product is negative is easily 
seen by moving down the first three rows till the diagonals of the two minors in 
question form the diagonal of the determinant itself. The student will have na 
difficulty in observing that, in the general case, the number of such displacements 
is odd when the order of the given determinants is odd, and even when it is even ; 
so that the sign to be placed before the produot-determinant of Art. 121 is always 
positive. 



8 
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Examples. 



1 . Show that the product of the two determinants 



a-\- ib e-\' id 
r + uf a — ib 



a'-ib' e'-id' 
-e'-id' a'+iA' 



where t = V- 1, may he MTitton in the form 

-B~iA D-¥iC 



where 



A she'" Vc + ad'-a'd, B ^ ea' ^ e'a-^bd' - h'd, 
Cmab'-a'b + <jrf' - e'd, 2> s «a'+ W + «r' + dd'; 
and hence prove Euler's theorem 

(«» + *» + 0* + rf«) (a'* + ft'* + c'^ + rf'») 
a (m' + bb' + «' + <frf')» + (*<»' -.*'<. + oif - a'rf)» 
+ K - <j'a+ W- J'rf)« + (a*' - a'b + erf' - r'rf)^, 

Tix., the product of two twnt $aeh of four squares can be expreued at the turn of four 
efuaree, 

2. Prove the jfollowing expression for the square of a determinant of the third 
order: — 



a b e 

a' b' e' 
_»f »#» .»» 



2{ae~i^) ae^ -^ a'e - 2bb' at" + a"c - 2bb" 

ac' + a'e - 2W 2 (aV - b'^) a'e" + «"<;' - 2b' b" 

ae" + a'V - 2W" a'e" + a' V - 2*'*" 2 (a' V - ^'^j 



This appears hy multiplying the two determinants 



a b e 

ef V e* 

a" *" «" 

which differ only hy the factor 2. 
3. Prove the identity 

2*«-fl^ <• 

«» 2«i-*» 



e -Vi a 
e' - 2b' a' 
. c" -2r a" 



a' 2a^-ii> 



(«>+4* + ^-.3aAf)2. 
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Tliis may be readily proved by multiplying togethtr the two equiyalent deter- 
minants 



h 
c 



e a 

a b 



— « C 6 

— b a e 

— b a 



4. Show that two determinants of different orders may be multiplied together. 

For their orders may be made equal ; since the order of any detenninant can be 
increased by adding any number of columns and the same number of rows consisting 
of units in the diagonal, and all the rest xero constituents. For example. 






bi 
b2 



maybe written 



1 






«i 




bt 



the only effect of the added constituents being to multiply the determinant by unity. 
More generally, one set of added constitutents (i. e. those either to the right or the 
left of the diagonal) might be taken to be any quantities whatever, the remaining 
set being ciphers. Thus (ai^) may be written in either of the fonns 



1 


a 


fi 


7 




1 


a 


i3 


y 





1 


8 


c 







1 














ai 


*i 


> 





8 


ai 


bx 








at 


b2 







c 


«2 


bt 



as readily appears by means of the expansion of Art. 114. 

123. Reetani^ar Arrays. — Arrays in which the num- 
ber of rows is not eqnal to the number of columns may be called 
redatigular. These do not themselves represent any definite 
function ; but if two such arrays of the same dimensions are 
given, there can be derived from them by the process of Art. 121 
a determinant whose value we proceed to investigate. 

(1). WTien the number of columns exceeds the number of rows. 

Take, for example, the two rectangular arraySi 



fli bi Ci di "I 
02 bt C2 dt ) 



(1), 



oi /3i 71 81 

82 



(2); 
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andy perfomuDg on these a process similar to that employed in 
multiplying two determinants, we obtain the determinant 

aiai + Ji/3i + C171 + di^i aiat + Ji/3j + C173 + ^iSj 

OtQi + Jj)3i + C271 + djSi ajoj + Jj/Sj + Cjyj + e;?282 
The value of this is easily found to be 

(tfiij) (01/82) + (aiCi)(ai7,) + (fli (/a) (oi S2) + (^1^2)03172) 

i. e. the 9um of the products of all possible determinants which can 
be formed from one array {by taking a number of columns equal to 
the number of rous) multiplied by the corresponding determinants 
formed from the other array. 

The student will have no difficulty in extending this proof 
to any two arrays of the kind here treated. 

(2). When the number of rows exceeds the number of columns 
the resulting determinant vanishes. 

Take, for example, the two arrays, 

fli 61 \ ai j3i 

Oa ij I (1), aa /Sj 
Oi bz J at jSa 

Performing the process of multiplication, we obtain the deter- 
minant 

aiajH- JijSa 
OzQi ■¥ is 3s 

It will be observed that this determinant is the same as would 
arise if a column of ciphers were added to each of the given 
arrays, and the determinants so formed then multiplied. It 
follows that the determinant vanishes, since it is the product of 
two factors each equal to zero. 

It readily appears that a similar proof applies in general. 
It is only necessary to add to each array colunms of ciphers, so 
as to make the number of colimms equal to the number of rows, 
and then multiply the two determinants. 



(2). 



«iai + Ji)3i 
^201 + biPi 



Oiai + J2J38 



Examples. 
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1. From the two arrays 

111 

a ^ y 
prove 



(1), 



1 [1 1 
a i3 7 



j (2), 



3 a + i5 + 7 

tt + i5 + 7 a» + iB« + 7» 
2. From the two arrays 

a b e 
a' y e' 



= («-i5)»+(«-7)HO-7)^ 



(1), 



-2b a \ 

' (2), 
-W a' ) 



e -U a 



prove 



4 (a« - *2) (aV - b'^) - (ac* + a'e - 2A*')« s 4 (^e* - Vc) (ab' - •'*) -(•«'- aW 



3. By squaring the array 



a b c 
a' V i 



prove 
(«H *» + «»)(«'' + ft^ + O a K + W' + cc')» + (ic' - yij)2 + (<»'- (^a)« + (•y - a'*)», 

4. Verify, by squaring the array 

abed 

<i V e d^ * 

the result of Ex. 1, Art. 122. 

6. Prove the determinant identity 



(as 
(«4 



biy («i 



fta)» 



(«2 
(«4 



*3)» (ai 
*a)» (as 

*3)* (04 



*4)» 

*4)» 



This can be proved by multipl3ring the two arrays 



rti' «i 1 

as' 02 1 

03' «3 1 

04* «4 1 , 



(1), 



1 
1 
1 
1 



-2*1 bi^ \ 



2b2 V 

2bz b%^ 



M2)- 



- 2*4 *4* , 
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124. Solotloii of a System of Unear Equations. — 

We have seen in Art. 114 that a detenninant may be expanded 
as a linear homogeneous function of the constituents in any row 
or oolumuy the ooefiSoient of any constituent being the corre- 
sponding minor with its proper sig^. "We have, for example,^ 

A = Oi-^i + (hA% + <hAz + &c. 

Now, the ooe£Bcients -4i, -4„ &o., are connected with the consti- 
tuents of the other colunms by n - 1 identical relations, viz., 

biAi + btA%-¥ biAz + &c. = 0, 
CiAi + C2A2 + CzAi + &o. s 0, &c.; 

for any one of these is what the determinant becomes when the 
constituents of the corresponding column are substituted for 
Oi, Ot, Ot, &c., and must therefore vanish. 

By the aid of these relations we can write down the solution 
of a system of linear equations. The following application to 
the case of three variables is sufficient to explain the general 
process. X<et the equations be 

QiX + biy + CiZ = mi, 

(hx + b^y + C2S = tHiy 

OjX + bit/ + CzZ = fWs. 

Multiply the first equation by ^1, the second by A29 and the 
third by At ; and add. The coefficients of y and z vanish, in 
virtue of the relations above proved ; and we obtain 

{oiAi + a%A2 + OzA^ X = miAi + nhAz + miA^y 
or 

f»i 61 Ci 



Ax = 



fiH bi d 
nh bi Cz 



where A represents the determinant formed from the nine con- 
stituentS) ai, b^ Ci, &c. 
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Similarly, multiplying by 5i, 3%^ 5s, we obtain 
{biBi + 62^1 + hzB^y = miBi + fn%B2 + nnB^y 

dl fJti Ci 
^ ^ Cz 

where the determinant on the right-hand side is what A becomes 
when mi, m2, nh are substituted for the constituents of the second 
column. Similarly, we obtain for 2 

it 

h 



As = 



^2 



a. 



IMl 

mi 



These values may be written more compactly, as follows : — 

Ax = {mibiCz)^ Ay = (flimaCj), A2 = (flifrims). 

In general, the values of a?, y, », &c., may be written as fol- 
lows: — 



0? = 



(mi JjCs . . . /n) («i m^bz... In) 



y = 



z 



{avhnh ...In) o 
(fli 62 Cj . . . /«) 



(ai 62 Cs . . . ii)' (fli ^2 e?i . . . /n)' " (fli 62 Cj . . . /«)' 

where, to obtain the value of any variable, the given quantities 
mi, m,, &c., on the right-hand side of the given equations are 
to be substituted in A for the coefficients of the variable in 
question, and the determinant so formed to be divided by A. 

125. Idnear HEomogeneons Eqoatloiis. — When n - 1 
linear homogeneous equations between n variables are given, the 
ratios of the variables can be determined by bringing any one of 
them to the right-hand side of the equations, and solving as in 
the previous Article ; or we may determine these ratios more con- 
veniently, as follows. We take the particular case of three 
equations between four variables, which will be sufficient to 
illustrate the general process : 

(tix + bit/ + CiZ + diW = \ 

e/2J* + 62^ + CiZ •¥ ditr = } . (1) 

o.^J' + bit/ + r:,r + (/,ic = 
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To these may be added a fourth equation whose coeflScientB 
are undetermined, viz., 

a^x + biy + c^z + d^w = X. (2) 

Calling {ttibiCzd^ as usual A, and solving from these four 
equations by the method of the last Article, we obtain, sinoe 
mi = 0, wis = 0, mj = 0, m* = X, the following values : — 

Aa? = X-^i, Ay = XJ?*, Ajs = XC4, Atr = XA, 
or, 

The first three of these equations express the ratios of the 
four variables in terms of the coefficients in the three given 
equations. And, in general, the variables are proportional to the 
coefficienta in the expansion of ^ of the constituents of the n** row 
supposed added to the n-1 rows resulting from the given equations. 

We can now express the condition that n linear homogeneous 
equations should be consistent with one another ; for example, 
that the equation (2) should, when X = 0, be consistent with the 
equations (1). We have only to substitute in (2) the ratios de- 
rived from (1), when we obtain 

aiAi + biBi + CiOi + diDi = 0, 
or 

A = 0. 

The same thing appears from the equations (3), for if X = 0, 
and if the variables do not all vanish, A must vanish. 

What has been proved may be expressed as follows : — The 
result of eliminating the variables between n linear homogeneous 
equations in n variables is the vanishing of the determinant formed 
by the coefficients of the given equations. 

126. Reciprocal Determinants, — The quantities 
Aif Biy Ci . . . -^3, Bif &o. (Art. 114), which occur in the ex- 
pansion of a determinant {i.e. the first minors with their proper 
signs), may be called inverse constituents; and the determinant 
formed with them the inverse or reciprocal determinant. We 
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proceed to prove certain useful relations connecting the two de- 
terminants. 

(1). To express the reciprocal in terms of the given determinant. 
Let the reciprocal of A be denoted by A^, and multiply the two 
determinants 



As 



Oi 


b^ 


Ci 




flj 


b. 


c% 


, A'- 


^ 


h 


Cs 





A, 5, C, 

^2 •'-^S ^2 

Az B^ C, 



All the constituents of the resulting determinant except 
those in the diagonal vanish (Art. 124) ; and the result is 



AA' = 



whence 



A 

A 

A 
A' = A». 



= A'; 



The process here employed in the particular case of two de- 
terminants of the third order is equally applicable in general ; 
giving AA' = A**, or A' = A'*"*. Hence the reciprocal determinant 
is equal to the {n - ly^ power of the given determinant. 

(2). To express any minor of the reciprocal determinant in terms 
of the original constituents. 

We take, for example, the determinant of the fourth order, 
and proceed to express the first minors of its reciprocal. Multi- 
plying the two determinants on the left-hand side of the follow- 
ing equation, and employing the identical equations of Art. 124, 
we obtain 


A 



a\ 


6i 


Ci 


rf. 




1 








<h 


h 


Ci 


rf. 




A^ 


B, 


C, 


0% 


h 


Ci 


d. 




A^ 


5. 


C, 


a*. 


h 


Ct 


rf. 




A, 


B, 


c. 



Al 













<h 


A 








. 


<h 





A 





9 


04 








A 
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whence 



or 



B^ Ct A 

5, ft 2), =fliA», 
B, C, D, 

{B^C^Di)=a,A\ 



thns expressing the first minor of A' complementaiy to Ai. 

Again, to express the second minors of a', we have, by an 
exactly similar process, 



(h bt 
whence 



Ci 


rf. 




Ct 


<^ 




c. 


<h 




Ci 


d. 





1 


A, 




1 

^4 
















A 




A 





^4 



61 

b. 







A 

A 



ft D, 
ft A 



fli 61 



(h 



A% 



or 



(ft2)4) = (aift.)A. 



The general theorem of which these are particular cases can 
be proTed in a similar manner, and may be expressed as fol- 
lows : — A minor of the order m formed out of the inverse consti- 
tuents is equal to the complementary of the corresponding minor of 
the original determinant A multiplied by the {m - ly^ power of ^. 

For example, in the case of a determinant A of the fifth 

order a minor of the third order is expressed in the following 

manner: — 

(ftA^,)=(aA)A«, 

as the student can easily verify by a method exactly similar to 
the proof above given. 

If the original determinant A vanishes, it is plain that not 
only the reciprocal determinant itself, but also all its minors of 
any order vanish. The vanishing of the minors of the second 
order may be expressed in the following form : — When a deter- 
ndnant vanishes^ the constituents of any row of its reciprocal are 
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proportional to those of any other rowy and the constituents of any 
column proportional to those of any other column, 

127. Symmetrical Determinants. — Two constituents of 
a determinant are said to be conjugate when one occupies with 
reference to the leading constituent the same position in the 
rows as the other does in the columns. For example, d^ and 
bi are conjugates, one occupying the fourth place in the Second 
row, and the other the fourth place in the second column. Each 
of the leading constituents is its own conjugate. Any two con- 
jugate constituents are situated in a line perpendicular to the 
principal diagonal, and at equal distances from it on opposite 
sides. 

A symmetrical determinant is one in which every two con- 
jugate constituents are equal to each other. For examples of 
such determinants the student may refer to Art. 114, Exs. 2, 9, 
10, and Art. 115, Ex. 4. 

In a symmetrical determinant the first minors complementary 
to any two conjugate constituents are equal, since they differ 
only by an interchange of rows and columns. The correspond- 
ing inverse constituents are also equal, the signs to be attached 
to the minors being the same in both cases. It follows that the 
reciprocal of a symmetrical determinant is itself symmetrical. 

The leading minors are plainly all synmietrical determi- 
nants. 

The mode of expansion of Art. 117 is especially useful in 
the case of symmetrical determinants, as will appear from the 
examples which follow. 

Examples. 
1. Form the reciprocal of the symmetrical determinant 

■ 

a h ff 

A= h b f 

9 f e 

Using the capital letters to denote the reciprocal constituents, as explained in 
Art 114, 80 that A may be expanded in any one of the forms a A + HH + gG^ 
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hH ■\- bB ■\-fFf gO -f/F-f c(7, we may write the reciprocal determinaiit A' as 
foUowB : — 



A' = 



A 
H 
G 



H 
B 
F 



O 
F 
C 



*<?-/* fff-c^ hf^hg 



= fg-eh 



ea 



— tfi 



hf- hg gh-af 



gh - af 
ab - h'i 



2. Form dmilarlj the reciprocal of 



As 



a 


h 


9 


I 


h 


b 


f 


m 


9 


f 


e 


n 


I 


tn 


n 


d 



Using a notation similar to that of the preceding example, so that A may be ex- 
panded indifferently in any of the forms 

oA + hH + gQ + IL, AJ+ bB -^-fF-^-mM, &c., 

the reciprocal determinant A' is obtained by replacing in A the constituents by the 
corresponding capital letters. The student will find no difficulty in writing out, if 
necessary, the expanded form of any of the reciprocal constituents ; for example, F 
is the minor complementary to/ with its proper sign (the negative sign in this case), 
and F is therefore obtained from the expansion of 



9 
I 



f 
m 



n 
d 



3. Expand the determinant A of Ex. 10, Art. 114, by the method of Art. 117. 
Bringing the last row and last column into the position of first row and first 

•column, and using the notation of Ex. 1 for the inyerse constituents of the leading 
minor, the result can be written down at once in the form 

- A = A\^ + Bfi^ + (7ir« + 2Ffiy + 2Gy\ + 2I?A/i. 

Since a determinant is unaltered when both rows and columns are written in re- 
verse order, if the expansion of a determinant be required in terms of the last row 
and last column (as in the present example), it is not necessary to move them in the 
first instance into the position of first row and first column. The expansion can be 
written down from the determinant as it stands, replacing in the rule of Art. 117 
the leading constituent and its minor by the last diagonal constituent and its com- 
plementary minor. 

4. Expand the determinant A of the above Ex. 2, in terms of the last row and 
•column, by the method of Art. 117. 

Attending to the remark at the end of the preceding example, and using 
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Af Bf C, F, G, ff, to represent the same quantities as in Exs. 1 and 3, the result 
may be written down as follows :^ 



A = d 



9 



-AP~ Bm^ - Cn^ - 2Fmn - 2Gnl - 2Hlm, 



When a symmetrical determinant of any order is bordered symmetrically (i. e, by 
the same constituents horizontally and rertically) the result is plainly a symmetri- 
cal determinant of the next higher order. The result of Art. 117 shows in general 
that the expansion of the bordered determinant consists of the original determinant 
multiplied by the constituent common to the added row and column, together ^nth 
a homogeneous function of the second degree of the remaining added constituents. 

5. Expand the determinant 



As 



a 
h 

9 
I 



h 
h 

f 
m 



g I a 

f m fi 

e n y 

n d S 



This is the determinant of Ex. 2 bordered symmetrically, the common consti- 
tuent of the added lines being zero. The result is plainly a homogeneous function 
of the second degree of a, fif y,i; and, by aid of the notation of Ex. 2, may be 
written down at once in the form 

- A = ^o» + Bfi^ + C7' + D«» + 2Ffiy + 20ya + 2ffa$ 

+ 2XaS + 2Jf/8S + 2^78. 

6. Proye by means of the Proposition of Art. 121, that the square of any deter- 
minant is a symmetrical determinant. 

128. Skew-Symmetiic and Skew Determinants. — 

A skeW'Symmetric determinant is one in which every constituent 
is equal to its conjugate with sign changed. Since each leading 
constituent is its own conjugate, it follows that in a skew-sym- 
metric determinant all the leading diagonal constituents are 
zero. 

A determinant in which all except the leading constituents 
are equal to their conjugates with sign changed is called a skew 
determinant. Thus, while a skew-symmetric determinant is 
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zero-axial, a skew determinant is not. The calculation of a 
skew determinant may plainly be reduced to that of skew- 
symmetric determinants by the method of Art. 116. 

The remainder of this Article will be occupied with the proof 
of certain useful properties of skew-symmetric determinants. 
(1). A skew-symmetric determinant of odd order vanisJies, 
For any skew-symmetric determinant A is unaltered by 
changing the columns into rows, and then changing the signs 
of all the rows. But when the order of the determinant is odd, 
this process ought to change the sign of A ; hence A must in 
this case Tanish. For example, 

a b 



As 



-fl 







0. 



-J -<? 

(2). The reciprocal of a skew-symmetric determinant of the n'* 
order is a symmetric determinant when n is odd, and a skew-symmetric 
determinant when n is even. 

In any skew-symmetric determinant the minors correspond- 
ing to a pair of conjugate constituents differ by an interchange 
of rows and columns, and by the signs of all the constituents. 
Hence the two minors are equal when their order is even, 
namely when n is odd ; and equal with opposite signs when n is 
even. In the former case, therefore, the reciprocal determinant 
is symmetric ; and in the latter case it is skew-symmetric, its 
leading diagonal constituents all being skew-symmetric deter- 
minants of odd order. 

(3). A skew-symmetric determinant of even order is a perfect 
square. 

This follows from the principles established in Art. 126. 

Take, for example, the determinant of the fourth order, 

a ft 



-a 





d 


e 


-b 


-d 





f 


-e 


- e 


-/ 






Examples. 



271 



and let the inTerse constituents forming its reciprooal be de- 
noted by -4i, -Bi, . . . A%j &o. We have then, by (2), Art. 126, 

/ 



A^Bt - AtS, = A 



-/ 



=/'A. 



Now Ai, and Bt^ being skew-symmetrio determinants of odd 
order, vanish ; and At-- Biy since these are conjugate minors ; 
hence /'A = Atj which proves that A is a perfect square. 
Similarly, for the determinant of the sixth order, it is proved 
that the product of A by a skew -symmetric determinant of the 
fourth order is a perfect square ; and since the latter determi- 
nant has been just proved to be a perfect square, it follows that 
A is also. By an exactly similar process, assuming the truth of 
the Proposition for the determinant of the sixth order, it follows 
for one of the eight; and so on. 



Examples. 

1. Verify the following expression for the skew -symmetric determinant of the 
fourth order : — 

Q a b e 



-a 



e -e -/ 



s(a/-«* + «f)«. 



2. Expand in powers of x the skew determinant 



— a 



^h -d X f 

— tf — € —f X 

When the expansion of Art 116 is employed to calculate a skew determinant, 
it is to be observed that the determinants of odd order in the expansion all vanish, 
and those of even order may be expressed as squares. Here the coefficients of the 
odd powers of x plainly vanish, and the result takes the form 

As«* + (a» + 62 + (}2 + <^ + ^ +/») «» + (a/- bt + ed)\ 
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3. £zpand the skew determinant 



a B e f g 
b -e C h i 

d —g-i-J B 



The result may be written in the form 

ABCDB + 'XpABC-\- 2(*; -/» + gh^A, 

where the first 2 includes ten terms similar to the one here written, and the second 2 
includes fiye terms. The terms inyolying the products in pairs of the leading con- 
stituents yanifih, as also the term not inyolying these quantities. 

4. The square of any determinant of eyen order can be expressed as a skew- 
symmetric determinant. 

The following method of proof is applicable in general. 

The square of {aib%eidi) is obtained by multiplying the two following determi- 
nants: — 





«i h. «i ^\ 




— Ji ai "di ei 






at h Ci d% 




— ^ 02 —di C2 


• 




Oi h ci di 


9 


-bi as —di ei 


f 




Oi bi Ci di 




— bi ai —di Oi 




d the product of these is 




0, -(ai63)-(<Ti*), . 


- (aibi) - (cidi), - {aibi) - (cidi), 


(tfi*a) + (<yi.<^), 0, . 


-Ms)-(a2rfs), - (atbt) - {cidi), 


(aih) -k- (eidi), (tfsftj) + (<54*), 


0, -(Mi) -MO, 


iflih) + (eidi), (a%hi) + (cji*), 


(«s*4) + {adi), 0, 


lieh is a sk( 


sw-symmetric determin 


lant. 







5. Form the reciprocal of a skew-symmetric determinant of the third order. 
Using for A the form in (1) of the present Article, the result is easily found to 
be the symmetric determinant 



«2 -be 



09 



-be 



V^ -ab 



ae 



-ab 



I%eorem. 
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6. Form the reciprocal of the skew-syinmetric determinant A of the fourth order 
in Ex. 1. 

Representing by ^ the fonotion af^bt-\-ed whose square is equal to A, and by 
a' the required reciprocal, we easily find 



A' = 



fp ^0tl> dp 

-fp ep -bp 

0p —cp ap 

-dp bp -op 



The yalue of this skew-symmetric determinant may be written down by aid of 
the result of £x. 1. It is thus immediately yerified that A' = (a/— be + ed)^ p^ = A^ 

7. Form the reciprocal of the skew-symmetric determinant A of the fifth order, 
obtained by making the leading coefficients all yanish in the determinant of Ex. 3. 

Since the reciprocal is a symmetric determinant (see (2), Art. 128), and since also 
it must be such that the constituents of any line are proportional to those of any 
parallel line (Art. 126), it appears that the required determinant must be of the 
form 

^i* pip2 pipi pi pi plp6 

p2pi p^ p2pi p2pi p2ps 

p9pl pip2 p3* p3pi pips 

pipl pipi pi^ pA* pAp6 

p5pl p6p2 p5pi P5pi P^ 

in which ^i, p2i p3t pit ^s (^^^ ^^^ functions of the second degree in the original 
constituents whose squares are the yalues of the fiye first minors complementary to 
the leading constituents of A. 

In general the reciprocal of a skew-symmetric determinant of any odd order 
2m + 1 is of a form similar to that just written, the diagonal constituents being the 
squares, and the remaining constituents the products in pairs, of 2m + 1 functions, 
each of the m<^ degree in the original constituents. 

129. TheoFem. — We conclude the subjects of the present 
Chapter with the following theorem relating to a determinant 
whose leading first minor vanishes. Adopting the notation of 
Art. 117, we regard A as the vanishing determinant, and state 
the theorem to be proved in the form : — If a determinant A, 
whose value is zero, be bordered in any manner^ the product of the 
determinant so formed by the leading first minor of A i« equal to 
the product of two linear homogeneous functions of the added con-- 
stituents, 

T 



:i.T»ir~ 






Tl 



gj £ 



:2 Zlr- -rvr^-T :U 




am: -=zi 



-IgfCT^V. 



TTT^-r^^jUL 



'». 



as- :^ 









124^ lir ~s- 3u: 



» 7f^9uf. *f •■ "■t*««f*i ^-.'iti* ^•it***' 



«*Tr 



^.•Fi^j^ iT-- 



r« ?-*"—«• 



^*=^-^ *" ■»HT'- 



t JIM t^fUitr. '- - ; -^i. .. '** vij 



7« 



»..:*.'■ *«rr f#fMj4we:? 



aa: 



--.j» ■ 



5--t 



r-r ?^« 
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and applying the theorem of the present Article, we find 

tpi^ A' =» - (4>i'o + ^1^^ + ^1^7+ • • •)(^i'«'+ ^^1/8'+ ^^17'+ • • •)» 



or 



A'= - (4)io + 4>2^ + ^7+ • • .)(^i« + 4>a^'+ 4>37' +...)• 



It may be observed that if in this result of, ff, 7', &c., be made equal to - a, —fij 
-7, &c., respectiyely, we fall back on the theorem (3) of Art. 128. 

2. If a skew-symmetric determinant of eyen order 2m be bordered in any man- 
ner, the resulting determinant is equal to the product of two rational functions, one 
of the m*\ and the other of the (m + 1)'* degree in the constituents. 

This may be deriyed immediately from the result of the last example by making 
equal to zero all the added constituents a, jB', 7', &c., except the last, which is to 
be made = 1. The determinant then reduces to one of the (2m + 1)** order of the 
kind here considered, the bordering constituents forming the top row and the last 
column. It appears also that the factor of the m<^ degree in the result is the square 
root of the giyen skew-symmetric determinant of order 2m. 

3. Resolve into its factors 





a 



a 



- c 



3 7 

e -* 



* -a 

Ans. - (aa + *i8 + cy)(aa' + hfi* + ey), 



4. Resolve into its factors 



u a 
a' 



e —b X 



\) a y 
7' b -a z 
8' -X -y "Z 

Ans. (az + fty + «){a:(jB7') + y(7o') + s(o30 + «(a«')+*()8«') + <;(75')J- 

If the leading constituent a^ (see Art. 117) is not zero, the term a^{ax-\-by-\'Cz)'^ 
must be added to thid result. In general, excluding the term a^A arising from the 
leading constituent, it appears by (2), Art. 128, that the expanded form of any 
tikew-symmctric determinant of even order, bordered as in Art. 117, is a linear 
homogeneous function of the determinants (a/3'), (07'), (/37*), &c. When the bor- 
dered determinant is of odd order, as in Ex. 3, the leading constituent a^ may 
always be taken equal to zero without affecting the result. 



t2 
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Miscellaneous Examples. 



1. Prove 



ao 



a\ 



«! 



a% 



02 



as 



Oa a% ai 

where Jha& the same signification as in Art. 37. 
2. Proye 

7 + o a + i8 

y + a' o + iS* 

7" + a" a" + iS" 



^/, 



^ +7 
^' +7 
i8" + 7 



52 



rr 



3 7 
iB- 7 

/B" y 



3. Proye 



i87 »-/ + i8'7 iB'7' 

7a 70' + 7'o yci/ 

ojS aff-Va^ a fir 



^ {fiy)(ya){afi'), 



where the factors on the light-hand side are determinants of the second order. 

a y 

Dividing the rows hy fi'y', 70', afif ; and putting a =-,/* = —, y = 7, the 

a p y 

determinant (omitting a factor) reduces to the form 



1 

1 

1 
4. Prove 



y + \ y\ 

a b 

a' y 

a» ^ 

a' V 



1 -A 

1 -M 

1 -y 



Am 



s-(m-i')(i'- A)(A-fi), &c. 









?!! ^ 1! £!! 

a & « ({ 



^ {b<f)(ad'){ea') (b d') [ab') jed') 
abcda'b'<fd' 



a' b' e' d' 
Multiplying the columns hy -5, — , — , j^, the determinant reduces to the form 

treated in Ex. 10, Art. 112. 



6. Prove 

/5«7» + «^8« /37 + o« 1 

7*o2 + /3»8» 7a + ^5 1 

o«/3» -f 7»8» 0/8 + 78 1 



(i8-7)(a-a)(7-o)(i8-.5)(o-/3)(7-«). 



Add the last column multiplied hy 2 a/978 to the first. The determinant he- 
comes then of the form of Ex. 9, Art. 112. 



Miscellaneous Examples. 



277 



6. Proye 

(i8 + 7-a-5)* (/8 + 7-a-5)» 1 

{a + ^-7-5)* (a + ^-7-a)» 1 

7. Proye 

a b ax-^ b 

b e bx + e 

ax-\- b bx+c 



640-7)(a-5)(7-a)(i8-a) 

(«-«(7-«)« 



- {ae-li^{ajfi + 2bx-¥c). 



Subtract from the third row the second row plus the first multiplied by x. 
8. Proye similarly 

b c asfi + ^x+c 



a 
b 

e 



e 
d 



c 
d 

e 



b^-\-2ex+d 
e:fi-\-2dx + e 



aj^ + 2bx + e b:ifl+2ex + d e^-\'2dx-\-e 

a b e 



bed 
e d e 



(ax*+ 4*a»+ 6«c»+ 4iir+ c). 



9. Giyen 



/i (a?) = aia^ + 3*i«» + Zcix + rfi, 
/a W = oja^ + ZbiX^ + 3<JaaP + dt, 
fz(x) = ajx* + ZbiX* + 3<?8« + iis ; 



proye the identity 



/i(*) /.'(*) /i"W 
/.(*) /.'W /."W 
/>(«) /»W />"(') 



- 18 



1 


— « 


*» 


-«> 


ai 


bi 


<?i 


rfi 


a% 


b% 


0a 


1^ 


05 


bt 


fii 


d^ 



The first dotermioant reduces easily (omitting a factor) to the following 

a\x-\'b\ bix -^^ ei e\x ^^ d\ 

iH^ "¥ b% b2X -^ 02 0%X-\-d2 

a^x + ^3 bzx + ez e^x + d^ 

We haye seen (Ex. 4, Art. 122) that the order of a determinant may be increased 
without altering its yalue. By a suitable selection of the added constituents the 
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calculation of a determinant may often be simplified by bordering it in this way. 
The determinant last written is plainly equal to 



Qi a^x + ^2 ^* + C2 C2X -f rfa 
«s azx-\-bz h^x-^-e^ Czx ■\- dz 

Subtracting from the second column the first multiplied by x ; subtracting then 
from the third the new second column multiplied by x ; and, finally, from the fourth 
the new third column multiplied by x, we have the result aboye stated. 

10. Show that the determinant 



{K — e)xy Ay' + fl«* + ca;* - 1 

(K^b)xz (X - a) yz 



{K-b)xz 

(A - a) yz 

Az* + bx^ + f y2 - 1 



eontains A (a;* + y* + «*) — 1 as a factor, and that the remaining factor is inde- 
pendent of A. 

Border the determinant, as in Ex. 9, with a first column whose constituents are 
1, Aa?, Ay, A«; and with a first row whose constituents are 1, 0, 0, 0. Subtract 
then X times the first column from the second, y times the first column from the 
third, and s times the first column from the fourth. In the determinant thus 
altered subtract from the first row x times the second, plus y times the third, plus z 
times the fourth ; and the result follows. 

11. £zpand in powers of x the determinant 



ai-k- X 


bi 


Cl 


di 


a% 


b% + x 


02 


d2 


as 


bi 


cz-\-x 


dz 


tti 


bi 


Ci 


di + x 



Ana,* a?* + (ai+ *2 + <^ + <f4)«'+ {{bte^ + (aii4)+(ai(r8) + {b^di) + (fli^) + (cidi)\x'^ 

+ {{bzczdi) + {aiczdi) + (ai bidi) + (aib%cz)} x + {aibzCzdi). 
12. Proye the identities 

1» r 

a a oa 

1 $ 0' »e^ 

It » 

y y Tf 

where 

ui=(i8-7)(a-«), 





B C 




C A 




A B 






^ C 




C A' 


s 


A' B" 


» 


-B = (7-a)(i8-a), C = («-/3)(7-8), 


J?' = 


= (y-«')( 


i3'- 


a'), c 


= (« 


{-0)ir/- 


-«•) 
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Expanding the first detenninant in terms of the minors formed from the first 
two columns (see Art. 115), we easily prove that it is equal to 

and employing the identical equation A-^ B ■\- (7 s 0, along with the relations of 
Ex. 18, Art. 27, the result follows. 

13. Prove that the determinant of Ex. 12 is equal to 

1 i87 + oa /ry+a'r 

1 70 + i8« yo' + zTJ' 

1 ojB + 7« a0-^y'^ 

This follows at once from the relations of Ex. 18, Art. 27. If a , iS', y\ V he 
put equal to a"», iB*», 7*, 5* in the result, we ohtain an identity which includes 
Ex. 5, p. 276, as a particular case. 

14. Prove 
X 01 03 as 



*i 



fi 


X 


fi 


y 


fi 


y 



Cl 



a 



= (a:-«)(ar-i8)(^-7)(r-«); 



oi, 02) azy h) h, ci heing any quantities. 

This foUows hy suhtracting a times the last column from the first, fi times the 
last from the second, &c. The student will have no difficulty in writing down the 
corresponding determinant of the (n + 1)^ order which is equal to the polynomial 
/ {x) whose roots are ai, 03, «Sy • • • a«. 

15. Resolve into factors the determinant 

(a - ay (« - fiy 



A^ 



Here 



A = 



(3 - ar 

(y-ay 

0? a 
0i 3 



(/5-isy 



1 
1 



1 
1 



(« - yy 

(7-7T 

-2a' 

-2/5' 
-27 



/5'2 

^'8 



7* 7 

and these two determinants may he resolved as in Ex. 9, Art. 112. 
16. Resolve into factors the determinant 



A = 



(a - ay (a - fiy (a - 7')= 

(3 - ay {» - fiy ifi - 7')' 

(7-aT (yfiy (7-7T 



\ 
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Multiplying the two rectangular arTays 

€? c? a \\ 1 -3a' 3a'' -a' ^ 

0^ fi^ fi 1 I (1), 1 -3i8' 3i8'» -i8'» 

7» 72 7 ij 



1 -37 37'« -y» 



(2), 



A becomes equal to the sum of four terms, from each of which we can take out as a 
factor the product of the two determinants 



1 fi ^ 

I y 7t 

The remaining factor is 



1 
1 
1 



#0' #o'2 



Z{Zafiy - 5)37 2a'+ 5/5V 2o - 3o'i8'7' j, 
which can be written also in the foim 

3{(«-a')(i8-i8')(7-7') + («-i8')(i8-7')(7-«') + («-y)(i8-«')(7-i8')l. 



17. Proye the expansion 
1 + fli 1 1 



1 
1 
1 



l + «a 1 * 1 
1 1+03 1 

1 1 1 + 04 



(, 11 1 1) 
= 01030304 J1+— + _ + —+_ J, 
( ai 02 az ai) 



This is easily proved by subtracting the first column from each of the others, 
and then expanding the determinant as a linear function of the constituents of the 
first column. It will be apparent from the nature of the proof that the value of the 



similar determinant of the n*^ order is oiosos • - * Of»< 1 + 2— {. 

( oi) 

18. Prove the /elation 



flU. 

X X 

x'^ X X 



X X 

7 X 



=/(*)-*/'(*), 



where 



f{x)^{x-a)(x-fi)(x^y)(x-V), 



This can be derived from the previous example, or proved independently in a 
similar way. As in the last example, the determinant of this form of the n^ degree 
can b3 similarly expressed. 
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19. Each of the coefficients of any equation can be expressed in terms of the 
roots as the quotient of two determinants. 

The student can easily extend to any d^ree the following application to the 
equation of the third d^ree* 

From Ex. 10, Art. 112, we have 



aS a> a 1 
7» y 7 1 



- 03-7)(7-a)(a-i8)(:r-«)(«-i8)(«-7). 



Expanding the determinant, this identity can be written 



a 1 



0" P 1 



7 1 



«»- 



7» 7 1 



«» + 



a» o« 1 
3» iS* 1 

7* 7* 1 



X — 



a' a 



a> a I 
/3» fi 1 
7» 7 1 



7* 7* 7 



{«>-l>i*«+i>j«-ji»}, 



from which the aboye proposition follows ; pi^ pt, pi being the coefficients of the 
equation whose roots are a, fi, 7. 

20. To express as a determinant the reducing cubic in the solution of a biqua- 
dratic. 

Employing Descartes' method, and substituting from equations (1), Art. 64, in 
the identity 



P p' 
q q 
we find the equation 



1 1 
p' p 

q' q 



2 P+P q-^^ 

p-^pf %Pff p^-^p'q 

q^q' pq'^p'q ^W 



=0, 



b C'^ a^ d 

« + 2a^ d e 



= 0, 



a cubic for ^, which is easily seen to be identical with the cubic 



4«5^- Ja^ + /=0 



of Art. 64. 
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19. Each of the coefficients of anj equation can be expressed in terms of the 
roots as the quotient of two determinants. 

The student can easily extend to any d^ree the following application to the 
equation of the third degree* 

From Ex. 10, Art. 112, we have 



«3 «• « 1 
7» y 7 1 



- (0-y){y-a){a-fi){x^a){x-fi){x-y). 



Expanding the determinant, this identity can be written 



a* a 1 
0" P 1 

7* y 1 



«»- 



t? a I 
7» y 1 



«» + 



c^ o» 1 
fi^ 0^ 1 
7» 7* 1 



a?— 



a' a 



c? a I 
/3» fi 1 
7» 7 1 



7* 7* 7 



{«>-l>iJ5«+i>j«-i»»}, 



from which the above proposition follows ; pif pt, p$ being the coefficients of the 
equation whose roots are a, 0, y. 

20. To express as a determinant the reducing cubic in the solution of a biqua- 
dratic. 

Employing Descartes' method, and substituting from equations (1), Art. 64, in 
the identity 



= 0, 





1 1 




1 1 




2 p-i-p 


{ 


q-^4 




P P' 




P' P ^ 


- 


p\pf %ppf 


p^-^p'q 




q 4 




i q 




q^q' pq'-¥p'q 


2qq' 


wo find the equation 






a h + 2a^ 








h e -^ a(^ d 


= 0, 










« + 2a^ d 




e 







a cubic for ^, which is easily seen to be identical with the cubic 



of Art. 64. 



4a'^- Ja^ + /=0 
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a 


h g 





= 8 


h 


* / 







9 


/ c 



21. Find the condition that the homogeneous quadratic function of three 

Taiiables 

«K» + ^' + tf2« + %fyz + Igzx + Ihxy 

should be resolyable into two factors. 

Equating the given function to the product of the factors 

(o« + iSy + 7«) (ax + ffy + 7'z), 
we readily find 

a a' \ a a 

7 7' 7-7 

hence the required condition is that the symmetric determinant last written should 
Tanish. 

22. Show that the most general values of x, y, t, w which satisfy the two homo- 
geneous equations 

ax-\-by + ez + dtP = 0, a'z ■{■ b'y + e'z + d'to = 

may be expressed symmetrically in terms of two indeterminates X, T, in the form 

(a*') {ac') {ad') x = aX-\-a'T, 

(ba') {be') {bd') y^bX-\-b'Y, &c. 

This can be proved by joining to the two given equations the two following : — 

a' *3 c» d^ a'» *'» r'2 d'^ 

a c a abed 

where A, fi are indeterminate quantities ; by then solving for Xj y, t^ w, as in Art. 
124, and reducing the determinants as in Ex. 4, p. 276 ; and finally making 
X = a'b'e'd'K, r= - abedfi, 

23. If in any determinant r columns (or rows) become identical when x = a, 
then {x — a)*^'^ is a factor in the determinant. 

This appears easily by subtracting in the given determinant one of the r columns 
from each of the others. The resulting r — 1 columns must each contain x — a aa 
a factor, since by hypothesis each constituent in it vanishes when x = a, 

24. Find the value of the determinant of the n'* order 



A = 



a a X 



whose leading constituents are all equal to x, and the remaining constituents all 
equal to a. 
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By the preceding example A muBt contain (x — a)*^^ as a factor ; and by adding 
all the columns we see that it must also contain ap + (n— l)aasa factor. Hence A 
can differ by a numerical factor only from the product of these ; and by comparing 
the product with the leading term we find 

A = (a?-a)»-i{j? + («- x)a). 

This result can readily be proTed directly without the aid of £x. 23. 

25. The determioant 

/i{«) /.(«) Ma) 

/i(i8) /2O8) M$) 

My) Mi) My) 

in which /i, /2, /s are any rational integral functions, contains the difierence-pro* 
duct (i8 - 7) (7 - a) (o - 3) as a factor. 

This appears readily by reasoning similar to that of Ex. 23. Determinants of 
this nature, in which the constituents of any column (or row) are functions of the 
same form, and the constituents of any row (or column) involye the same yariable, 
arc called alternants. It is plain that the result is general, and that the alternant 
of any order contains as a factor the difference-product of aU the variables inyoWed. 
The determinants of Exs. 9, 10, Art. 112, and £xs. 11, 12, Art 120, are alternants 
of the simplest form. 

26. Express in the form of a determinant the quotient of the alternant in the 
preceding example by the difference-product. 

Assuming, to fix the ideas, that the functions inyolved are each of the fifth 
degree (which will include lower degrees by making some coefficients yanish), we 
may write 

fz (o) = aao** + ha*' + c^c? + ^30' + ^30 +/s. 
Kow taking a, iS, 7 to be the roots of the equation 

3^ + px^ + ^x + r = 0, 
and forming the product of the following determinants : — 



o« 


0* 


o3 


a' 


a 


1 




<n 


*i 


Cl 


di 


e\ 


h 


35 


iS* 


33 


/5» 


iS 


1 




aj 


^ 


c% 


d2 


e2 


h 


7^ 


r* 


7* 


y" 


7 


1 




«3 


h 


cz 


dz 


ez 


/3 








1 











J 








1 


P 


9 


r 





1 



















1 


p 


9 


r 





1 



















1 


P 


9 


r 









it readily appears that the determinant last written is the required quotient. 

A similar method may be used to form the quotient when the alternant IB of any 
order, and/i, fi,fzj &c., rational integral functions of any degreeB. 
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27. Besolye the following detenninant into linear factors : — 



01 02 03 04 05 



05 01 02 0S 04 



04 05 01 02 03 



03 04 05 01 02 



02 03 04 05 



«1 



Here in all the rows the constituents are the same five quantities taken in cir- 
cular order, a different one standing first in each row. A detenninant of this kind 
is called a eireuiant. It is conyenient to write a circulant in the form here given, 
yiz., such that the same element occupies the diagonal place throughout. Taking 
tf to he anj root of the equation j;^ — 1 = 0, and adding to the first column the 
sum of the constituents of the remaining columns multiplied hy 0, 0^, 0^, 0*, re- 
speotiyelj, we ohsenre that the following are factors of the determinant : — 

ai + «a +«8 +«4 +«5, 
01 + ^02 +^'03 + ^04 + 6*05, 
fli + ^«a + tf*a3+6«i +«'«6, 

01 + ^02 + 603 + d*04 + 6* 05, 
fll + ^02 + ^tfS + 6*04 + 605, 

the five roots of «* - 1 = being 1, 0, 6', 9^, 6* ; and comparing the coefficient of 
01^ in both expressions it appears that the numerical factor is unity (cf. Ex. 13, 
Art. 120). 

The method here employed can easily be extended to express a circulant of the 
n*^ order as a product of n factors by means of the roots of the binomial equation 
«» - 1 = 0. 

28. Calculate the determinant of the n*^ order 



A»s 



On 


bn 











-1 


On-l 


K.I 











-1 


0f»-2 


^«-2 







• 




• 


-1 

a • 


• 


• • 



in which all the constituents are zero except those which lie in the diagonal and in 
lines adjacent to it on either side and parallel to it, one of these latter sets consisting 
of constituents each equal to — 1. 

Expanding in terms of the first column, we have the following relation connect- 
ing three determinants of the kind here considered whose orders are n, n — I, 
11-2:— 

Am = 0n An-1 + ^h An^. 
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By aid of this equation the calciilation of anj detenninant is reduced to that of 
the two next inferior to it in the series An, An-i, Ai»-2, . . . A2, Ai ; and the yaluea 
of Ai and A2 are plainly ai and ojai + ^2» respectiYely. 

Dividing the equation just given by Aw-i we have 

Am hn 

-— = a»+- — ; 

An-l Aa-1 

An-a 

replacing by a similar value the quotient of An.i by An_2, and continuing the pro- 
cess, it appears that the quotient of any determinant by the one next below it in 
the series can be expressed as a continued fraction in terms of the given consti- 
tuents. On account of this property determinants of the form here treated are 
called e<mtinuant». When each of the constituents bnf ^i».i, . . . ^, ^ (in the line 
above the diagonal) is equal to + 1 the resulting determinant is a timple continuant. 
29. Calculate the determinant of the n*^ order 



An s 



a 1 
fi a 
fi 





1 



fi 



whose only constituents which do not vanish axe a, fi. If lying in the diagonal and 
the lines adjacent and parallel to it as here represented. 

The calculation is readily effected for any particular value of m, in a manner 
similar to that of the last example, by aid of the equation 

An = aAn-l — i3An.2) 

the values of Ai and A2 being a and a' - fi, respectively. 

By examining the formation of the successive values of A, the student will 
readily observe that the terms contained in the result are 

a^ a^^fif <^-^$*, . . . o»/3-i, fi% 
when n is even and of the form 2r ; and 

when n is odd and of the form 2r + 1* 

For the purposes of a subsequent investigation, in which the results just stated 
will be made use of, it is not necessary to know the general forms of the numerical 
coefficients which enter into these expressions ; but such forms can be arrived at 
without difficulty, and the following general expression obtained for A« : — 

, ,N ,« (n-3)(n-2) .^ (n_6)(« -4)(«-3) ^^ ^ 
An = a« - (n - 1) a--2i8 + ^ :^ •' a^0^ - ^ lT23 •■^/9*+ &C. 
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30. When a polynomial U is divided by another U' of lower dimensions^ the 
coefficients of the quotient, and of the remainder, can bo expressed as determinants 
in terms of the coefficients of U and XT'. 

The method employed in the following particular case is equally applicable in 
general. Let U be of the 6th, and U' of the 3rd degree ; the quotient and re- 
mainder can then be represented as follows : — 

Q = qoT^ + gix + ^2, -fi = rox^ + rix + r2. 
Also, let 

From the identity U= QIT + JR 

we have the following equations : — 

00 = gooo't 

ai = qoai-\- qiooy 

02 ^ qooa + gi ai + y2«o', 

«3 = gods' + ?i«2'+ y2«i'+ ro, 

«4 = gias -\- g2a2 + ri, 

O5 = ?2«s'+ ''2. 

Solving by Art. 124 ; ^0, ^i, ?2 are expressed as determinants by means of the 
first throe of these equations ; and taking the first three with each of the others in 
succession, we determine ro, ri, r2. For example, to find ro we have from the first 
four equations 



flo' 








-Oo 


ai' 


oo' 





-«i 


02- 


ai 


ao' 


-02 


«3' 


aa' 


a{ 


-az 



= 0, or oo'^ro 



'3-^ ^ 



«o' 








ao 


ax' 


Oo' 





fli 


at 


ai 


Oq' 


a-i 


az 


a2 


«r 


az 



31. Find the general forms of the coefficients of the quotient, and of the re- 
mainder, when a polynomial of even degree 2m is divided by a quadratic. 
Taking a:* + oa? + 3 as the given quadratic function, wo have the identity 



:m 



floa^*" + aiar'"»-' + fli^c'""' + . . . + a2m-2^* + atm-ix + at, 

s (joiC*'"'* + ?!«**-' + . . . + g2m^X + g2m.2){x^ + OX + fi) + TqX + Tu 

Writing down the first r ^- I equations, formed as in the preceding example, to 
solve for ^0, gu ?2, . . . gn it is easily seen that the value of gr thence derived is 
a determinant of the r** order of the form treated in Ex. 29, bordered at the top 
with the constituents 1, 0, ... 0, oo, and at the right-hand side with oo, ai, ... ar. 
Expanding this determinant in terms of the last column, it is immediately seen that 
any quotient is expressed by means of a series of the determinants of Ex. 29 in 
the form 

gr ^ ar — ar-i Ai + «r-2 A2 — &C. . . . + ai Ar-i ± An 
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the upper or lower Bign to be used according as r is eyen or odd. To obtain the 
coefficients of the remainder, we haye the equations 

i39'2M-2 + ri = asm* 

Expressing the yalues of ^2111^, g%m-2 bj the formuk just proyed, and attending 
to the results of Ex. 29, we deriye the following general forms for ro and ri : — 

ro = Aim-i + A2m-i fi + Atm^ /5' + . . . + Azfi'^^ + Aifi'^-^ 

ri = oaw + ^2m-2i3 + J?2«.«i3* + . . . + -BsiS"*-! + Bofi^, 

in which the coefficients ^, ^ are all functions of a, the highest power of a in any 
coefficient AqtB being represented by the suf&x attached to the coefficient. 

32. If the leading constituents of a symmetric determinant be all increased by 
the same quantity x^ the equation in x^ obtained by equating to zero the determinant 
so formed, has all its roots real. 

Let the determinant of the n*^ order under consideration be denoted by An and 
written in the form 

a + a? h g 

h * + a? / 
g f fl + af . 



Let the determinant obtained from this by erasing the first row and first column, 
i. e. the leading first minor of An, be denoted by An-i ; again, the leading first minor 
of An-i by An.2 ; and so on, the last function Ai obtained in this way being of the 
form / + a:. To these we add the poaitiye constant Ao = 1, which may be re- 
garded as completing the series of minors and obtained by the same process, since 
An is not altered by affixing a last row and a last column consisting entirely of zero- 
elements, with the exception of the constituent + 1 in the leading diagonal. We 
have now a series of « + 1 fimctions — 

An) Aii.l) An-2, . . . A2, Aiy Ao, 

whoso degrees in x are represented by the suffixes. When + 00 is substituted for x 
the signs are all positive ; and when — 00 is substituted, the signs (beginning with Ao) 
arc alternately positive and negative. Hence, if ;r be regarded as increasing con- 
tinuously, n changes of sign must bo lost in this scries during the passage from — 00 
to + 00 . Now it appears by the theorem of Art. 129, that a yalue of x which 
causes any fimction (excluding An, Ao) in this series to vanish gives opposite signs 
to the functions adjacent to it on either side. Ao retains its sign throughout. It 
follows, exactly as in (2), Art. 89, that a change of sign can never be lost except 
when X passes through a real root of Am = 0. There must, therefore, exist n real 
roots of this equation in order that n changes may be lost during the passage of x 
from — 00 to + 00 . 



i 
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Any equation in the series, being of the same form as An = 0, has all its roots 
reaL It is plain also that each of these equations is a limiting equation (see Art. 
83) with reference to the equation next above it in the series ; since, in order that 
a change of sign maj be lost between A* and Ai»-i at the passage through each of 
two consecutiye roots of the former, the value of An-i must change sign between 
these two yalues of s. The equation A» = may have equal roots, and by what 
has been just proved it appears that when this equation has r roots equal to a, 
the equation An-i ^ has r — 1 roots equal to a, the equation Ait-a = has r — 2 
roots equal to a, and so on. 

The determinant here discussed occurs in several investigations in pure mathe- 
matics and physics. The proof here given of the property above stated is taken from 
Salmon's Higher Algebra (Art. 46), to which work the student is referred for other 
proofs of the same theorem. 

33. If the determinant of the preceding example have r roots equal to a ; prove 
that every first minor has r — 1 roots equal to a ; every second minor r — 2 roots 
equal to a, and so on. 

Employing the notation ^, IT, 6^, . . . for the el ements of the reciprocal deter- 
minant, we have the equation 

AB-H^= A».2 A«. 

Kow it is easily seen by proper transpositions of rows and columns that every 
leading first minor contains the multiple root r — 1 times. It follows from the 
equation just written that the minor H must contain this root r - 1 times ; and H 
may be taken to represent any first minor. 

34. Find the conditions that the equation 



a + « 


h g 


h 


* + « / 


9 


/ tf + a? 



= 



should have equal roots. 

Since each first minor must contain the double root, we readily derive the 
required conditions in the following form : — 

^ 9h , hf ^ fg 
f g h 

This and the preceding example are taken from Eouth*s Dynamics of a System 
cfMigid Bodies, Part u., Art. 61. 



CHAPTER XII. 



SYMMETBIC FUNCTIONS OP THB ROOTS. 



130. lVewtoii'8 Tbeorem on the Snins of the Powers 
of the Roots. — ^We now resume the disoussion of symmetrio 
functions of the roots of an equation, of which a short account 
has been previously given (see Art. 27) ; and proceed to prove 
certain general propositions relating to these functions : — 

Prop. I. — The sums of the similar powers of the roots of an 
equation can he expressed rationally in terms of the coefficients. 

Let the equation be 

a (a? — ci) [x - oa) (a? — oj) . . . (a? - Or^ = 0. 

We proceed to calculate 2a', 2a% . . . 2a"* ; or, adopting 
the usual notation, s%j s^j . . . «m, in terms of the ooefiGioients 

Ply Pif • • • Pf^* 

We have, by Art. 72, 



f^,).m,m 



+ . . . + 



/w 



a? — oi a? — 02 ^ — On 

= naf^^ + (n - l)pi3f''^ + (n - 2)p2(xf^ + . . . + 2p,^^a? +jt?„^ ; 
and we find, dividing by the method of Art. 8, 



x^a 



= aJ^* + a 



a^ + 



+ a' 


af^ 


+ a» 


aJ^ 


+ . 


.. + a~-' 


+i?ia 




+ l?ia» 






+i>ia*^ 


+ P2 




+ P2a 






+i>2a"-' 






+ P3 






+ . . . 
■^Pn^a 



u 
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If in this equation we replace a by each of the quantities 
oi, 02, ... On in succession, and put «p = Sa^ = ai^ + 02'* + . . . + arf^ 
we have, by adding all these results, the following value for 


















whence, comparing this value of f\x) with the former, we 
obtain the following relations: — 

«i + Pi^i + 2pa = 0, 

«4+i?l«S+ i?2«2 + JC?3«1 + 4/?4 = 0, 



«lt-l + i?iV2 + i>2«n-J + . • • +i>it-2«l + (W - VjPn^l = 0. 

The first equation determines «i in terms of p^ P2f - - - Pnl 
the second ^2 ; the third 83 ; and so on, until Sn^i is determined. 
We find in this way 

«i « - Ply «2 = Pi* - 2pa, «8 = - i>i' + 3/?i jt?a - 3;?3, 

«4 = i?i* - ipi^pz -^4pip^ + 2jp2* - 4/?4, 

«5 = - JPi* + 5pi'/?a - 5pi*Pi - 5 (|?a» - JP4) JPi + 5 (;?ai?3 - Pi) ; &c. 

Having shown how «i, «i, «8, • • . «»-i can be calculated in 
terms of the coefficients, we proceed now to extend our results 
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to the sums of all positive powers of the roots, tIz., ««, 8^+^ • . . «m. 
For this purpose we have 

Eeplacing, in this identity, x by the roots oi, 02, . . . o«», in suooes- 
sion, and adding, we have 

Now, giving m the values n, n + 1, n + 2, &o., suooessively, 
and observing that <o ° ^> we obtain firom the last equation 

9n + PiSf^i +i>3«i»^ + . . . + npn =0, 
«n+l +i?l«n +i?8«ft-l + . . . + i?««i = 0, 
«fM.a + i>i«n+i + j32»n + . . . + jPn«3 = 0, &0. 

Hence the sums of all positive powers of the roots may be 
expressed by integral functions of the coefficients. And by 
transforming the equation into one whose roots are the reci- 
procals of ai, a2, 03, . • . <iny and applying the above formulas, 
we may express similarly all negative powers of the roots. 

131. Prop. XL — Every rational symmetric function of the 
roots of an algebraic equation can be expressed rationally in terms 
of the coefficients. 

It is sufficient to prove this theorem for integral symmetric 
functions, since fractional symmetric functions can be reduced to 
a single fraction whose numerator and denominator are integral 
symmetric functions. Every integral function of oi, 02, . . . a« 
is the simi of a number of terms of the form Nai^Oi^a^. . ., where 
iV is a numerical constant ; and if this function is symmetrical 
we can write it imder the form irs.afaj^aj' . . ., aU the terms 
being of the same type. Therefore, if we prove that this quan- 
tity can be expressed rationally in terms of the coefficients, the 
theorem will be demonstrated. We shall first establish the 
following value of the symmetric function '!Zafa%^ : — 

SoiP 02' - «p «ff - Sp^ (1) 

u2 
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To prove tlu«, we multiply together Sp and s^, where 

«p = fli'* + a/ + a/ + . . . Offy 

iq = ai* + aj* + as* + . . . On*; 
whence 

«p«9 = af^ + a/** + . . . + Off^ + a/'aj' + Oi^a/ + &o., 

or 

8p8q = «jw« + ^a^Qi^y 

which expresses the double function Sa/a2* in terms of the 
single functions Sp, «j, Sp^ in the form above written. 

We proceed now to prove a similar expression for the triple 
function, i.e., 

2ar flj*as = SpSqSr — 8q^8p — Sr^pSq — 8p^8r + ZSp^^, yZ) 

Multiplying together 2a/ as* and 8ry where 
Sai^aa* = ai^a,* + ai*a/ + ai^as* + . . . 
«r = a^ + a/ + as*" + . . . + a/y 

we obtain an expression consisting of three difPerent parts, viz.^ 
terms of the form "^af^at^, Sai«+^a/, and Sa/'a2*a3^ 
Hence 

a formula connecting double and triple symmetric functions. 
But, by (1), 

2ar^ a^ = 8p^8q — 8p^^y 

Sai***" a/ = 8q^8p - SjH^+r, 
Sa/* 02* = 8p8q - «p+^. 

Substituting these values, we find the triple function 
^afa%^a{ expressed as above in terins of single functions in 
the series «i, ^29 «S9 <^o. 

In the same maaner the quadruple function Sa/" 02* a{ 04' 
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can be made to depend on the triple function Sa/* 02^ a/'y and 
ultimately on «i, S2, «3, &o. ; and so on. Whence, finally, 
every rational symmetric function of the roots may be expressed 
in terms of the coefficients, since, by Prop. I., «i, ^, ^a, &o., 
can be so expressed. 

The formulas (1) and (2) require to be modified when any of 
the exponents become equal. 

Thus, ii p ^ qj afa^ ^ a/ai^, and the* terms in (1) become 
equal two and two ; therefore ^afa^ = 2^afaf ; whence 

Similarly, M p = q^rm ^afa2^a{j the six terms obtained 
by interchanging the roots in afa%^az become all equal ; hence 

And, in general, if t exponents become equal, each term is 
repeated 1.2.3...^ times. 



EXAMFLBS. 

1. Prove 

2oi''02«a3*'04« = 8p8q8r8» - X8p8q8r^ + 2X8p8q^r^ + 28p^8r^ - 68ptq^r*9' 

2. Prove 

24Sai"«03»*08'"04"» = 8m* - 6»ii,'t2« + S8m8Zm + 3«2»»* - 6»4»». 

132. Prop. III. — The value of «r, expressed in terms of 
PuPiy . , .pnyis the coefficient ofjf in the expansion by ascending 

powers of y of -r log yV( - )• 
Since 

putting - for ;p in this identical equation, we find 

if 

l+Piy+p^y^+Pzy^ + '-'+Pny^-il -aiy)(l-aay)...(l-a«y). 
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Now, taking the Napierian logarithms of both sides, 



J»iy + p. 



- -^.- 



-PiP% 
1 , 



y*+Pi 


y*+p» 


-PiPz 


-I'l/'j 


1 . 

-2^' 
+P*P» 


+Pipi^ 
+PiPi 


1 , 


-PiPi 


-4^' 


-Pi'Pt 




+ ip.' 



y*+&c +Pry^+&o. 



Therefore, equating ooeffioients of y^ in both expansions, 



«r = - rP 



r> 



where Pr is the ooefficient of y^ in log y v( ~ )• 

From the above identical equation it may be seen that 
Sr (r less than n) involves the ooeffioients pi, j»2, j^s, . • • Pr only ; 
and, therefore, ^r+i, jPr+i> - - • Pn may be made to vanish without 
affecting the form of the expression of Sr in terms of the coef- 
ficients. 

133. To express the coefficients in terms of the sums of the 
powers of the roots. 

Since 

l+i?,y + jp,y*+...+p„y" = (l-aiy)(l-a2y)...(l-any), 
we have 

log(l+i?iy+...+i?«y") = -yai-Hy*«»----- -f^r-- ..; (1) 

A r 

and, therefore, 



l+/?iy+i?2y* + ...+i?ny"=«-«"^-*^"'--*^'''""-, 
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which becomes hj expansion 



l-«iy-2». 



1.2 



»i' 



^-h 



1.2 
1 



*1*2 



1.2.3 



«." 



v'-i«* 



+ g «l »» 



T *l *» 



2.4 



h' 



y*-... 



2.3.4 



Now, oomparing the ooeffioients of the di^erent powers of y, 
we obtain values for j9i,^2, jPs, . . • i>», in terms of «i, ^2, . • . «n ; 
and we see that pr involves no sum of powers beyond «r« 

If the identity (1) be differentiated with regard to y, the 
equations of Art. 130 connecting the coefficients and sums of 
powers may be derived immediately from the resulting identity. 

It is important to observe that the problem to express any 
symmetric function of the roots in terms of the coefficients or 
any coefficient in terms of the sums of the powers of the roots is 
perfectly definite, there being only one solution in each case. 

We add some examples depending on the principles estab- 
lished in the preceding propositions. 



Examples. 

1. Determine the yalue of 

^(oi) + ^(02) + . . . + ^(a«), 

where ai, at, 03, . . . on are the roots oif{x) = 0, and ^{x) is any rational and 
integral function of x. 
We have 



1 1 1 

+ + ...+ 



and 



f{x) X — a\ ' X — aa 
f{x)ip{x) ^M . <t>(x) 



/(^) 



X — ai X — aa 



+ ... + 






X- On 
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Perfonning the diyifiion, and retaining only the remainders on both sides of thiB 
equation, we have 

^/ % "^ " — T + . . . + } 

f\x) x — ai X— a% X — am 

whence 

J2o«*-^ + -Bi «*^ + . . . + -B«-i = 2<^ (o 1 ) (a; - 02) (x - 03) . . . (a; - a«) ; 
and, comparing the coeflElcients of x**-^ on both sides of this equation, 

5o = 2^(01). 

2. ProTe that tp is the coefficient of — ^^ in the quotient of the division oif(x) 

^y/(*) arranged according to negative powers of x. 

3. Prove that «.p is the coefficient (with sign changed) of xp-^ in the same quo- 
tient arranged according to positive powers of x. 

4. If the degree of ^ (x) does not exceed n - 2, prove 

where 2 denotes the sum obtained by giving r all values from 1 to ft inclusive. 
We have, by partial fractions, 



+ .. . + 



f{x) X - ai X- at «-on' 

and, multiplying across by f{x), and putting x equal to ai, aa, . . . in succession, 
it>{x) _<t>{ai) 1 . <t>M 1 . .<^(a„) 1 



/(a;) /'(ai)«-ai /'(oj) « - oa "* /(o«)a;-a«' 
whence 



a?^W _ V <>(«r) /, .^»r . Or* . \ 

When ^(:r) is of the degree n - 2 ; expressing the first side of the equation as a 
function of -, it readily appears that there is no term without - as a multiplier. 

X X 

We have therefore, comparing coefficients. 

As ^ may be any rational and integral function of degree not higher than » — 2, 
we have the following particular cases which are worthy of special notice : — 

a""' o"-* a I 

27?7-r=0, 2777- =0, ...2^=0, 2^^ =0. 

/(«) fM /(«) /(« 
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5. Prove tliat the Bum of all the homogeneous products Ilr, of the r*^ degree of 
the quantities ai, as* . - . om, is equal to 



We have, putting y = -, 

X 

as* 1 

f{x) " (l-oiyXl-oay) ... (l-a«y) 

= (1 +aiy + oiV + • • •) (1 +a2y + a8V+ • ..)••• (1 + «««y + «««V + • • •) 

= i + niy + n2y'+ .. . + nry^+.. . 

Also 3^ __ ^ I 

and therefore 

a;* _ aina i ^ „iHr-i 

whence, comparing coefficients of y*" in these two expansions, 

/ («) 

6. To express the coefficients of an equation in terms of the homogeneous pro- 
ducts of the roots, and vict versd . 

From the equation of the preceding example 

I 



/I x/i \ n r=l + niy + njy»+..., 

(l-oiy)(l-a2y) ... (l-a,«y) 

we have 

(1 +i?iy +P2f/^+ . . . +Pnir*) (1 + niy + nay^H- . . . ) = 1, 

which gives the following relations : — 

i?i + Hi = 0, 

J?3 + lis +J?ina -^-p^Ui = 0, &c. 

These equations (in which, for values of r not greater than n, pifPi, " 'jfrf 
and 111, 112, ... Ilr are interchangeable) determine pi, pt, , . . pn in. terms of 
Hi, 112, ... IIii, and vice vend. 

By means of this and the preceding example the values of the following symme- 
tiic functions may be found in terms of the coefficients : — 

^7w' V>)' ^/w' *"• 

7. To express Ilr by the sums of the powers of the roots. 
Representing by - the product (1 - oiyj (1 - aay) . . . (1 — ony), and di 
ing, we find 

-T - ^1 = *i + »2y+«8y'+...; 

udy \-ay 

also i# = 1 + Iliy + Ilay* + . . . 
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We have, therefore, 
(1 + niy + n2y* + ...) (*i + 'ay + «3y*+ ...)== ni + 2n2y + Siiay* + . . . 

Now comparing the several coefficients of the difPerent powers of y, wo have a 
number of equations by means of which the sums of the homogeneous products 
Tk\y lis, ns, . . . may be expressed in terms of »\, «2, «3) &c. 

8. To find a general expression for Sm in terms of the coefficients Pu P2i . ' - Pn, 
of an equation of the n*^ degree. 

"We have 

-log,(l+i>iy+iiay2^., ..+/?ny")=2 tPiy+i?2y* + . ..+i?»jr)'' 

r-l 

1,1, 1 

= *i y + o «»y + o 'ss^ + ... + — »«jr» + ... 

Now, malring use of the known form of the coefficient of y<" in the expansion of 
(piy + P2t/^ + ' " -^Pntry by the multinomial theorem, and comparing coefficients 
of y^ in the above equation, we find 

2(-l)»'inr(ri + ra+... + r„) ^ ^ 
r(n+i)r(r,-n)...r(r.+i) ^'"^" . . . ;.,.'-. 

in which 

n + ra + rs + . . . + r» s r, 

ri + 2ra + 3rs + . . . + nr« = in ; 

and n, ra, rs, . . . ri, are to be given all positive integer values, zero included, which 
satisfy the last of these two equations. Also, representing by r« any of these in- 
tegers, 

T{ri+ 1) = 1 .2.3 ... r„ 

with the assumption that r(l) = 1 when r, = 0. 

9. To find a general expression for any coefficient pm in terms of the sums of 
the powers of the roots «i, «3, • . • tm- 

We have 

1 +i>iy+i»»y»+ ... +i>«y~+ ... +i?ny- = «f■*'^ «'*""". «'*'^" .. . 

When the Motors on the right-hand side of this equation are developed, and the 
coefficients of y^on both sides compared, we find, employing the notation of the last 
example, 



1>« = 2 



r(ri + 1) r(r2+ 1) . . . r(r« + 1) 2''« a*-* . . m*-*' 



in which n, ra, ... tm are to be given all positive values, zero included, which 
satiafy the equation 

n + 2ra + 3r3 + . . . + mtm = m. 
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134. DefinltloiM. Theorem. — The weight of any sym- 
metrio function of the roots is the degree in all the roots of any 
term in the function. For example, the weight of Sa/S'y' is 
six. 

The order of any symmetric function of the roots is the 
highest degree in which each root enters the function. For 
example, the order of Sa/S'y'* is three. 

It has been proved (see Art. 28), that the weight of any 
symmetric function of the roots, when expressed by the co- 
efficients Qoy tti, ^2, . . . (7«|, is the same as the sum of the suffixes 
of each term in the expression. We now prove another im- 
portant theorem, viz. : 

// any symmetric function be expressed in terms of the coefficients 
Ply /?2, . . . Pm the degree in the coefficients is the same as the order 
of the symmetric function. For example, Sa*j3* ■*;?2*- 2pip^ + 2/;*, 
no term being of higher degree than the second in the coefficients, 
and the order of the symmetric function being two. 

The student may easily satisfy himself of the truth of this 
theorem by observing that in the equations (2) of Art. 23, the 
value of each coefficient in terms of the roots contains each root 
in the first power only ; hence the highest degree in the co- 
efficients will be the same as the highest degree of the cor- 
responding symmetric function in any individual root. We 
add the following formal proof, as it is in accordance with the 
proofs of certain general propositions to be given subsequently. 

Replace the coefficients pi, p^y . . . Pn by — , — , . . • — • 

Now, if (ai, 02, . . . a,^ denote any rational and integral 
symmetric function of the roots, we have 

«u*'0(ai, 02, . . . On) = F{(lQy «lj ^2, • • • «n), 

where ty is the degree in the coefficients of jP(«o, ^i, «2, . . • «n)> 
a homogeneous and integral function of the coefficients, not 
divisible by a^. 

We require now to show that w is the order of 0. For this 
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purpose change the roots into their reciproctds, and, therefore, 
d^ ttiy . , , an into a„, an^i, . . . Oo* Whence 



also 



A 1 1\ T./ 

\ai 02 On/ 



f_l 1^ 1 \ _ l/r (ai, aa, O3 . . . an) 

^Oi 02 an^ (010203 • • • Cin)^ 



(1) 



where ^ is the order of 0, and yp an integral function not divi- 
sible by the product of all the roots ; (010203 . . . on)^ being the 
lowest common denominator of all the terms. Substituting in 
(1), we have 

fl/^(ai, Oa, . . . o„) = ± aJ^F(any fln-i, . . . <h)' 

From this equation it follows that p is equal to ^ ; for if p 
were greater than w, yp (oi, 02, . . . o«) would be divisible by the 
product ai02 . . . On, and if it were less, the function of the coef- 
ficients F[any a»_i, . . . flo) would be divisible by a«, both of which 
suppositions are contrary to hjrpothesis. 

135. Calcnlatloii of Symmetric FanctloiM of tlie 
Roots. — Any rational synmietric function can be calculated by 
the method of Art. 131. In practice, however, other methods 
are usually more convenient, as will appear from the examples 
given at the end of the present Article, and from the following 
Articles, in which we shall give certain general propositions 
which in many oases facilitate the calculation of symmetrio 
functions. 

The niunber of terms in any symmetric function of the roots 
is easily determined. For example, the number of terms in 
Soi^oa'os of the equation of the n'* degree is n(n - 1) (n - 2), this 
being the number of permutations of n things taken three 
together. If the exponents of the roots in any term be not all 
different, the niunber of terms will be reduced. Thus, 2a* /3y 
for a biquadratic consists of twelve terms only (see Ex. 6, p. 48), 
and not of twenty-four, since the two permutations ojSy, 07/3 
give only one distinct term, viz., o^/Sy, in Sa^/Sy. The student 
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acquainted with the theory of permutations will have no diffi- 
culty in effecting these reductions in any particular case. 
When two exponents of roots are equal, the number obtained 
on the supposition that they are all unequal is to be divided by 
1.2; when three become equal this number is to be divided 
by 1 . 2 . 3 ; and so on. In general, the number of terms in 
201^02*03'' ... of the equation of the n'* degree, each term con- 
taining m roots, and v of the indices being equal, is 

n (« - 1) (n - 2) . . . (n - fw + 1) 
1.2.3. . .V 

When the highest power in which any one root enters into 
the symmetric function is small, i.e., when the order of the 
function (see Art. 134) is low, the methods already illustrated 
in Art. 27 may be employed with advantage for the calculation 
of the symmetric function of the roots in terms of the co- 
efficients. 

It is important to observe that when any symmetric function 
whose degree in all the roots (i. e., its weight) is ft, is calculated 
in terms of the coefficients pi, P2 • • > Pn for the equation of the 
n^^ degree, its value for an equation of any higher degree (the 
numerical coefficients being all equal to unity) is precisely the 
same ; for it is plain that no coefficient beyond ^n con enter into 
this value, and the equations of Art. 130, by means of which 
the calculation can be supposed to be made, have precisely the 
same form for an equation of the nf^ degree as for equations of 
all higher degrees. It is also evident that the value of the same 
symmetric function for an equation of a degree m (lower than n) 
is obtained by putting j^m+i, Pn^zy . . . i?n all equal to zero in the 
calculated value for an equation of the n*^ degree, since the 
equation of lower degree can be derived from that of the n'* by 
putting the coefficients beyond /?« equal to zero ; and the corre- 
sponding symmetric function reduces similarly by putting the 
roots om+i, am+«. • • • On ©ach equal to zero. 
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Examples. 

1. Calculate 2 01^0303 of the roots of the equation 

«* +^i4;»»-» + p2X^-* + + pn.\x + /;, = 0. 

Multiply together the equations 

2ai = — p\, 

2ai 02 03 = — pz. 

In the product the term ar 02 03 occurs only once ; the term 01020304 occurs four 
timeB, arising from the product of 01 hy 020304, of 03 hy 010304, of 03 hy oi 0204, 
and of 04 hy 010203. Hence 

2oi'o203 + 4 :Soi 020304 —p\Pz ; 

therefore 

2oi'o2 03 = pipz — ipi' (Compare Ex. 6, Art. 27.) 

If the calculation were conducted hy the method of Art. 131, we should have 

201^0203 = J«2»i' - *i«s - i«2' + *4, 

which leads, on substituting the values of Art. 130, to the same result ; but it is 
evident that in this case the former process is much more simple, since the values of 
«i, «2» &c., introduce a number of terms which destroy one another. 

2. Calculate 2oi'a2^ for the general equation. 

Squaring 

2oi 03 = P2» 
we have 

Soi'oa' 4- 22oi'o203 + 6^1030304 =i^'. 

In squaring it is evident that the term 01030304 will arise from the product of 
aia2 by 03 04, or of 01 03 by 03 04, or of 01 04 by 03 03 ; hence the coefficient of oi 02 03 04 
in the result is 6, since each of these occurs twice in the square. The result diifers 
from the similar equation of £x. 8, Art. 27, only in having :S before the term 
ai 020104. Hence, finally, 

2oi*02* =P2^- 2pipz + 2pi. 

3. Calculate S 01*03 for the general equation. 
We have, as in £x. 9, Art. 27, 

ISoi'Soios = ^01*02 + 201^0303. 

Hence, employing previoufl results, 

2oi'o2 -p^p% - 2p2^ -Pipz-^ 4p4. 

4. Calculate 201*03^03 for the general equation. 

The result will be the same as if the calculation were made for the equation of 
the fifth degree. 
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To obtain the symmetric function we multiply together Saioa and Saiasos ; and 
consider what types of terms, involving the five roots ai, as, as, 04, as, can result. 
The term 01*02' as will occur only once in the product, since it can only arise by 
multiplying aia/i by 010203. Terms of the type 01*020304 will occur, each three 
times; since 01*020304 will arise from the product of 01 02 by 010304, of 01 as by 
010204, or of 0104 by 010203; and it cannot arise in any other way. The term 
01 02 03 04 06 will occur ten times in the product, since it will arise from the product of 
any pair by the other three roots, and there are ten combinations in pairs of the five 
roots. We have then, for the general equation, 

201022010203 = 2oi*02*as + 3201*030304 + 1020102080406- 

fWe can verify this equation when » = 6, just as in Ex. 9, Art 27 ; for the 
product of two factors, each consisting of 10 terms, will contain 100 terms. These 
are made up ol the 30 terms contained in 201*02*03, along with the 20 terms con- 
tained in 201*020304, each taken three times, and the term 0103010406 taken 10 
times.] 

Thus the calculation of the required symmetric function involves that of 
201*020304; for which we easily find 

2oi 2oi 020304 = 201*020304 + 62ai 02030105. 

Hence, finally, we obtain 

2oi* 02*03 = —piPz + 3pij94 — 6p6, 

The process of Art. 131 would involve the calculation of $5 ; and many terms 
would be introduced through the values of «i, «2, &c., which disappear in the result. 

5. Find the value of 2oi* 02* 03 04 for the general equation. 

We multiply together 2aio2 and 201020304, and consider what types of terms 
can arise involving the six roots 01, 02, 03, 04, 05, oe. The term 01* 02* as 04 can occur 
only once. Terms of the type 01*02030405 will each occur four times, this term 
arising from the product of 0102 by 01030405, or of 0103 by 01030405, or of 0104 by 
01030305) or of 01 05 by 01 02 0304. The term'oi02030405a3 will occur 16 times, this 
being the number of combinations in pairs of the six roots. Hence 

20102201030304 = 201*02*0304 + 42oi*0203|o405 + 152010203040505. 
We have again, for the calculation of 2oi*|o20304 05, 

20120102030405 = 201*03030405 + 62010203040505. 

Hence, finally, 

201*03*0304 =P2Pa - 4pij96 + 9p«. 

6. Find the value of 201*02* at* in terms of the coefficients of the general equa- 
tion. 

Here, squaring 2010303, we have 

2ai 020320102 03 = 201*03^ OS* + 2 201*03* OS 04 + 6 201*03010405 4 202010803040506, 

from which we obtain 

2aj*03*03* =Pi^ - 2p2Pi + 2pip6 - 2|l6. 
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136. Brlo8chl*8 DlfTerentlal Eqnatioii. — M. Brioschi 
has given the following differential equation connecting the 
ooeffioients and sonis of powers of the roots of an equation : — 

dpr^k 1 

To prove this we have, as in Art. 132, 

log(l;+i?iy+j02y*+ . . .+io«y'*)^-ysi- 2i/'«2-gy^«3. . .-- y''Sr . . . , 

and differentiating, 
d tf 

J- (1 +i^iy +i>ay*+ • • • ■^PnV'') = - (i + joiy +/?2y'+ . . . ■^Pnv'') — ; 

whence, oomparing the coefficients of the different powers of y. 



dSr 



= 0, when q<r\ 



dpr 1 dpr4.h ^1 
dSr r' dSr r 

We can now express the result of differentiating with respect 
to «r ftny function of the coefficients 

F{piyP2yPi, . . ./?n). 

Since 

dpi dp% dpr-i 

dSr dSr* '" dSr 

all vanish, 

and, applying the formula given above, this reduces to 

1/dF dF dF dF' 

r \(/;?r fl(Pr+l e?i?r+2 «?/?«, 

By means of this result symmetric functions can often be 
calculated with great facility, as will appear from the following 
examples : — 
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Examples. 

1. Calculate the yalue of the symmetric f anction Sai' ai^ 03' 04' of the lOots of 
the equation 

Knowing the order and weight of any symmetric function, we can write down 
the literal part of its yalue in terms of the coefficients. Here 2 is of the second 
order, and its weight is eight ; hence 

t = UiP% + hptpi + t^p^pt + hPiP% + <4P4*, 

where iot iu *h &c., are numerical coefficients to he determined. 

Terms such as ptpi^t PiPipi, P5Pi\ &o., although of the right weight, are 
of too high an order, and therefore cannot enter into the expression for 2. Again*. 
2 expressed in terms of the sums of the powers of the roots is of the form 
-^(^T '4i «B» »8) ; for, in general, Xaif 03? 03** • • • » expressed in terms of the sums of 
the powers of the roots, is made up of terms such as «p, «p^, Sp^q^n • • • np, . . . 
all of which are sums of even powers when Pt gtr, , , . are even ; therefore in this 
case none but even sums of powers enter into the expression for 2. 

Also, since 3— - 0, and -— = 0, we haye, using the formula aboTe given for -r-f 

toPi + tipipi + hPiPt + h{piP3-¥p6) + 2tipipi =10, 
toPi + tipi = 0. 

From these equations we infer 

^0 + ^1 = 0, ^2 + ^8 = 0, <j+<o = 0, <i + 2^4 = 0; 

but ^4 = 1> since for a quartic 3=^74'; therefore 

<i = -2, <o = 2, 6 = -2, <2 = 2; 

and, substituting these values of to, ti, h, hf U, 

2oi'o2'o3'a4* = 2ps - 2pipi + 2p9Pt - 2p6P3 +Pi^, 

2. Calculate Sai'aa^os' for the same equation. 

Ant. -2p6 + 2pip5~ 2p2Pi -k-PiK (Compare Ex. 6, Art. 136.) 

3. Calculate for the same equation the symmetric function 2ai'a2'a3. 
Here the weight is six, and the order three ; hence 

2oi»aa*03 = toP9 + hPiPi + t2PiP2 + hPiPi^ + Upi*+t6PiP2Pi Vj^Pi^- 

Also 2, expressed in terms of #1, #2, s^, Ac, is (see Art* 131), 

Kow, differentiating by means of Brioschi's equation these two values of 2 with 
regard to 14, and comparing differential coefficients, we have 

/,^ = _^ = 2, or <o=-12. 
X 
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Differentiating with regard to «5, we have 

kpi + <i J?i = 6<i = - bp\ ; .-. ti = 7. 
Differentiating with regard to ««, 

whence 

/o + ^i = - 8, <i + /j = 4 ; 

i|wd 

^3 = - 3, ^2 = 4. 

Again, /« = ; for 2 Taniahes if n — 2 roots Tanish. And we find ^4 and ^5 by 
taking the particular case when n — 3 roots vanish ; for in this case 

2ai'o2*a3 = aicuosISai'at = -p^(-p\Pi + Sps) =pip2Pi — SpsS 
and therefore 

whence, finally, 

2oi'«a*as = - 12;)« + 7piP5 + 4p4/^ - 3p4jn^ - Zpz^ -^-pipipz^ 

137. DerlTation of neipr Symmetiic Fmictloiis firom 
a gtTen one.— From anj relation such as 

a^r S0 (ai, oi, • . . a») = -P(flo, «i, fl«, . . . On), 

wHere is an integral function, of the order zjj of some or all of 
the roots of the equation 

we may derive a number of other symmetric functions and their 
equivalents in terms of the coefficients. 

For this purpose diminish each of the roots by any quantity 
Xy and consequently change any coefficient ar into Ur (see Art. 35). 
When this is done the original relation becomes 

flo"' S0 (ttl - a?, Qi-Xy . . . Qn-X) - F[Uoy Uly Uiy ... Un)'y 

and comparing the coefficients of the different powers of x on 
both sides of this equation, we have a number of symmetric 
fxmctions of the roots expressed in terms of the coefficients as 
required. It should be observed, however, that this method leads 
to no new symmetric functions when the given function is a 
function of the differences of the roots. 
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138. Eqoatlon of OperKUon. — ^We now proceed to 
deduce an important equation of operation in the notation of 
the differential oaloulus, which may be applied to famish the 
results of the last Artiole. 

Let Oa'^ (a„ a^ . . . a.) = F{at, a„ (h, ... o,), 
as in the last Artiole. Adopting the notation 



dat dot da^ 

J, d „ d ^ d d 

(uri (Ml oOi d(i^ 

we have the following equation of operation : — 

Sft>'^ (oi, o„ . . . (!■) = DF{att oi, . . . dn). 
To prove this, we have, as in Art. 137, 
[ao"*{o,-ir, a,-*, ... o.-«)-i^(I7o, PI, Pi, .. .U^; 
and, hy Taylor's theorem, 

^ (oi - », ai - a!, ... o, - «) = #0 + arS^ + :j — ^ S'^e + . . . , 
where ^a = ^ {ai, at, ... an) . 

Agun, omitting all powers of x higher than the first, 
FiVo, Ui, ... IT'b) becomes F{a„ax + aaX, a, + 2aix, . , . «■ + n(T„-, .r), 
or, when expanded, 

Jl + :r fa, :1 + 2«, :^ + . . . + H«,., ^"l j; + &0-. 
\ dOi da, donj 

where 

j; = F((h, «!,... a») ; 

whence, oomparing ooef&cients of ic in both expansions, to find 

the equation above written, viz., 

o,"S^(n„ a„... an) = I>F[a^ «,, 
This equation shows that if a symmetric function 
from f by the operation £, its value in teims of the 



x2 



1 be derived ^^H 

mm 
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may be derived from the corresponding value of by the opera- 
tion jD. 

Again, ednoe S^ and DF may take the place of and F in 
this equation, Jo'S'^ becomes B^F, &c. It may be noticed, 
moreover, that if S^o vanishes, S^^o, S'^o, &c., all vanish ; and 
thus that X disappears in the expansion of 

(oi — a?, aj - a?, , . , on " ^)' 

Now this can happen only when is a function of the 
differences of ai, a2, . . . . an ; whence we conclude that if 
ao'~'F{aoy aij 02, • . . «n) is the value in terms of the coefficients 
of a function of the differences of the roots, then 

DF{aoy rti, flTj, . . . an) 

vanishes identically. 

This identical relation is often sufficient to determine the 
numerical coefficients in a function of the differences expressed 
by the coefficients, when the order and weight are known. It 
is not sufficient for this purpose when there exist more than one 
function of the differences of the required order and weight. 
We add examples of functions of the differences determined in 
this way. 

Examples. 

1. Determine a function of the differences whose order and weight are hoth 
three. 

Aflsume ^ = -^^o^ as + Ba^ai oi + Ca^^ 

these being the only three terms which satisfy the required conditions. It is 
evident from the form of D that the operation is performed by applying to the suffix 
of any coefficient Or the same process as in ordinary differentiation is applied to tho 
index. Thus jDar = rar.if and therefore 

D^ = (3^ + B) <H?a2 + (2B + 3(7) a^oo ^ 0. 

^lence 

^A + B^Of and 2B + ZC^0; 

and putting -4 = 1, we hare 

J? = - 3, and C= 2 ; 

whence, finally, 

^ s ao^ 09 - 3aooi0s + SUii' a G. (See Art. 36.) 
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2. Determine a fonctioii of the diflerencee whose de£;ree in the coefficients is 
four, and whose weight is six. 
Assume 

^ = Aoo^Oi^ + Boqo^ + Ca^ai? + Da^^a^ + iSsoaiOtas, 
whence 

D^ = (6^ + B) ao^otoz + {6B + 3J?+ 2i>)aoaiat' + (3(7+ 42)) ai'os 

+ (3(7+2J?)aoai*assO. 

Now let ^ » 1, whence J? = - 6 ; also 3C7 + 2J? s o, giving C » 4 ; and 
3C7+ 4D = 0, giving i> = - 3 ; and from 6^ + 3^+ 22> = 0, we have finally i? = 4. 
Hence 

^ = oo'os* + 4aoaa' + 4asai' — 3«i'<ia' - Gaoffiosas. 

Compare Art. 42, where the value of ^ is given in tezms of the roots. 

139. Operation inwolwliic tlie Sums of ttie Powers of 
the Roots. Theorem. — If 

be any equation connecting a function of the sums of the powers 
witii another symmetric function of the roots, we have then the 
difEerential equation 

dd^ d6 d(b d6 dF ^ dF ^ dF dF 

aa\ aoi 003 cki^ asi ast aSz dSr 

For, let the roots be increased by A; and comparing the 
coefficients of h on botii sides of the equation (1), when 

are substituted for ^i, «i, . . . s^ we have the required relation. 

Employing the results of the last Artide, we haye, therefore, 
the following equation of operation connecting the coeffidents 
and the sums of the powers of the roots : — 

- 2) = Oo^is^ — + 2«i — + 3«3--- + . . . + r«r-i :r ) = ^" ^n 
\ dsi d8% dsz dsrj 

where D, represents the result of substituting « for a in the 
operator 2). 




/ 



310 



Symmetric Functions of the Roots. 



From this it follows that if /(fl^o, «i, ^2, . . . On) is a function 
of the difPerenoes, /{so^ Si, ^2, . . . Sn) is a function of the diffe- 
rences also ; for it is plain that when Df{aoj ffi, a2, . . . Qn) = 0, 
Dtf{8Qy «i, «j, . . . «„) - 0, and therefore D/{8oy 5i, 52,..- «n) = 0, 
since 2), = - Ao'^jD. 



Ex. 1. aoOi - 4aia3 + Soj^ ^ / is a function of the differences, whence 
«o^4 — 4«i«3 + 3«3' is also a function of the differences. 



Ex. 2. 



00 Ai ^ 

01 02 03 

02 03 04 



= /, when similarly transfoimed, giyes 



*0 *l «2 
«1 *2 *3 
*2 «3 Si 



which is therefore a function of the differences. 



MiSCELLAKEOTJS EXAMPLES. 

1. FroTe, hy squaring the determinant of Example 10, Art. 112, the following 
relation hetween the roots a, fi, 7, 9, of the hiquadratic : — 



»o 



*2 »8 



»1 *2 «3 



«2 <3 



*3 



«5 



»5 «« 



(/B-7)M«-«)M7-«)M/8-«)M«-/3)»(7-«r-- 



The student will have no difficulty in writing down for an equation of any de- 
gree the corresponding determinant in terms of the sums of the powers of the roots 
which is equal to the product of the squares of the differences. 

2. ProTe, for the general equation, 






= l(o-/S)'. 



This appears by squaring the array 



I 1 1 1 1 ... i 

J (8 
a fi y 5 ff . . . ) 



ee Art. 123.) 
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3. Prore similarly, for the general equation, 
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90 



H 



83 



= 2(/S-7)«(7-a)«(«-/B)'. 



«a «3 «4 

By the proceas of Art. 123, a series of relations of tiiis kind can be estabUshed ; 
and when the number of rows in the array becomes equal to the degree of the 
equation, the value of the determinant is the product of the squares of the differences, 
as in £z. 1. When the number of rows exceeds the degree of the equation the 
value of the corresponding determinant vanishes. For example, the value of the 
determinant of £x. 1 is zero for equations of the second and third degrees. 

4. Prove, by means of the equations of Art. 130, that the Bums of the powers 
can be expressed in tenns of the coefficients, or vice verBd, in the form of detenni- 
nants, as follows : — 



•1 = 



Pi 
2p2 



Pi 



•3«- 



Pl 1 

2pi pi 
3i»3 pt 



2pi = 



ai 1 



82 



, 6;?3=- 



«2 «1 



«3 »a 




1 

Pi 


2 



«4 = 



, 24^4 = 



Pi 
2pt 

^Pz 

^Pi 
«i 



Pi 1 
Pi Pi 





1 



P3 P2 Pi 



&C. 





2 





3 



«3 



} &C. 



5. Besolve into factors the determinant 



«6 



«5 



«5 



«4 



H 



•3 



«S 



«4 «3 »3 «l 

*.i «3 «1 «0 

y* y* y 1 

where so, «i, fi, &c., are the sums of the powers of three quantities, a, /3, y. 
This determinant is the product of the two determinants 



X 

1 




o» 


/s» 


7' 


«» 





a' 


fi' 


7» 


o 

X' 





a 


fi 


7 


X 





1 


1 


1 


1 






a8 /S5 7» 
a» i8« 7' 
a /3 7 
1110 



y 
1 





and each of the latter can be resolved into simple factors. 
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6. Prove, for the general equation, 



1 



*2 

X 



1 



<3 
2* 



= 2(/B-7)*(7-a)«(a-/8)*(«-«)('-«(*-7). 



Multiplying the two arrays 
111.. 

a /S 7 . . 

a» /^ T' . . 
we show that 2 ia equal to 



X- a 


^-/s 


x-y . 


a(x - a) 


/S (:p - /S) 


7 (* - 7) • 


a«(;c-a) 


/^(^-/S) 


7'(*-7) . 



•lJf-#2 



«2^ — »3 



•ZX - «4 



*2« - «3 



«3«- »4 



n« - »6 



which is easily transformed into the proposed determinant. 

It appears in like manner in general that the determinant of similar form of 
order ji + 1 is equal to the corresponding symmetric function, each of whose terms 
contains p factors of the original equation multiplied by the product of the squared 
differences of the p roots involved therein. 

7. Prove that' the leading coefficients of Sturm's functions (i.e. /(a;), /'(a;), and 
the n — 1 remainders) differ by positive factors only from the following series of 
determinants:^ 

«o »l «2 «3 



1, «to, 



90 «i 



90 


9l 


H 




9l 


H 


*3 




»1 


«3 


«4 


> 



«i «3 «i n 

«1 <3 «4 «S 
«S «4 «S H 



Representing Sturm's remainders by J?a, J?3, . . . Bj^ 
quotients by Qi, Qs, Qz, &c., we have (see Art. 89) 



. («o'3«4 • • • »2n-2). 

Rny and the successive 



i?3=Ql/ (*)-/(*), 

i?3 = QjJ?* -nx) = (QxQi' l)f(x) - (2i/(4:), 

Bi = 03-83 - i?« = (Qi QiQ» - Qi - Q3)/'(*) - (Q1Q3 - l)/(x), &c. 

Proceeding in this manner, we observe that any remainder Rj can be expressed 

in the form 

JRj^Ajf(x)-Bjf(xY (1) 

The degree of i?> is » —j ; and since Qi, Qi, &c., are all of the first degree in x^ 
it appears that the degrees of Aj and Jt^ arey — 1 and/ - 2, respectively. 
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ABSoming, therefore, for Bj and Aj the forms 

Ej s ro + n* -I- rj«» + + Tn^:^, 

Ajs\o + \ix-^X%^ -^ .... + X/.iaf^*; 
and substituting in (1) any root a of the equation /(jt) = 0, we have 

Xo + Xio + Xio' + . . . + Ai-io'-* = ^z;t- . 

/ W 

Multiplying hj a, a\ .. . nf'\ nf'\ in succession ; making similar substitutions 
of the other roots ; and adding the equations thus deriyed, we obtain by aid of the 
relations of £x. 4, p. 296, the following system of equations : — 

Ao*d + All + . . . + Ai-i «^-2 + \j-i tjf-i = 0, 
Xo'i + Ai'i + . . . 4- X/-2 •,•-! -^X^iti =0, 



Xo9j-i + A.i»i + . . . + \j.t iv-8 + A/-1 •V-a = **»»-/• 
From these equations we have, without difficulty, 

I <o 1 • • . fM ^1 

; «i »i ... 8f.l *f 



*'M = Oy 









•^j = yj 



^1 «^ 



»v-» 



^ tf.1 . . . «^.4 «^3 
1 «... 4P^»«^i 

the value of yj being so far arbitrary. It appears therefore that the coefficient of 
the highest power of a; in i^- differs by this multiplier only from the determinant 
(<o«i«A > . . . 9y.2)' We proceed to show that the sign of yj is poeitiye. For this 
purpose we make use of the following relation connecting the successiye yalues of 
the functions £ and A : — 

Ak^i Ek - £k*i Ak s/(jp). (2) 

To prove this ; substituting for Rk*i Jik, Hk-i their values in terms of A and B 
in the relation £k*i = QkBk- Bk-\, we derive 

Ak*i ^QkAk- Ak-u Bk^i = QkBk- Bk-i ; 

by aid of which we readily obtain the following relations connecting the successive 

functions : — 

Ak*\ Bk — Ak BkMi = Ak Bk-i — Ak-i Bk = .>'= Ai Bo — AoBi = — It 

Ak^i Bk - Ak Bk^i = AkBk-i - Ak-i Bk= . . - = AiBq- AqBi =/(4?), 

in which Bi =/'(x), -Ro =/(*). 

Now, comparing the coefficients of the highest powers of x in (2) ; observing that 
j(** occurs only in Ak^i Bk, and making use of the determinant forms above obtained, 
we have 

7*+l (»o*»*4 • • • *a*-2) 7* (*o'2<4 . • • »2Jk-a) = 1, 



7* 7»*i = («o»2«4 . • • »2*-a) 



.2 
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AIbo, calculating the yalue of Rt in the ordinary manner, we easily find 



•^3 = -^ 



90 

1 
1 



whence it ia seen that the yalue of 73 is --. 

It follows, from the relation just estahlished between any two successiye yaluea 
of 7, that TSy 74) • • . fjy &o., are all positive squares ; and therefore, finally, that 
rn^, the coefficient of the highest power of a; in J^, has the same sign as the deter- 
minant (jofz'i • • • 'y-2)< 

It may be obsenred that by aid of the preceding example the yalue of the quotient 
of Aj by fj may be written as a symmetric function inyolving the roots and tho 
yariable. For example, when/ = 4, we haye 

^ = 2(/S-7)M7-«)M«-/8)M^-«)(^-«(*-7). 
8. Determine ^1, ^, • • • ^>) ... ^ from the equations 

^1 + ^ + . . . + ^ = To. 



Ant, ^ is giyen as a function of the {p - l)*^ degree in Oi by the equation 

1 ej V . • ^i'"* ^ 

«0 »1 «2 . . «p-l ^0 

«i «3 «s . . *p T\ =0, 



•j»-i «p »p^i . . «^.a Tp-i 
where «t = ^1* + 83* + 8s* + . • . + V* 

9. If a, /3, 7, 8 be the roots of the equation 

oox* + 4ai«' + 6034:' + 4azx + a* = 0, 
calculate in terms of oo, M, I, J the yalue of the symmetric function 

flo«2(3o-/S-7-8)M3/S-7-5-a)2(37-«-«-/8)*. 
Here tf 0* 2 = 4* Ssi* «2' 23', 

where £1, ci, £3, «« are the roots of the equation 

** + 6ir«« + 4Gz + a^H - Sif^ = 0. (See Art. 37.) 

Hence, by Ex. 2, Art. 136, 

Ans. V{- 7H^ + oo^HI- 4ao3/}. 
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10. Prove tliat 

n = «o«(/S - -y)' (-y - a)» (a - /S)« (a - 8)M/8 - «)' (7 - «)' = '-^ + •w/', 
where m = - 27/. 

The weight of this functioii of the roots is 12, and the order 6. 

We now make use of a proposition which will be proved subsequently, namely, 
that any even, rational, and integral symmetric function of the roots, of the order tv, 
and iuTolying the differences only of the roots, is, when multiplied by ao"i a rational 
and integral function of OO) S* /» /• (Compare Ex. 17, p. 124.) 

Hence, expressing the function whose order is 6, and weight 12, in terms of 
(Hh -fir, /, /, it is easy to see from the table 





Order. 
3 


Weight. 


/ 


6 


/ 


2 


4 


H 


2 


2 



that ^cannot enter, for the terms of the sixth order containing H, Ti2.» E^, E^I, HI\ 
have not the proper weight. Therefore n must be of the form 

where / and m are numerical coefficients. 

Now put ffs and (u equal to zero, and n will yanish, since in that case tho 
quartic will haye equal roots ; hence, employing the reduced values of / and /, 

= /(3a»«)» + m(- «,»)«, 

and m = - 27/. 

11. Calcidate the symmetric function of the roots of a biquadratio 

2(/S - 7)M7 - a)M« - /3)*. 

Since the order of this symmetric function is four, and its weight six, we may 

assume 

oo* 2(/S - -y)' {y - o)' (o - /S)» = ISI + mooJ. (1) 

The values of / and m may be found by putting at — 0, «« » 0, as in the pre- 
ceding example, and calculating the value of the reduced symmetric function (when 
•y = 0, 8 = 0) in terms of the coefficients of the quadratic equation 

oofl^ + 4aij; + 6a2 = 0. 

Identifying then this value with the reduced value of IHI + nu^Jf we obtain two 
simple equations to determine / and m. Or we may proceed as follows by taking 
two biquadratics whose roots are known, and calculating in each case the sym- 
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metric function by actually substituting the roots, and then comparing both sides 

of the equation when H^ I, J are replaced by their Talues calculated from the 

numerical coefficients. 

First we take the biquadratic equation 6x^ — 6^3 = 0, whose roots are 0, 0, 1 , - 1 ; 

whence 

2 = 8, jff=-6, /=3, 7=1. 

Substituting in equation (1), we have 

l728 = -3/+m. 

Proceeding in the same way with the biquadratic equation 

jr* — ejt* + 6 = 0, whose roots are + v^6, + 1, 

2 = 768, J=-l, /=8, J=-4; 

- 192 = 2/ + m, 

l = -2 X 192, m = 3 X 192 ; 

00*2 = 192 (- 2HI+ Zoo J). 

12. Calculate the determinant 



we find 

whence 

and 

and, finally, 



As 



So 



»1 



»a 



«a *3 



»2 



«3 



n 



in terms of the coefficients of a quartic. 

This determinant is a function of the differences of the roots (see Ex. 2, Art 139) ; 
we may therefore remoye the second term of the quartic before calculating it ; and 
if the equation so transformed be 

y* + Pay' + Pjy + P* = 0, 



A = 



4 - 2Pa 

-2P, -3P3 
2Pa -3P3 2Pa«-4P4 



= 418PaP4-2P2»-9P,2}; 



but «o*Pa = 6J, ao*Pj = 46^, Of^^Pi^a^I-Zm, 

Substituting for Pa, Pa, Pa these values, we haye 



ao*A = 192 (- 2-HJ+ ZoqJ) : 

the same result as in the preceding example. (Compare Ex. 3, p. 311.) 
13. If a, /3, 7, 8 be the roots of the equation 



«o«* + 4ai«' + 6aaaf' + 4asa? + 04 = 0, 
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express Stt /«» /• » 0% of the equation 

io«* + 4#iar5 + 6«»«» + 4#i« + n s 2(x + o)* = 

in terms of S^ I, J, G. 

E. E I. ASE^^aoU O. G 

and by the aid of the relations 

63 + 4JP s ooHEI - «o/), W + 4-H;» s io« (-ff. J. - ioJ,), 

192 
/. = — r(3«o/-2-Bri). 

14. When ji is even, proye that 

2(ai - 01)^= H)«p -iwi»j,-i + Jj>(p - 1) •» V-« - *c. 
Since 

changing x into ai, 03, 039 • . . on, in succession, and adding the results on both 
sides of the equations thus obtained, we find 

22(01 - a7i)P-toh -p9i8p.i + ' »i«pj - . . . -l?*i «p-l + to'pf 

where all the terms on the right side of this equation are repeated except the middle 
term. Thus 

2(ai - 03)^ = <o'4 — 4«i «s + 3«3*, (Compare Ex. 1, Art. 139.) 

2(ai - 02)* = *o»6 - 6*i«6 + 16«3«A - 10*3', &c. 

15. Form the equation whose roots are ^'(a), ^'(/3), ^'(7), ^'(5), where 
a, /3, Y, 8 are the roots of the equation 

^{x) E ao«* + 4ai«' + 6atx* + 4aja? + 04 = 0. 
^^. ^.+ ?!?^.+ 96(2irj-3a,7) 256(/»-277'),^,^ 

16. If 2(a - /S)» (/S - yy (7 - a)» (;p - »)♦, 

when expanded, becomes 

iTo** + 4Jriar3 + 6iri«»+ 4Jr3Jf + JT* ; 
proTC that 

Kpafiy + JTi (fiy + yg + g/i) + ^"2(0 + /8 + 7) + g^ f 16^/a 

(/3-7)(7 -«)(«-« " «o' ' 

where 

A = /» - 27/». 

17. ProTethat 

«o*1(/S + 7 -- o - 8)«(/8 - 7)M« - «)* = 192 (3flo/- 2J/). 

18. FroTe that 

ao«2(/S + 7 - a - 8)*(/S - 7)«(a- «)«= 612(«o'i» - 36«oJ5r/+ 122r2/). 
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ELIMINATION. 



140. BefinitioBs. — Being given a system of n equations, 
homogeneous between n variables, or non-homogeneous between 
n - 1 variables, if we combine these equations in such a manner 
as to eliminate the variables, and obtain an equation i2 = 0, 
containing only the coeffioients of the equations ; the quantity 
It is, when expressed in a rational and integral form, called their 
Remltant or Eliminant, 

In what follows we shall be chiefly concerned with the dis- 
cussion of two equations involving one unknown quantity only. 
In this case the equation jR = asserts that the two equations 
are consistent; that is, they are both satisfied by a common 
value of the variable. We now proceed to show how the 
elimination may be performed so as to obtain the quantity jR, 
illustrating the different methods by simple examples. 

Let it be required to eliminate x between the equations 

ar» + 2Ja? + c = 0, (^x^ + 2Vx + c' = 0. 

Solving these equations, and equating the values of x so 
obtained, the result of elimination appears in the irrational form 

+ r= -- + • 

a a a a 

Multiplying by aa' we obtain 

Squaring both sides, and dividing by a a' (for R does not 
vanish when ad vanishes), and then squaring again, we find 

R - ^{ac - V) [do'^ V) - K+ dc - 2J67- 
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This method of forming the resultant is very limited in ap- 
plication, as it is not, in general, possible to express by an 
algebraic formula a root of an equation higher than the fourth 
degree. Other methods have consequently been devised for 
determining the resultant without first solving the equations. 
We now proceed to explain the method of elimination by sym- 
metric functions of the roots of the equations. 

141. Elimlnatioii by Symnietric Fnnctioiis. — ^Let two 
algebraic equations of the m^ and n*^ degrees be 

^ (a?) a tfoa^ + fliaf*"* + <h«^ + ... + ««, = 0, 

and let it be required to find the condition that these equations 
should have a conmion root. For this purpose let the roots of 
the equation ^(o?) <= U be ai, aa, . . . om. If the given equations 
have a common root it is necessary and sufficient that one of the 
quantities 

should be zero, or, in other words, that the product 

^(a,) ^(oa) 1/^(03) . . . ^(om) 

should vanish. If, now, we transform this product into a rational 
and integral function of the coefficients, which is always possible 
as it is a symmetric function of the roots of the equation ^ [x) = 0, 
we shall have the resultant required. Further, if /3i, /3a, . . . /3n 
be the roots of the equation \fj {x) = 0, we have 

^(ai) = Jo(ai - i3i)(ai- /3a) ... (oi - /3«), 
^(oi) = fco(aa - /3i)(aa - /33) . . • (oa - /3«), 



^[<if,^ = Jo (am - 00 (am - ^3) ... [am - /3«), 

If we change the signs of the mn factors, and multiply these 
equations, taking together the factors which are situated in the 
same column, we find 

flo" 1^ (ai) ^ (aa) • . . ^ (a^) = (- l)""" b,^ ^ (3i) (jSa) . . . C^^). 
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We may therefore take 
iJ=(-l)"»"6o"'0O3O ^(/32)...0(/3„)=ao'*i/'(ai)i//(a,) ...i//(a«), (1) 

for both these values of R are integral functions of the coef- 
ficients of ^ (a?) and (ar), which vanish only when (a?) and 
i/> (a?) have a common factor, and which become identical when 
they are expressed in terms of the coefficients. 

142. Properties of the Resultant. — (1). The order of 
the resultant of two equations in the coefficients is equal to the sum 
of the degrees of the equations, the coefficients of the first equation 
entering It in the degree of the second y and tlie coefficients of the 
second entering in the degree of the first. 

This appears by reviewing the two forms of R in (1), 
Art. 141 ; for in the first form ao, fli, ... «m enter in the n^* 
degree, and in the second form bo, (i, . . . (» enter in the mf^ 
degree. Also it may be seen that two terms, one selected from 
each form, are (- 1)""* Jo*" «m'* and aj^ bn^> 

(2). If the roots of both equations be multiplied by the same 
quantity p, the resultant is multiplied by p^^. 

This is evident, since any one of the mn factors of the form 
Op- Pq becomes p {ap - j3,), and therefore /o*"** divides the result- 
ant. From this we may conclude that the weight of the resultant 
is mn, in which form this proposition is often stated. 

(3). If the roots of both equations be increased by the same 
quantity J the resultant of the equations so transformed is equal to 
the resultant of the original equations. 

For we have 

where n signifies the continued product of the. mn terms of the 
form Op- (iq; and this is unaltered when ap and (iq receive the 
same increment. 

(4). If the roots be changed into their reciprocals, the value of 
R obtained from the transformed equations remains unaltered, except 
in sign when mn is an odd number. 

Making this transformation in 
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we haye 

jy^a «A•»»/-l^••» n (Oji - Pq) ^ 

^-«-0- { I) (a,a....««)-(^./3,...^«)- 

but 

«.«....««= (-i)"5^, j3.ft...0. = (- 1)4"; 

00 Oo 

fiubstitutiiig, we obtain 

From this it follows that in the resultant of two equations 
the ooeffioients with complementary suffixes of both equations, 
e.g. a^y Om ; a^ a^ij &0.9 may be all interchanged without alter- 
ing the value of the resultant. 

(5). If both equations be transformed by homographic transform 
mation; that is, by substituting for x 

and each simple factor multiplied by Xx + fi\ to render the new 
equations integral; then the new resultant K » {Xfi - X'/lc)"**-B. 
To prove this, we have 

{x) = ao(« - Qi) (a? - aj) ... {x - a»»), 



also 



X - Qr becomes (A - War) ix - ^ — p~~ )> 

Multiplying together all the factors of each equation, 
ao becomes ao{X - X'ai)(X — A'aj) ... (X — yam)9 
bo „ Jo (X - X'^0 (X - X'^,) ... (X - X'i3„). 

Also, since or, /3r are transformed into ?; *^>/ > \ \^a 9 

A — A Or A — A fjr 

a -B becomes ( V - ^V) ("^ - /3,) . 
cr i5r becomes ^^_^,^^^^^_^,^^^, 
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whence 

flTo" ^o"* n (or - jSr) becomes ao'* Jo~ (A/ - XV)""» n [ar - ^r), 

that is, the resultant oaloulated from the new forms of {x) and 
^(ar) is 

This proposition includes the three foregoing ; and they are 
collectively equivalent to the present proposition. 

143. Euler's Method of Elimination. — When two 
equations (^[x) = 0, and yff[x) = 0, of the m'* and w'* degrees 
respectively, have any common root 0, we may assume 

*W- (^-6)0,(0:), 
where 

y^v{x) s qix"^^ + gaic""' + . . . + ^„, 

the coefficients being imdetermined constants depending on 0. 
Whence we have 

an identical equation of the (w + w - 1)^ degree. Now, equating 
the coefficients of the different powers of x on both sides of the 
equation, we have m -\- n homogeneous equations of the first 
degree in the m + n constants Pu pty ... /?m> S'l, $^2, . . . qn ; and 
eliminating these constants by the method of Art. 125, we 
obtain the resultant of the two given equations in the form of 
a determinant. 

Example. 
Suppose the two equations 

tf«* + ia; + c = 0, a\x^ + hx + <?i = 
to haye a common root. We have identically 

(q\x-\-q%)(a:^->tbX'\-e)s(pix-{'P2){a\x^-\-bxx-\-c\\ 

'\-(q\c-^q%h-p\Ci-p%hi)x-^q%e-p2ei s 0. 
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Equating to zero all the coefficients of this equation, we have the four homo- 
geneous equations 

qi* "PiiH =0, 

gib + gta -pibi -ihfli = 0, 

9ic+ gib ~ pici - p2bi =0, 

q2C — P%cy = 0; 

and eliminating the constants pi^ pt, gi, gt, we ohtain the resultant as follows : 

a «i 

b a bi iii 

= 0. 
c b ei bi 



The student can easily yerify that this result is the same as that of Art. 140. 

144. Sylvester's DIalytle Hethod of Ellminatloii. — 

This method leads to the same determinants for resultants as 
the method of Euler just explained ; but it has an advantage 
over Euler's method in point of generality, since it can often be 
applied to form the resultant of equations involving several 
variables. 

Suppose we require the resultant of the two equations 

(a?) s flToaf + ai2f^^ + 0,0^"* + ... + (!,» = 0, 
\P (a?) 3 boof^ + biixf^^ + Aja:"-* + . . . + A» - 0, 

we multiply the first by the successive powers of x, 
and the second by 

thus obtaining m + n equations, the highest power of x being 
m ■\' n - h We have, consequently, equations enough from 
which to eliminate 

m/ 9**^ 9***9 9 

considered as distinct variables. 

t2 



l^itmauni'n. 
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Equating to zero all the coefficients of this equation, we have the four homo- 
geneous equations 

q\* "PHH =0, 

gib + gta -pih -ptai = 0, 

yi*+ gib^pici^p2hi =0, 

gtc -p^cy =0; 

and *>1iwtiwRfing the constants pi, p%y ^i, q%t we ohtain the resultant as follows : 

a «i 

= 0. 
e h ei h. 



The student can easily verify that this result is the same as that of Art. 140. 

144. Sylvester's DIalytle Hethod of Ellmiiiatloii. — 

This method leads to the same determinants for resultants as 
the method of Euler just explained ; but it has an advantage 
over Euler's method in point of generality, since it can often be 
applied^ to form the resultant of equations involving several 
variables. 

Suppose we require the resultant of the two equations 

{x) s Qoof^ + diic**"* + fl,aJ^* + . . . + a„ = 0, 

^ (a?) s booif^ + bisf^^ + biof^ + . . . + An - 0, 

we multiply the first by the successive powers of x^ 

aj^S aj^', ... ir", a?, i»P ; 
and the second by 

Sv • 9/0 • . ■ ■ it/ • Xm (F • 

thus obtaining m + n equationSi the highest power of x being 
;;^ + n - 1. We have, consequently, equations enough from 
which to eliminate 

M' f*'' 9****^9 9 

considered as distinct yariables. 

t2 



, ■>. 
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(be) {hd,) 
{hd,) {cd,) 



If, now, we consider the two. symmetrical determinants, 

(flJi) (ac) {adi) (aei) 

(aci) {adi) (aei) (bci) 

(adi) {aei) {bci) {ce^ 

{aei) (i^i) {cBi) {d€i) 

the formation of which is at once apparent, we observe that R 
is obtained bj adding the constituents of the second to the four 
central constituents of the first. 

Similarly in the case of the two equations of the fifth degree 

aa^ + b:^ ■¥ ca^ + d<i!^ + ex +f = 0, 
aiip'+ 6iir*+ Ciir'+ (/ia?'+ eiX+fi= 0, 

the resultant is obtained from the three following determi- 
nants: — 



(oJ.) 


(oc.) 


{ad,) 


(««•) 


(«/0 










•M 


(«d.) 


(oe.) 


(«/0 


(w) 




(be,) 


{bd,) 


{be,) 


(orf.) 


(««0 


(«/0 


m 


[cA) 


9 


(W.) 


{be,) 


{ce,) 


(««■) 


(«/.) 


(i/O 


{cM 


m 




{be,) 


{ce,) 


{de,) 


(«/0 


m 


(c/0 


(rf/O 


{eA) 











y {cdi), 



by adding the constituents of the second to the nine central 
constituents of the first, and then adding the third to the central 
constituent of the determinant so formed. The student will 
have no difficulty in applying a similar process of superposition 
to the formation of the determinant in general. 

(2.) We take now the case of two equations of different 
dimensions, for example, 

a«* + &r' + cir* + efe + c = 0, aiO^ + biX + Ci = 0. 

Multiplying these equations successively by 

di and aa^, 
QiX + Ai „ [ax + A)a?*, 
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and subtraoting eaoh time the produots so formed, we find the 
two following equations : — 

(aJi)aj* + [ac^of - daiX - ea^ = 0, 
[ac^ix^ + {(Jci) - (/flija^ - [dbi + eai]x - ebi = 0. 

If, now, we join to these the two equations 

ai«* + biO^ + CiX = 0, 

ttiT? + biX + Ci =0, 

we shall have four equations by means of which «*, o^y x can be 
eliminated ; whence we obtain the resultant in the form of a 
determinant as follows : — 



w 


{aci) dai eai 


[ac,) 


[bci) - dai dby + ea^ ebi 


ai 


bi - (?i 





ai - 6i - Ci 



This determinant involves the coefficients of the first equa- 
tion in the second degree, and the coefficients of the second 
equation in the fourth degree, as it should do ; whence no 
extraneous factor enters this form of the resultant. 

We now proceed to the general case of two equations of the 
m^* and w'* degrees. 

Let the equations be 

[x) a OoOlf^ + ai^?"*"* + 02^^' + ...+«», = 0, 
yp[x) a b^ixf^ + b^sci^^ + JziT*^ + . . . + J» =0, 



where m> n; and let the second equation be multiplied by af "*•. 
We have then 

*o^ + bix^'^ + Ja^f "* + . . . + 6„a?~-* = 0, 

an equation of the same degree as the first. This equation has, 
however, in addition to the n roots of i/^ (a?) = 0, m- ?i zero roots ; 



328 Elimination. 

80 that we must be on our guard lest the factor OnT"^ (i.e. the 
result of substituting these roots in ^ [x)) enter the form of the 
resultant obtained. From these two equations we derive, as in 
the above case — (1) the following n equations : — 

flo ^ ttxaf^'^ + aaaf*"' + — + a^ 
Jo ~ hiof''^ + 6,aj~"*+ . . . + bnSi^'^* 



Kx + hi 6,af^ + i,.c~-'+ . . . + 6n«~""' 






which, when rendered integral, are all of the (m - 1)^ degree ; 
whence, eliminating ^r^^ of^', ... 2; as independent quantities 
between these n and the m-n equations, 

JoiC"^' + Ji«~"' + ho^'^ + . . . =0, 

6o«~-» + 6iaf^» + . . . =0, 



60^5* + *i«""^ + . . . + 6„ = 0, 

we obtain the resultant in the form of a determinant of the m^^ 
order, the coefficients of the first equation entering in the degree 
n, and the coefficients of the second equation entering in the 
degree m ; whence it appears that no extraneous factor can enter ; 
and that the resultant as obtained by this method has not been 
affected by the introduction of the zero roots. 

If R be the resultant of two equations, ^ (:r) = 0, 1// {x) = 0, 
whose degrees are both equal to m, the resultant R of the 
system 

X0 (a?) + /ui//(a?) = 0, X'0 (a?) + /tx'i// {x) = 

(AM'-XVri2; 
for each of the minors (ari^), which in Bezout's method con- 
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fititute the determinant form of i2, becomes in this case 

= (X/«'-X'/i)(ari.); 

whence jB' = (X/n' - XV)"*i2> sine© jB is a determinant of 
order w. 

146. We conclude the subject of Elimination with an ac- 
count of a method which is often employed, but which has the 
disadvantage, when applied to equations of higher degree than 
the second, of giving the resultant multiplied bj extraneous 
factors. The process about to be explained is virtually equiva- 
lent to that usually described as the method of the greatest 
common measure. 

In forming by this method the resultant of the two quadratic 

equations 

or* + Aa? + c = 0, aiO? + biX + Ci = 0, 

we multiply these equations successively by 

ai and a, d and c, 

and subtract the products so formed. We thus find the two 

linear equations 

(flJi) X + (oci) = 0, 

{aei)x^ {hci) =0; 

from which, eliminating x^ we have 

As the degree of this expression is four, and its weight four, 
it can contain no extraneous factor, and is a correct form for the 
resultant. 

To form by the same process the resultant of the cubic 
equations 

ap'+Ja^+ca; + rf = 0, aia^ + biSi? + CiX + e/i = 0, 

we multiply these equations successively by ai and a, di and rf, 
and subtract each time the products so formed. We have then 

[ab^m?' + [ac^x + [ad^ = 0, 

(1) 
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Now, eliminating z between these two quadratics by meana 
of the formula above obtained, we find for their resultant 



(afti) {adi) 
{adi) (cdi) 



{aci) (adi) 
{bdO (cd,) 



{ail) {(iCi) 
(ad,) (WO 

an expression whose degree is 8 and weight 12, in place of de- 
gree 6 and weight 9 ; whence it appears that it ought to be di- 
visible by a factor whose degree is 2 and weight 3. This factor 
must therefore be of the form / (bci) + m {adi). We proceed 
now to show that it is (adi) ; and to find the quotient when this 
factor is removed. 

For this purpose, retaining only the terms which do not 
directly involve {adi)y we have 

K)K){(«Ji)K) + M(Wi)), 

which is divisible by {adi), since 

{bcx) {adi) + {cai) {bdi) + {abi) {cdi) = 0. 

Expanding the determinants, and dividing off by {adi), we 
find ultimately the quotient 

{adi)* - 2 {abi) {cdi) {adi) + {bdi) {cai) {adi) 
+ {caiY {cdi) + {abi) {bdi)' - {abi) {bci) {cdi), 

which, being of the proper degree and weight, is the resultant. 
If we proceed in a similar manner to form the resultant of 
two biquadratic equations, by reducing the process to an elimi- 
nation between two cubic equations, we shall have to remove an 
extraneous factor of the fourth degree, which is the condition 
that these cubics should have a common factor when the biquad- 
ratics from which they are derived have not necessarily a com- 
mon factor ; and in general, if we seek by this method the 
resultant of two equations of the n'* degree, eliminating between 
two equations of the {n - 1)*** degree, we shall have to remove 
an extraneous factor of the order 2w - 4. This method there- 
fore is inferior to all the preceding methods ; and it cannot be 
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oonvenientlj used except when, from the nature of the investi- 
gation, extraneous factors can be easily removed. 

147. Dtseriminants. — The ducriminant of an equation in- 
volving a single variable is the simplest function of the coeffi- 
cients, in a rational and integral form, whose vanishing expresses 
the condition for equal roots. We have had examples of such 
functions in Arts. 43 and 68. We proceed to show that they 
come under eHminants as particular cases. If an equation 
f{x) = has a double root, this root must occur once in the 
equation /'(a?) = ; and subtracting xf{x) from nf{x)^ the same 
root must occur in the equation nf[x) - xf[x) ^ 0. 

This is an equation of the (« - 1)^ degree in x ; and by eli- 
minating X between it and the equation y (ar) = 0, which is also of 
the (« - 1)*** degree, we obtain a function of the coefficients whose 
vanishing expresses the condition for equal roots. The degree 
of this eliminant in the coefficients of f(x) is 2 (n - 1) ; and its 
weight is n(n - 1), as may be seen by examining the specimen 
terms given in section (1), Art. 142. Expressed as a symmetric 
function of the roots of the given equation, the discriminant will 
be the product of all the differences in the lowest power which 
can be expressed in a rational form in terms of the coefficients. 
Now the product of the squares of the differences n {ax - aj)' 
can be so expressed; and since it is of the 2(w - 1)*^ degree in 
any one root, and of the n(« - 1)^ degree in all the roots, it 
follows that the discriminant multiplied by a numerical factor 
is equal to a^ ^'^^^ 11 (oi - aa)* ; and is, moreover, identical with 
the eliminant just obtained. 

If the function f[x) be made homogeneous by the introduc- 
tion of a second variable y, the two functions whose resultant is 
the discriminant oi f{x) are the differential coefficients of f{x) 
with regard to x and y, respectively. In the same way, in ge- 
neral, the discriminant of a function homogeneous in any num- 
ber n of variables is the result of eliminating the vsuiables from 
the n equations obtained by differentiating with regard to each 
variable in turn. 
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Examples. 



1. Find the disoriiiiinant of 



ao«' + 3aia?* + Za^x + <»a = 0. 
We haye here to find the eliminant of the two equationi 

floa?' + 2aix + <i2 = 0, 

a\x^ -{ 2a%X'\- az = 0. 
This iB, hy Art. 140, 

4(0009 — «i') («i«s - «a') - {ooaz - aiOa)' = ; 
or it may be written in the form of a determinant, as follows, by Art. 144 

ao 2m\ a% 



= 0. 



«o 2ai 02 

01 20a 03 
0] 20a 03 I 



It can be easily verified that this value of the disoriminant is the same as that 
already obtained in Art. 42. 

2. Express as a determinant the discriminant of the biquadratic 

00** + 401 «* + 603«* + 403* + 04 = 0. 



We have here to eliminate x from the equations 

0^3? + 301 a:* + 30a* 4- 0s = 0, 
01 a:* + 302^;^ + 803^; + 04 =0. 

By the method of Art. 144 the result is 

00 301 

00 



302 









a\ 







302 


at 








301 


303 


0S 





00 


301 


302 


as 


308 


04 








302 


30s 


ai 





a\ 


302 


303 


04 



= 0. 



This must be the same as i^ - 27/^ of Art. 68. 

3. Express the discriminant of the quartic as a determinant by Bezout's method 
of elimination. 



Determination of a Root common to two Uqimtions. 333 



4. Proye by elimination that / = ib one condition for the equality of three 
roots of the biquadratic of Ex. 2. 

Since the triple root must be a doable root of 

Ui a oosfi + Stfio^ + dOiX + as = 0, 

and therefore a single root of aisfi + 2atx + «} = ; and since it must also be a 
single root of 

Ut B a%afl + 2«i« + 03 := 0, 

it f ollowB from the identity 

174 s a^CTa + 2«(«i*» + 2atx + as) + as*» + 2a3« + a* 

that the triple root must be a root common to the three equations 

ao«' + 2aia; + a3 = 0, 
a^x* + 2a2X + Qi = 0, 
oqx^ + 2as« + 04 s= 0. 



Hence the condition 



ao 
ai 

OS 



ai 
a2 

OS 



OS 

as 



3/=0. 



That the other condition for a triple root is J = may be inferred from Ex. 10, 
p. 316 ; for when three roots are equal the discriminant must yanish, and it is of the 
form 11^ + m/». 

5. Proye that the discriminant of the product of two functions is the product of 
their discriminants multiplied by the square of their eliminant. 

This appears by applying the results of Art 141 and the present Article ; for the 
product of the squares ot the differences of all the roots is made up of the product 
of the squares of the differences of the roots of each equation separately, and the 
square of the product of the differences formed by taking each root of one equation 
with all the roots of the other. 

148. Determinatloii of a Root commoii to two 
Eqaatloiis. — If E be the resultant of two equations 

TJ ^am^-^ a^-i.'i^"^ + . . . + Oo = 0, 
r= K^ + A,^i aj^» + . . . + Ao = 0, 
and a any common root, then 



o = 



dR 


dR 


dR 


dui 


dot 


rfffj 


dR" 


' dR 


'dR 


da. 


doi 


dOt 



= &c. 
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To prove this we substitute in -B, for a^, and 6o> ^o ~ ^ ^'^^ 
bo - F, and obtain an identical equation connecting ZT", V which 
is satisfied by every value of x^ and which is of the form 



whence 



dap dap dap 



dap^x dap^i dap^i 

and when a is a common root of the equations Z7 = 0, and V^ 0, 
we have, substituting this value for x in the preceding equations, 

dR ^ dR 
dap dttp^i 

which proves the proposition. 

A double root of an equation can be determined in a similar 
manner by differentiating the discriminant A. 

149. Symmetrie Fnnetloiis of the Roots of two 
Kquatloiis. — If it be required to calculate a symmetric func- 
tion involving the roots oi, as, as, . . . omt of the equation 

^ {x) a aoiXf^ + OiX^'^ + a2«~"' + . . . + fl^ = 0, (1) 

along with the roots /3i, /Ss, /3s) • . . fim of the equation 

^iy) ^ Ktr + iiy*"' + f>2^'* + . . . + 6n = 0, (2) 

we proceed as follows : — 

Assume a new variable t connected with x and y by the 

equation 

t = Xx + fit/; 

and let y be eliminated by means of this equation from (2). The 
result is an equation of the n'* degree in x whose coefficients in- 
volve X, /i, and t in the n** power. Now let x be eliminated by 
any of the preceding methods from this equation and (1). We 
obtain an equation of the mn^^ degree in t, whose roots are the 
mn values of the expression Xo + fi/3. 
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If, now, it be required to calculate in terms of the coefficients 
of (a?) and i/» (y) any symmetric function such as Sa** /3', we 
form the sum of the {p + qY^ powers of the roots of the equation 
in t We thus find the value of S (Aa + /i/S)^^ expressed in 
terms of the original coefficients and the several powers of X 
and /I. The coefficient of \^ fi^ in this expression will furnish 
the required value of Sa'^/S^ in terms of the coefficients of 
<^{x) and yp{i/). 

Miscellaneous Examples. 

1. Eliminate z from the equations 

a^ + ix + <r = 0, 

Multiplying the first equation hj x^ we haye, since afi = 1, 

bi^ + cx-^ a = 0; 

«nd multiplying again hy Xj we have 

cx^ + ax + b = 0, 

Eliminating a^ and x linearly from these three equations, the result is expressed 

as a determinant 

a b e 

0. 



If the method of symmetric functions (Art 141) he employed, and the roots of 
the second equation substituted in the first, the resultant is obtained in the form 

(a + i + e)(a^ + *• + <r)(a» + *•• + e). 

2. Eliminate similarly x from the equations 

«** + *«> + ««' + <te + * = 0, 

«»=1. 

The result is a circulant of the fifth order obtained by a process similar to that 
of the last example. By aid of the method of symmetric functions the fiye factors 
can be written down (cf . Ex. 27, p. 284). An analogous process may be applied in 
general to two equations of this kind. 

3. Apply the method of Art. 143 to find the conditions that the two cubics 

<l>{x) s eufi + bx* + cr + rf « 0, 
^{x) sc^x^-\- b'2^ + <?'j: + rf' = 
should have two common roots« 
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When this is the case, identical results must be obtained by multiplying ^{x) by 
the third factor of ^ (x), and ^{x) by the third factor of ^ [x). We haye, therefore, 

where A., /i, A.', ii are indeterminate quantities. This identity leads to the equations 

\'a - \a' = 0, 

X'b + II a - \b' - fjLa'=Of 
X'e + lib - \e' - fti' = Of 

fid —fid'=0. 

Eliminating A.', fif \, fi from every four of these, we obtain fiye determinants, 

whose vanishing expresses the required conditions. There is a conyenient notation 

in use to express the result of eliminating from a number of equations of this kind. 

In the present instance the vanishing of the five determinants is expressed as 

foUowB : — 

m b e d 



V 



b 



b' 



d' 
c' d' 



= 0, 



the determinants being formed by omitting each column in turn. 
4. Prove the identity 



aa 



/a 



2ai3 

aiS' 4 a iS 

2a'/8' 






s (aj8' - a'fi)\ 



This appears by eliminating x and y from the equations 

a* + i3y = 0, ax + /8 'y = ; 

for from these equations we derive 

{ax + /3y)2 =0, (ax •¥ fiy) {ax + /8'y) = 0, (a'x + fi'y)^ = 0. 

The determinant above written is the result of eliminating r^, xy^ and y^ from the 
latter equations ; and this result must be a power of the determinant derived by 
eliminating x^ y from the linear equations. 
5. Prove similarly 

a' Za^fi Za0* 



a^a' 



aa 



a^0' + 2aa'fi 2afifi' + afi* 
a'^/S + 2aafi' 2o'i8/l'+ afi'^ 



/B'/l' 



^{afi'-a'fi)^. 
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This appears by deriTing from the linear equations the following equations of 
the third degree : — 

(oa? + iSy)3 = 0, (oa? + /8y)« {a'x + /S'y) = 0, Ac, 

and eliminating afi^ x^y, xy\ j^, 

6. Froye the result of Ex. 12, p. 278, by eliminating the constants A, /i, \', ti\ 
from four equations 

A'a+/i" aT+V' ' 

connecting the yariables in homographio transformation. 

7. Giyen 

V = -4i#2 + 2Buv + tt>«, 

rB^V+2^'iir+CV, 
uetu^ -k- 2&ry + fy*, 
r s a'«» + 26'iry + e^ ; 

determine the resultant of U and F considered as functions of x, y. 
Since 

U=A{u-av){u- 0v), 

y=A'(u-a'v){u-0'v), 

if U and F' yaniah for common yalues of x, y, some pair of factors, as t# ~ op and 
u — a'Vy must yanish ; whence forming the resultant of m — op and u — a'v, and re- 
presenting the resultant of u and v by J2(m, v), we haye 

lt{u -av, tt - o'f?) = (a - ay 12(«, r) ; 
and multiplying all these resultants together, we find 

It{ U., r.) = ^M'*(a - ay (fi - 0)^ (a - iS')» - a^ {lJ(ii, t) }*, 
or 

8. Proye that the equation whose roots are the differences of the roots of a given 
equation /(x) = may be obtained by eliminating x from the equations 

/W = 0, fix) +/"(*) ^ +/•"(*) ^-^ + Ac. = ; 

and determine the degree of the equation in y(cf. ^rt. 44). 

Z 



CHAPTER XIV. 



COVARIANTS AND INVARIANTS. 



* 150. Deflnitloiifl. — In this and the following Chapters the 
notation 

(flft), (fly 02, .. . flr„)(a-, yy 

will be employed to represent the qnantic 

n (n - 1) ^ , , 
flo«" + naiixf^^p + ^ g (h^'^y^ + . . . + mn.xxy'''^ + a„ y**, 

which is a homogeneous function of x and y, written with bino- 
mial coefficients. If we put y = 1, this quantic becomes Z7"„ of 
Art. 35. 

Let be a rational, integral, and homogeneous symmetric 
function, of the order w, of the roots ai, 02, aj, . . . a,, of the 
equation Un^ {(^^(1^02 . . . an) (ar, I)" = 0, this function involv- 
ing only the differences of the roots ; then if 

1 1 1 



y , . . . 

ai — X 02— X On — X 



be substituted for oi, oa, . . . On, respectively, the result multi- 
plied by Un' (to remove fractions) is a covariant of Un if it in- 
volves the variable ar, and an invariant if it does not involve x. 

From this definition of an invariant we may infer at once 
that 

^o"^ (a I, 02, fla, . . . On) 

is an invariant of Un when is mcwle up of a number of terms 
of the same type, each of which involves all the roots, and each, 
root in the same degree «j. 




Formation of CovarianU and Invariants. 339 

These definitioiis may be extended to the case where (the 
function of differences) involves symmetrically the roots of seve- 
ral equations C^ = 0, Uq-Oy Ur= 0, &c., the roots of these 
equations entering in the orders w, w', z/\ &c. . . , respectively. 

We may substitute for each root a, as before, and remove 

a - X 

fractions by the multiplier TT^TT{''TT/''\ . . . &o. If the result 
involves the variable x^ we obtain a oovariant of the system of 
quantics 27),, 27^, 27r, &c. ; and if it does not, is an invariant 
of the system. 

151. Formation of Covarianto and Invarianto. — We 
proceed now to show how the foregoing transformations may 
be conveniently effected, and covariants and invariants cal- 
culated in terms of the coefficients. With this object, let the 
symmetric function of the differences of the roots be expressed 
in terms of the coefficients as follows : — 

ao''0(ai, 02, . . . afi) = i^(«o, «i> a%y . . . a^. 

Now, changing the roots into their reciprocals, and conse- 
quently ao into any &c., ar into a»»r, &c. (that is, giving the suf- 
fixes their complementary values), we have 

0^^[pi\y Qiy ... On) = i^(«n, «n-l, • • • «©), 

where i// is an integral symmetric function of the roots, and F 
the corresponding value in terms of the coefficients. This 
function is called the source* of the covariant derived therefrom. 
Again, substituting ai — ^, 03 — ^, ...an—x for oi, os, ... On, 
and consequently J7r, &c., for Ury &c. (see Art. 35), we find 

ao yp{ai-Xy az-x, ... a„ - a*) = jP( J7«, J7n.i, ... Ui, Uo). 

Thus, by two steps we derive a covariant from a function of 
the differences, and find at the same time its equivalent calcu- 
lated in terms of the coefficients. 

To illustrate this mode of procedure we take the example in 
the case of the cubic 

ao' S (a - py = 18 (fli» - aoOt) ; 

* This term was introduced by Mr. Roberts. 

z2 
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whence, ohanging the roots into their reciprocals, and ^09 diy ^29 ^a 
into flTs, a^j Oij a^y we have 

Again, ohanging a, )3, 7 into a - a*, /3 - ar, 7 - a?, and ati, 02, Oa 
into ?7i, ZTi, ZTi, respectively, we find 

do' S(/3 - 7)' (^ - «)• = 18 (Cr,» - U,U,). 

The second member of this equation becomes when expanded 

Ui Ui - JZj' s (floOj - ai') a?" + (a^Oa - ai Oa) x + (oi 03 - a-*). 

This covariant is called the Sessian of ZTi. We refer to it 
as Sgy since JTis its leading coefficient. 

As a second example we take the following function of the 
quartic: — 

VSO-7)»(a-8)»=24Ko4-4flza3+3a,^); (1) 

whence, changing the roots into their reciprocals, and o^, Oi, Oj, Os, o^ 
into ^4, Os, 02, Oi, Oq, we have 

Oo'S(7 - ^y (8 - of = 24 (04O0 - 4o,Oi + 302') . 

These transformations, therefore, do not alter equation (1) : 
again, since in this case ;// (a, |3, 7, S) is a function of the diffe- 
rences of the roots, yp is unchanged when a - a?, /3 - a?, &c. . . . , 
are substituted for a, j3, 7, 8. We infer that a^a^ - iuiOs + 802^ 
is an invariant of the quartic Ui. 

We observe also, in accordance with what was stated in 
Art. 150, since 

that each of the three terms of which is made up involves all 
the roots in the degree t?, which is here equal to 2. 
In a similar manner it may be shown that 

«o' ((7 - «){/3 - 8) - (« - 3)(7 - 8) ) l(« - ^) (7 - S) 

-(/3-7)(«-8)){(^-7)(«-«)-(7-'«)0-S)! 
= - 432 {aoOtai + 2ai <hOz - doO^^ - fli'^^i - ^2^ 

is an invariant of the quartic. 
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There is no difficulty in determining in any partionlar case 
whether leads to an invariant or oovariant, for if leads to an 
invariant, = ± ;//, that is is unchanged (except in sign, when 
its type term is the product of an odd number of differences of 
the roots, i. e. when its weight is odd), when for the roots their 
reciprocals are substituted, and fractions removed by the simplest 
multiplier [aia^a^ . . . Qf^". From another point of view an 
invariant may be regarded as a covariant reduced to a single 
term. 

152. Properttes of Covariant* and Invaiiant*. — 
Since is a homogeneous function of the roots, the covariant 
derived from it may be written under the form 



~Zr 1 1 Zj ~y • • • l h 

XT \a\'-X 02 — X On^Xj 



where u is the order, and k the weight of 0. 

Also, as is a function of the differences, we may add 1 to 



X .. 1 i • • Or 



each constituent such as , thus obtaining . Again, 

ar — X Or — X 

multiplying each constituent by x, the covariant becomes 



U' I aiX a^ af^ \ 

a?«* '^ \ai - a?' aa - a?' ' ' a» - xy 



which may be reduced to the form 

(- VfVo'of^'^^ { i i' 1 i' • • • 1 1 ]' 

•where 

,r,„.(i-iYl-i)...(l-i), 

\iC ax)\X Qa) \X On) 

whence it is proved that the covariant form 



TJ^n , , . . . ) 

\ai — X ai—x o.n" xj 



is unaltered when for ai, 02, . . . a», a?, their reciprocals are sub- 
stituted ; Oo, ai, 029 ... On changed into an, a^.!, ...Ooy respectively, 
and the result multiplied by (- 1)* af^^. 
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Now if any oovariant whose degree is m be written in the 
form 

(^c-Bi, 5„...5„)(a:, 1)-; (1) 

changing a^y a^ ... any Xy into any an-\y ... ffo> -, we have 
another form for this oovariant, naxnely, 

(- lynf^' {Co, C, C„ . . . Cn) f^, iT; 

and as this form is an integral function of x of the same type as 
(1), we have, by comparing the two forms, 



'm-r » 



thus determining the degree of the covariant in terms of the order 
and weight of the function 0, and showing that the conjugate 
ooefficients (i. e. those equally removed from the extremes) are 
related in the following way : — 

If F{aQy fli, Oj, . . . an) be any coefficient of the covarianty 
(-1)* jP(a«, On-iy an^y ... ao) is its conjugaie. 

From the expression for the degree of a covariant in terms 
of w and ic, namely nzs - 2»c, we may draw the following im- 
portant inferences : — 

(1). If a^^ is an invarianty nzs - 2ic. 

For, in this case and i/^ are the same function, and conse- 
quently their weights k and nzs - k also the same. 

(2). All the invariants of quantics of odd degrees are of even 
order. 

For if n be odd, it is plain from the equation nzs = 2k that 
Ts must be even, and k a multiple of n. 

(3). All covariants of quantics of even degrees are of even 
degrees. 

For in this case nw - 2ic is even. 

(4). Tlie resultant of two covariants is always of an even degree 
in the coefficients of the original quantic. 
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For, the degree of the resultant expressed in terms of the 
orders and weights of the covariants is 

We add some examples in illustration of the principles ex- 
plained in the preceding Articles. 



Examples. 

1. Show that the resultant of two equations is an invariant of the system. 

2. Show that the discriminant of any quantic is an invariant. 

3. Prove directly that any function of the differences of the roots of the cova- 
riant 

XT <p[ , , , ... ) 

\ai-a: 03 -J? 03 — a? an — x/ 

equated to zero is a function of the differences of ai, 02, 03, . . . om. 

4. If a, iS, 7 ; and a\ ff he the roots of the equations 

IT" = «:» + 3*x» + Sea? + rf = 0, 
U'^tij^^lh'x +<J'=0; 
express in terms of the coefficients the function 

(iS - 7)2 (a - «') (a - iT) + (y - .)' (iS - «') (3 - /S") + (a - ffi' (7 - «') (7 - /S')- 
Denoting this function hy ^, we easily find 

^aH'^ = 9 \ti{hd - c2) - V(ad-hc) + c'(atf-*2)}. 

Attending to the definition at the close of Art. 160 we ohserve that this function 
is an invariant of the two equations ; for it involves all the roots of the cuhic in the 
second degree, and all the roots of the quadratic in the first degree. If, in fact, wo 
make the substitutions of Art. 160, and render the function integral by multiply- 
ing by 17^ CT, the result will not contain x^ and is therefore an invariant of the 
system. 

The geometrical interpretation of the equation ^ = is that the quadratic TJ' 
should form with the Hessian of the cubic V a harmonic system. 

0. If a, jS, 7 ; d', i3', 7' be the roots of the equations 

flx' + Ui^ ^Zcx + rf = 0, 

a'a:»+3ft'«8+3c'x+rf'=0; 

express the foUowing function (when multiplied by aa^) in terms of the coefficients, 
and prove that it is an invariant of the system : — 

(a - a) (3 - i3') (7 - 7) + (« - i3') (i3 -•/) (7 - «') + (« - 7; (i3 - *'K7 - 3') ; 



J 
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or, dififerentlj arranged, 

(a-tt')(^-7')(7-i3') + (a-iS')(^-«')(7-y)+(a-7')(i3-i3')(7-a) 

Atu, 3 { {ad' - a'd) - 3 (Ac' - b'c) } . 

6. If a, jS, 7, d ; a, fi^, y\ 9' be the roots of the biquadratics 

(«, b, e, d, e) {x, 1)» = 0, (a', b\ <f, eT, e') (r, 1)* = ; 
prore 

a«'2(«-o')(/8-/8')(7-7')(d-«') = 24{a<j' + aV-4(W+*'<f)+6c/}, 

and show that this function is an inyariant of the system. 

7. Proye that the following function of the roots of a biquadratic and quadratic 
gives an inyariant of the system, and determine its geometrical interpretation : — 



1 3+7 fiy 
1 a + a ad 

1 o' + i3' a'/3' 



1 7 + a 7a 

1 is + a isa 

1 a'-^0 afif 



I a + iS o^ 

1 7 + a 7a 

1 o' + 3' a'B' 



<f>' 



The geometrical interpretation of the equation ^ = is, that two conjugate foci 
of^the three inyolutions determined by the biquadratic form along with the qua- 
diatic^sn harmonic system. 

8. Proye that the following functions of the roots of a biquadratic and quadratic 
giye inyariants of the system, and determine their values in terms of the coef- 
ficients : — 

aobo^2{a' - a) (a' - jS) (jS' - 7) {fi' -.a), 

flo«V2(a-iS)M7-a) (9-0') {y-fi') (a-a). 

9. Find the condition that one pair of roots of a cubic should form an harmonic 
range with the roots of a given quadratic. 

10. Find the condition that the roots of two cubics should determine a system 
in'involution. 

The condition is expressed by multiplying together the six determinants of the 
type 

1 a-^ a 00' 



1 
1 



7+y yy' 



and equating the result to zero. 



153. Formation of Covarianto by tbe Operator D. — 

From Art. 138 we infer that the expansion of F{ Un, Un-u • • • C^o) 
may be expressed by means of the Differential Calculus in the 
form 



F,^xDF,-^-f^ 



lyPoi- ...+ 



1.2.3...r 



lyFo^,. ., 
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where F^ is the result of making a? = in F{Unj C»-i, . . • ZTo), 
viz., 

add d 

and -D = do -7- + 2ai 3- + 3flr2 -7- + . . . + wa„_i 3—. 

oOi aa2 oas aUn 

In forming a oovariant by this process, the source jPq ^^ 
which we set out is altered by the successive operations D till 
we arrive at the original function F{a^^ ^i, . . . fln)> from which 
the source was formed. Since this is a function of the differences, 
the coeflBcient derived by the next operation D vanishes, and the 
oovariant is completely formed. The corresponding operations S 
on the symmetric function ypo have the effect of reducing the 
degree in the roots by one each step, the final symmetric func- 
tion containing the differences only. Thus the successive 
operations supply between the roots and coefficients a number of 
relations equal to the number of coefficients in the oovariant. 

The degree m of the oovariant is plainly equal to the number 
of times S operates in reducing yp^ to 0, i. e. equal to the difference 
of the weights of the extreme coefficients. And since 

\ai a2 On/ 

the weight of i/^o is ww - »c, where k is the weight of ^ (oi, aa, . . . an) ; 
hence the degree of the oovariant whose leeuling coefficient is 
Oo''^ is nzs - 2»c, the same value as before obtained. We add two 
simple examples in illustration of this method. 

Examples. 

1 . Form the Hessian of the cubic 

a^afi + 3ai J* + Zazx + ^3 = 0. 
Taking the function H = 0^02- ai', we find, as in Art. 151, 

ao»2a» (i3 - 7)' = 18 {ai^ - ai as). 
Operating on the left-hand side by 8, and on the right-hand side by D, we obtain 

-ao»22a(iS-7)»= 18(«ia,- «o«a) ; 
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and operating in the same way again, 

oo' 22 (i3 - 7)» = 36 (ai« - 0002). 

The next operation causes hoth sides of the equation to vanish. Hence the re- 
quired coyariant is, as in Art. 151, 

We find at the same time the corresponding expression in terms of x and thi 
roots. 

2. Form the Hessian of the hiquadratic 

00** + 4ai«' + eajjc* + Aa^x + <7i = 0. 

The covariant whose leading coefficient is H =0^^2 — 0^ is called the Hessiai 
of the hiquadratic. Its degree is 4, since OT = 2, and k = 2 ; and .'. ntj — 2ic = 4 
Changing the coefficients into their complementaries, the source of the covariant i 
0403 — a^y and we easily find 

Ex e (flo «3 - «i^) ^ + 2 (ao <»3 - «i «2) a:* + («o ^* + 2ai 03 - Za-P) x^ 

+ 2 (tf 1 04 - 0203) J^ + (ff2 <»4 - 03-) • 

154. Theorem.* — In the discussion of covariants througl 
the medium of the roots, as in the previous Articles, the f oUowinj 
proposition, due to Mr. Michael Roberts, is of importance : — 

Any function of the differences of the roots of two covariants i 
a function of the differences of the roots of the original quantic. 
Let 

{Boy Bu B,,... Bp){x, yf ^Bo[x- fi,y) [x - fi^y) ... (a: - (i^y), 
{Coy C„ (72, . . . Cg){x, yY ^C^{x- yxy) [x - y2y) ... {x- y^y) 
be two covariants of the quantic 

(flTo, «!, ^2, . .. an){x, yy. 
Operating with Z) or 8 on the identical equation 
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and remembering that, in general, Df^ ao'S^, where 

fiflnj «i, «,,...«„) = Oo^fjiiaif a2, . . . an)f 

we have 

p {B.fir^^ +{p-l) B.fir^' + . . . + 5^_0 (1 + 80,) = ; 
and, therefore, 

80r = -l; 

Similarly 

8y. = - 1, 
whence 

proving that jSr - 7» is a function of the differences of the roots 

Qi> 02> flsj • • • Qn* 

155. Homosraphlc Transfonnatloii applied to the 
Theory of Covarianto. — ^Hitherto we have discussed the 
theory of covariants and invariants through the medium of the 
roots of equations. We proceed now to give some account of a 
different and more general mode of treatment, by means of 
which this theory may be extended to quantics homogeneous in 
more than two variables, such as present themselves in the 
numerous important geometrical applications of the theory. 
Although this enlarged view of the subject does not come within 
the scope of the present work, we think it desirable to show the 
connection between the method of treatment we have adopted 
and the more general method referred to. With this object we 
give in the present Article two important propositions. 

Prop. I. — Let any quantic Un be transformed by the homO' 
graphic transformation 



X = 



XV+ " 



if I and V be corresponding invariants of the two forms, tee have 

To prove this, let 

/ = ffo'' S (ai - a%Y {az - 03)* ... (oi - anYy 
each root entering in the degree w. 
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Now, transforming the similar value of /', since x' = ^ — ^ 
we have 

,_ r {Xfl - Xfl) {op - Qq) 

°^ "' (A-X'ap)(A-Va,)* 

Again, transforming 17^ and rendering the result integra 
Un takes the form 

where 

Co' = flTo (A - X'oi) (X - X'a2) ... (A - A'on) ; 

making these substitutions for all the diSerenoes, and for Oq 
the denominators of the fractions which enter bj the transfoi 
mation disappear ; and we have, finally, 

Pbop. II. — Iff^{x) he a covariant of the quantw Uny the ne\ 
€alu€ of ^{x)y after homographic tranaformationy is {when rendere 
integral) 

(A;i'-AV)'«W. 

The proof is similar to that of the preceding PropositioB 
We have 

* (a?) = ao'S(ai - aa)" (a,- a,)*. ..{x- axY (x- aa)* . . . , 

this expression being obtained by substituting 

X — oi, X — as, • • . iP — a» for ai, oj, . . . a^ 

in the source of the covariant f^[x) expressed in terms of th< 
roots. Now, transforming, as in the previous Proposition, th( 
value of [x) thus derived; since the factors A - A'oi, A - A'aj, . . 
all enter in the same degree zj in the denominator (for each roo 
enters the source in the degree w), they will all be removed bj 
the multiplier Oo'^y and the transformed value of {x) is 

(XM'-X'M)-^(a:). 
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156. Redactloii of Homoiprapliie TraBsfornuitloii to 
a Doable Unear Transformation. — ^With a view to thia 
reduction let the quantio be written under the homogeneous 
form 

and, in place of putting as before x = ^7-7 h and removing 

fractions to make ZTi, integral, let now - = ^,, ^ . , where - 

y Ax+fif/ y 

and — are the variables in the ordinary sense. The transfor- 
mation may therefore be reduced to a linear transformation of 
both the variables x and y, and can be effected by putting in 
the original quantic 

the introduction of fractions being in this way avoided. 

Thus we pass from a homographic transformation of 
functions of a single variable to the linear transformation of 
homogeneous functions of two variables. 

The determinant \ii - Xfiy whose constituents are the coef- 
ficients which enter into the transformation, is called the modulus 
of transformation. 

We are now enabled to restate Propositions I. and II. of 
Art. 155, in the following way : — 

Prop. I. — An invariant is a function of tfie coefficients of a 
quantic y such that when the quantic is transformed by linear trans- 
formation of the variables^ the same function of the new coefficients is 
equal to the original function multiplied by a power of the modulus 
of transformation. 

Prop. II. — A covariant is a Junction of the coefficients of a 
quanticy and also of the variables^ such that when the quantic is 
transformed by linear transformationy the same function of the new 
variables and coefficients is equal to the original function multiplied 
by a power of the modulus of transformation. 
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The definitions contained in the preceding propositions 
plainly applicable to quantics homogeneous in any nnmlx 
variables, and form the basis of the more extended theor 
covariants and invariants referred to in the preceding Arl 
We give among the following examples an application in 
case of a quantic involving three variables. 

Examples. 

1 . Performing the linear transformation 

x = \XJt iiY, y = XiX + Ml y, 
if 

ax» + 2bxy + <jy« = AX"^ + 2BXY Jf CT^, 
prove that 

AC- B* = (Ami - \iM)^{a€ - l^), 

2. Performing the same transformation, if 

(a, A, e, rf, e){x, y)*= {A, B, C, L, E){X, T)\ 
prove that 

AE - ^BD + 3(7» = (X/ii - Aim)* («^ - 4M + Zc^). 

3. Performing the same transformation, if 

asfl +2A*y + <5y» = AX"^ + 25XF + CF^, 
and 

a\x^ + 2bxxy + riy« = ^iX» + 2^iXr+ CiF^, 
prove that 

^Ci + AiC- 2BBi = (Ami - AiM)'(fl<"i + aic - 2bbi). 

This follows from Ex. 1, applied to the quadratic forms 

(a+icai)««+2(A+icAi)ary+(<? + icci)y2=(^+ic^i)j:2+2(^+ic5i)ir-r(C + icCi 

by comparing the coefficients of k on both sides. 

Whence we may infer that, if two quadratics determine a harmonic sjstei 
new quadratics obtained by linear transformation also form an harmonic sy 
For their roots being a, fi and ai, iSi, we have 

««i{(a-ai)(i3-i3i) + (a-i3i)(i3-ai)}=2(fl<?i + aiC-2*Ai). 

4. If the homogeneous quadratic function of three variables 

a«» + Ay* + <»» + 2/yz + 2gzx + 2hxy 
be transformed into 

AX^ + BT^ + CZ'^ + 2FrZ+ 2QZX + 2HX7 
by the linear substitution 

« = XiX + Mir+riZ, y = A2X + Mar+raZ, « = XjZ + msFh- K3Z; 
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proye the relation 



A 


M 







E 


B 


F 


= (AliU2V3p 


Q 


F 


C 





a 
h 

9 



h 
b 

f 



9 

f 
e 



where the determmant (Xijuzys) is the modulus of trauBformatioii. 

This is easily verified by multiplying the proposed determinant of the original 
<;oefficients twice in succession by the modulus of transformation written in the 
form 



Ai 



Ml 



yi 



M 



M2 



A3 



MS 



y2 "i 



^nd comparing the constituents of the resulting determinant with the exjMinded 
values of the coefficients of X\ T^, &c.f in the new form. 

It appears therefore that the determinant here treated is an invariant of the 
given function of three variables. 

157. Properties of CoYarlanto derived from Unear 
Transformation. — We proceed now to show, takingthe eecond 
proposition of Art. 156 as the definition of a covariant, that the 
law of derivation of the coefficients given in Art. 153 imme- 
diately follows ; that is, given any one coefficienty all the rest may 
he determined. 

For this purpose, performing the linear transformation 

whose modulus is unity, the quantio 

(flo> ffi, flr^, . . . a^{xy yY becomes (-4o, -4i, -4i, . . . -4n)(X, F)", 
where 

-4o = flo, -4i = fli + ^0 A, -^2 = Oa + 2ai A + Oo A*, &c. (See Art. 35.) 

Now, if ^ ((Zo9 <Zi9 Oa, . . . (7„, X, y) be any covariant of this 
quantic, we have by the definition 

or 

(p^y ttiy flfa, . . . Ony ^^y) ^ ^ (-4o, -4i, -4a, ... -4«, x-hyy y). 

Expanding the second member of this equationy and con- 
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fining our attention to the terms which multiply h ; observing' 

dA 
also that — rr = ^'^r-i when terms are omitted which would be 
ah 

multiplied in the result by A', A', &c., we have 

<l> -\- hi- f/-^ -k- 2)0 ) + ^* ( j + &c. . . . ^ 0, 

whioh must hold whatever value h may have ; hence 

yT^-^T^"*-2«iT^ + 3fl-. :7-+ ... +.nan.i-7^, (1) 

aa? afli a!»^ acfa dan 

and, substituting for the value 

we have 

mBoHf^^t/ + w (m - 1) J9iaf^'y* + . . . + mBm-ij/'^ 

whenoe, comparing coefficients, we have the following equations : 

DBo = 0, 2)J9i = Boy DB2 = 2^1, . . . DBm = w5^„ 

which determine the law of derivation of the coefficients from 
the source Bm ; the leading coefficient Bo being a fimction of 
the diflPerences, since DBo = 0. 

The calculation of the coefficients is facilitated by the follow- 
ing theorem which has been proved already on different prin- 
ciples : — 

Two coefficients of a covariant equally removed from the extremes 
become equal [plus or minus) when in either of them t^o, «!,... a» 
are replaced by any flf«-i, . . . Oo, respectively. 

To prove this, let the quantic be transformed by the linear 
substitution 

X = OX + F, y = Z + OF, whose modulus = - 1. 
Thus 
(«o, flfi, Oa, . . . an){xy yY= iflny a„_i, an^y . . . a^){Xy F)'*, 
and, by definition, any covariant 

0(««, ^nrAy anJiy . . . flTo, -T, F) = (- 1)* 0(00, «i, aiy ... any Xy y) 

- (- 1)« ^[a^y fli, a,, . . . any F, X) ; 
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-whenoe it follows that the coeffioients of the coTariant equally 
removed from the extremes are similar in form, and become 
identical (except in sign when k is odd) when for the su£Sxe6 
their complementaiy values are substituted. 

We may infer similarly that a covariant satisfies the diffe- 
rential equation 

^:r^ ^ir^ +2(7,i.i -^^ + ZOn^ j^ + . . . + IWi ;y^, 

ay aaf^x aan^ aa»^ aoo 

as well as the equation (1) already given. 

Again, if ^(ao, ^i, a^j ... ttf) be an invariant of the quantio, 
the former transformation of the present Artide gives, employ- 
ing the definition of Art. 156, 

^ («o> ^i> ^2, . . . «n) = ^ (-4o, -4i, At, . . . An) ; 

and proceeding as before in the case of a covariant, we prove 
that an invariant must satisfy both the differential equations 

Oo 3^ + 2fli -~ + 3a, 3^ + ... + non^i -^^ = 0, 

aOi CUh OOs (Mn 

an-^ -^ 2an^i-j^ -k-Son^ j^ + . . . + «ai §?^ = 0, 
adft^i aon^ aon^ OOo 

either of which may be regarded as contained in the other, since 
if we make the linear transformation x = Y, p ^ X (whose 
modulus = - 1), we have from the definition of an invariant 

i> («n, On^u ff*^> . . . Oo) = (- 1) ^ (flo, «l, «2, . . . «»•) ; 

proving that an invariant is a function of the coeflScients of a 
quantic which does not alter (except in sign if the weight be odd] 
when the coeiBScients are written in direct or reverse order. 

Having now explained the nature of Oovariants and Inva- 
riants of quantics, and the connexion between the two modes in 
which these functions may be discussed, we proceed to prove 
certain propositions which are of wide application in the forma- 
tion of the Oovariants and Invariants of quantioB transformed, 
by a linear substitution. The student who is leading ihii mih^ 

2a 
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jeot for the first time may pass at onoe to the next chapter, where 
the principles abeady explsdned are applied to the cases of the 
quadratic, cubic, and quartio. 

158. Peop. I. — Let any hamogeneotu quantic of the n** degree 
/{xj y) become F{Xf T) by the linear transformation 

ar^AX + ^r; y^X'-T + ^T; 

abo let any function uofx^y become Uby the same tramformation ; 
then are have 

ufhere Mis the modulus of transformation. 

To prove this proposition, solving the equations 

x-^\X + iiT, y^XX-^^'Y, 
we have 

MX^ fix - fiy, MT = - X'a? + Ay ; 
whence 



Again, 



^n'"' ^n'-"' ^^=-^' ^na^^- 

^ rf^rfZ dUdT J_/ ,dU ydV\ 
dx" dXdx'^ dT dx" M\^ dX dYJ' 



^^JT 1 / dU , dU\ 
^-^Ihi'MV^dl^^df} 



*1 _ 1?^ rf^'rfF 1 
dy' dXdy"^ dY 



trhioh equations may be pat under the form 



%Am<-^ 



lidXj' 



-l-Ks§)-t-i^' 



dm 

dXJ' 
andnnoe 

f{XX + ^r, \'X + ^'T) m F{X, Y), 
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changing X and T into -^^^9 and -jf^f reBpeotively, 

the proposition is proved. 

In an exactly similar manner, changing X and Finto 



MdY' 'MdX' 



it may be proved that 



The results (1) and (2) may be applied to generate cova- 
riants and invariants as we proceed to show. 

Suppose /(^, y) and u to be covariants of any third quantic r, 
where v may become identiocd with either as a particular case ; 
also, denoting by Fe (X, Y) and Uc the same fcovariants ex- 
pressed in terms of the X, T variables and the new ooe£Scients 
of f) after linear transformation, we have, by Prop. 11., Art. 156, 
the identical equations 

MPF{X, T) - Fc{X, F), and M^Um Ue\ 

whence, substituting from these equations in (1), 

/rffi du\ (dUc dUc\ 

proving that /(^> "" ^) ^ * covariant of r. 

And in a similar manner it is proved from (2) that 



/ 



W 'dxr 



leads to an invariant or covariant of r, according as fi is of the 
w'* or any higher order. 

We add some applications of this method of forming inva- 
riants and covariants. 

2a2 



356 Cavariants and Invariants. 



Examples. 

d d 

1. If -Tj — 3- be substitnted for x and y in the quartic {a, b, e, d, e) {x, y)^ 5 17*, 

dff ax 

and the resulting operation performed on the qnartic itself, show that the inTaiianl 
I is obtained. 
We find 

(a, 6, r, 1^, e)(i,-iyr= 48(a*- 4W+ 3^). 

2. Prore, by performing the same operation on Hm, the Hessian of the quartic 
(see Ex. 2, Art. 163), that the inyaiiant / is obtained. 

Here we find 

(a, *, e, d, $) (~, -£\ 5,= niflce + 2b€d - «rf« - #6* - <;»). 

3. Proreth&t 

(a, *, c,d) (i -£yG',=-12(a»rf*-6a*«f+4«J» + 4«8rf-3i»c»), 

where Qm is the cubic corariant of the cubic (a, ^, e, d) (x, y)'. 

4. Find the value of 

:(«-«*) Q*-(-^-»')J£+(«-«')(S)'. 

where « a (a, 6, «, <^) («, y)'. 

^fw. - 9J5r,«. 

159. Peop. II. — If ^(oo, fli, a,, . . . (7«) 6e an invariant of 
the form (oo, a^ ^2, . . . a«) (a?, y)", and u any quantic of the n** or 
any higher degree, 

(d^u d^u d^u (f*u\ 

^' d^^' daf^dy^' '"' dy^J 

is an invariant or covariant of v. To prove this, let 

and, tranfif onning as in the last Proposition, 

, d , d , d , d 
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alfio, transforming u^ we have 

-whence 



( 






and writing this equation when expanded under the form 

(Do, Di, A, . . . l>n){X\ TY = ('/o, ^., </„... rfn)(/, y')*, 

we have, from the definition of an invanant, 

^(Do, A, -Di, . . . D«) =-»** (rfo, rfi, *, . . . rf^i), 

showing that ^(d^ ^^i, cj^, . . . ^n) is aii invariant or oovariant. 

When x^ y and 2^, y' are transformed similarlyi as in the 
present Imposition, thej are said to be cogredient variables. 

Examples. 

1. Let the quadratio 

ao«* + 2aisy+aiy' become AqX^ + 2AiX7-¥ AtT^. 
We hftTe then, as in Ex. 1, Art, 166, 

Now sinoe 
it follows from the last result, considering X\ T* and x'y ff as variables, that 

This coyariant is called the Hettian of 17. 

2. When u has the values 

(a, 6, <?, <f ) (a:, y)*, and («,*,*, rf, #)(«, y)*, 

^'hat coyariants are derived by the process of the last example P 
Ans, (1). {ae - 6») x« + («rf - Ac)«y + (W - ««)y». 

(2). (ae-iti)x*-^2{ad- be):^y + (a* + 2W - 3«»)*«y« 

+ 2(be - ed)3^ + («• - rf«)y*. 
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160. Prop. III. — If any invariant of the quantic in Xj y, 

be formed^ the coefficients of the different powers of ky regarded as 
homogeneous functions of the variables a^, ^, are cavariants of U. 
For, transfonning XJ bj linear transformation^ let 

(oo, ai, a„ . . . a^ (a?,y)" = {A^ Ax, ^„ . . . A^ (X, F)"; 

alflo Mxyy and a^, / be cogredient variables, 

«y'-/y = Jf(JS:r-Z'F). 
Whence 

(oo, fli, fli, . . . a«) (a?, y)* + A(a!y' - vlyf 

beoomes when transformed 

(^0, Ax, -4,, . . . J^) (J, F)- + AJf • (Xr - X'F)« ; 

and forming anj invariant ^ of both these forms, we have 

(♦, «!, ♦.,... ♦^J (1, *)' - if« (<P, <Pi, <Pa, . . . <P^) (1, Jf •*)-, 
proving that 

or that ^r is a oovariant. 

When (a?/ - a<y)* is replaced by (6^ 6„ ftj, . . . 6n)(«> y)% we 
have the following Proposition whioh is established in a similar 
manner: — 

^ ♦(«•> «i> «»» •••«!») *« o.n invariant of{a^ a,, a,, . . . a») (ar, y)*, 
aU the coefficients of k in 

^(oo + A;io9 tfi + kbi, . . . <i» + A;ftn) 

artf invariants of the system ofquantics 

(Oo, «i, fli, . . . fl») («, y)*, (Jo, Ji, Ja, . . . *n) (iP, y)* ; 

or, trAicA m ^Atf same thing, 

urtf invariants of the system. 

If, farther, ^ be replaced b j a oovariant, we may in like 
manner generate new oovariants, a similar proof applying in 
this case. These results hold for any number of variables. 
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161. Pbop. IV. — If ^(a?, y) and ^(a?, y) are homogmeom 
quanticSf the determinant 

d^ di^ 
dx dy 

d\ff d\p 
dx dy 

is a covariant of these quantics. 

For, transfonning ^ and \p by the linear substitution 



we have 
giving 



*(X,F) = «(ar,y), ^{X,T)^xP{x,y), 



dX dx dy^ 



dX dx dy* 



Whence 



d^ d^ ,d^ d9^ d^P 
dY'^dx'^^di' dT'^" 



f'di^''^' 



dy' 





d^ d^ 




dX dT 




dt d* 




dX dT 


which Tc 


iduoes to 



dx dy* dx dy 

X?f* + X'^ ^^ M 
dx dy* dx dy 



M 



fd^ d\ff d^ djA 
\dx dy dy dxj* 



and the proposition is proved. 

This covariant is called the Jaoobian of ^ and \py and is often 
written under the form J{^f \p). The Jaoobian of n functions 
in n variables is a determinant of similar form, and can be 
shown to be a covariant by an exactly similar proof. 

We now conclude this Chapter with some examples selected 
to illustrate the foregoing theory. The student is referred for 
further information on this subject to Salmon's Lessons Intro- 
ductory to the Modem Higher Algebra^ and to Clebsch's Theorie 
Der Bindren Algehraischen Formen. 
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MlSGKLLAKSOUS EXAMPLBS. 

1. From tlie definitioiis, Art. 160, proTO that all the inyaiiants of the quantie 
Uisff — d^y) are coyariants of U, the yariahle being ^ : y'. 

Hence derive the covariants of a cubic from the invariants of a quartic expreesed 
in terms of the roots. 

2. If Iif It, /sy . . . J» be the same invariant for each of the qnantica 

s(g) s(x) ^(x) ^(x) 

i ^-^-^, , . . . of the order tj, where ai, au ... on are the 

s— ai a— o} x — oi x^on 

roots of ^{x) = 0, prove that 



2jr(x-arr 

is a covariant of f{x). 

8. If ai, a», ai, . . . An be the roots of the equation 



and if 



(oo, ai, At, . . . a.) (a?, 1)» = ; 

«0*f 1^ . . . ^M = ^(tfo, 01, «!• . . . «»), 

where ^9 ^ ... ^ are aU the values of a rational and integral function of some 
or aU the roots obtained by substitution, find the equation whose roots are the 

m values ^^j-* gt^en ^f «= 0. 

Ant, F(UtH ^1, CTi, . . . IZy = 0. 
4. Denoting by «, /9, 7, and a , /9', 7' the roots of the cubic equations 

(a, 3, iT, rf) (*, 1)3 = 0. («', y, <^, 1^) (*, 1)3 = 0, 

prove that the following covariant of the system 

•i^a{80B-|8')(7-7H30i-7T(7-i8') + (/8-7)(/5'-y)} (*-«)(«-«-) 
expressed in terms of the coefficients is 

6. Express the identical relation connecting three quadratics in terms of their 
invariants. 

Let IT" = •!*» + 2*i«y + *iy*, 

r = et** + 2^«y + «2y*, 
multiplying together the two determinants 



«1 


h 


^ 







«1 


-26i 


«i 





«a 


h% 


0% 







^ 


-2*2 


As 





ot 


h 


c% 







<^ 


-2^ 


0s 





y" 


-ay 


*» 







«» 


2«y 


y» 
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-wehftye 










III 


In 


In 


[7- 


4 


In 
/is 


/aa 
/as 


/as 
/ss 


r 




V 


r 


»^ 






a 0, where 2i^ = a,eq + a^ c^ - 2bpbf 



Expanding this determinant we hftye 

(/,3/ss-/a3*) IP+ (/ss/ii-/si») F»+(/i,/2a-/ia') »^ + 2(/si/ia-/ii/is) VW 

+ 2(/a3/ii-/aa/si) »^I7'+2(/ki/8i-/m/i2) CTKa 0. (1) 

There are two particular cases worth noticing : — 

(1). When the thru quadratics ar$ mutually harmonic, — In this case 
/as B 0, /si = 0, /la «= ; and the identical equation aswunew the following 
simple form: — 



WiiJ"^Waaj"*'vV^J^ ' 



(2). When one of the quadratic W^ determinee the foci of the imoiution of 
the points given by the other tufo, U= 0, and V= 0. — In this case /u = 0, and 
/as = ; and making this reduction in the general equation (1), we have 

(/ia«-/ii/aa) »^ = /ss(/aa l7»-2/i,I7'r+/ii F*) ; 

but from the equations iis = 0, and In = 0, we find 

«t = ic(tfi*a), -2*8 = ic(tfiaa), ^ = ic(*itfa); 
whence 

4(«s«^- V) = «'H(«i*a)(3i<>a) - (<?ifla)M, 

/ss = «M/ii/aa-/ia»}, 
and reducing, when ic = 1, or W^J(Ut V), 

-{J{ir,v)V = iniP-2iitur-^inr*. 

6. Determine the inyariants of the quartic 

M(« - ai)*+ \3(« - a2)*+ . . . + \m{x - ««)*. 

Ant, I « SXiXa (ai - 09)*, / = 2X1X3X3 V(ai, 03, at), 

where v (ai, asi • • • or) represents the product of the squared differences of 
Aiy na, • • • Or* 

7. ProTc that the condition that four roots of an equation of the n*^ degree 
should determine on a right line a harmonic system of points may be expressed by 

... • <t **!. A («-l)(«-2)(»-3) 

equating to sero an inyanant of the Wgic e ^ -^—- — -^ -. 

z 

8. If p{ao, at, 03, ... On) be any rational, integral, and homogeneous function 

which depends on the differences of the ro^ts of the quantic (og, ai, 03, . . . «») («, 1)»; 

dd> 
prove that ^ depends on the differences of the roots also. 



i 

r 
t 
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9. Prore that the fonctionB 

which depend on the differences of the roots of the equation 

(flo, ai, at, ... an){x, 1)"= 0, 
giye rise to coTaiiants of the degrees 

2ii - 4, 2« - 8, Zn- 6. 

10. Prore that the coefficient of the penultimate term in the equation of the 
aqnarefl of the differences of any quantic leads to a coyariant of that quantio of the 
fourth degree in the yariables. 

11. Prore that the product of two coyariants of the same quantic whose soorcee 
aro f and t|r maybe written under the form 

Ifr. M. Boberts. 

12. Prore that the «i<* power of the quantio 

(«o, «i, oj, . . . fl«) (a?, 1)» 
outy be repreeented by 

«•■• + «2>(«»«) + — - i>»(a,«) + r— ;r-z D'Co*"') + &C. 

Mr. M. Roberts. 

18. Prore from both definitions of a coyariant that any coyariant of a coyariant 
M a coyariant of the original quantic or quantics. 

14. If ai, as, OS, . . . a», and /9i, /9a, iSs, . . . Ai be the roots of the equa- 
tiooa 

l7'B(flo, tfi, oa, ...«i»)(«,l)« = 0, and Vs{bo, h, h, . . - M(*i 1)* = 0; 
from the simplest function of the differences of their roots, yia., 2(ap - fit), it i» 
required to deriye a coyariant of the system U and V. 

This question will be sdyed if we express 

in tonna of the ooeffioiento of rand V. 

1 

For this purpose we haye 

-^f (ar-ap)(«-/9,) 2^ x^a^ x - fi^ ^ x- fi ^ x- a 
and if IT and F be written as homogeneous functions of x and y, 

^x^Q^ dx ^x — a^ dy 

Whence, substituting these yalues in the laa|toquation, we haye 

^^^ op-iSf _dUdV dUdV^ 
^{x-'ay)(x-Py) dx dy dy dx* 

which is the Jaoobian of XT and V, It should be noticed also that the leading ooaf - 
ficient of J(U, V) is ooh - aibo. 



Miscellaneous ExampUs. 



36S 



16. To reduoe ike two onbiot 



to theformB 



^ idX' ^ idr 



by meanB of a linear traniformation 

the coefficients in which are to be determined in terms of the coefficients of the- 
giyen cnbics. 



Let 
then 



Um{a, *, €, d)(x, y)»- M, B, 0,IJ){X, Y)\ 
r« (tf'.yy, rf')(:r,y)»= (^, (7, D, E)(X, Tf, 



Now, substitatmg the differential symbols 2>y, -Dmfor x^ y, and y.i'r* - p^x 
for X and Fin the Hessian of both forms of U, we find the operatioiial equation 



J>U 



b 

4 



2>;. 

d 






Di- Dlr i>J« 
^ ir (7 

2? (7 2> 



whence, operating on both forms of F, we have 



Similarly, 

♦(*. y) = 



b' 



V 
b 
c 

b 

b' 



d 

e 

d' 



«+ 



«+ 



a 
b 

b 
V 



b 

c 



d' 
c 

d 

d 
i 



JT 



JX 



where / is the ternary inyariant of F, 
Again, since 



♦ (Dy,-2>.)= — Dr, and - ♦(!>», -D.) - i;^i>x, 



lf» 



Jf» 



performing the operation 

f (2>^ - D,) ^(«, y), or i^Dy, - 2>.) f (*, y), 
on equiralent forms we have 

a b e V if d' «: V e b • d 

a' V c' m b e ^ a b c t: V d 

b' e' d' b 9 d bed b' 4 d' 



Q = 



My 
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We are now in a podtion to determine the coefficients of jPin terms of the coef- 
fldents of IT and F. 

For we have from former equations 



a» 



Oy = - 



a b e 
bed 
^ *' «r 

a b e 



♦ - 



♦ + 



a' 


b 


e 


y 


e' 


d' 


a 


b 


e 


^ 


y 


e 


y 


e 


d' 



♦. 



*; 



b t d 

rhence, snbstitiiting these Taloes of jt and y in CTand T, we find 

Q»17'= (^0, -Bo, Co, Do) (♦, «', 
Q»r=(2?o,Co, 2)o,-R)(^,«», 



and, therefore^ 



also 



^ 4 li^' 



Q»r= i ^, where F^ = (^o, -Bo, Co, -Do, A)(^ ♦)* ; 



^jc^j>jg-ar» 

-^ ^ ^0 " Cb ^ 2>o " JBb ~ /* * 

16. Determine the inraiiants of jPo in the preceding example. 
We haye, from the equations of Ex. 16, 

/»o=Jf«/o, and J»/=Jf*>/o; 
and, snhstituting diffiarential symbols for «, y and 2, F in both forms of F, and 
operating on C» we find 

js 

which equation, along with the equation Q = -r^ enables us by previous results to 

express Jo and /o in tenns of Pand Q in the following way : — 

/o = .P(2», and /o=Q». 

17. Prore that the resultant of the cubics IT, Fof Ex. 16isi^- 27 Q, where 
Pand Q haye the same signification as in the preceding examples. 

From the results of Ex. 16 we deriye the equations 

from which it follows that when 7*= 27/^, we haye P* «= 27(2 ; but the first rela- 
tion holds when jPhas a square factor, which necessitates Cand V haying a common 
&otor ; whence we infer that P' - 27(2, being of the proper degree and weight, is 
the resultant of the cubics V and F. 

18. Proye that if it be possible to determine le so that 17 + kF should be a perfect 
cube, the relation Q = must hold among the coefficientB of the cuMos ; and that 
in this case the transformation of Ex. 16 fruls. 
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The transformatioii plainly failB when Q = 0, for the yalaes of X and Tbecome 
then identical. If 27 + k F* be a perfect cube the deriyed functiona with regard to 
X and p yaniBh simultaneouBly ; whence we have the equations 

* + «*' ~ cTit7 " d-^Kd' ' 
Equating these fractions separately to - 1^, we find the equations 

b'\-Kb' ■\- Kfe-^ kkV = 0, 
e-^K(f +Kd -^ KK'd'= ; 

and solying for ic, «', kk\ we may eliminate them, and thus find the condition that 
ir+ K r be a perfect cube in the form 



a 


h 


c 




a' 


V 


e 




*' 


e' 


d' 





V d d' 
a h c 
bed 



a' *' (f 
a b e 
bed 



«* b' e* 
V e d' 



= 0. 



Or, eliminating k and t^ without introducing «', we have from the abore equa- 
tions another form for Q, yiz., 

«? - 4» wf A.tie- 2b}/ «'/ - **» 

ad- be ad'^- ad~ b<f - b'e a'd' - Vtf 

bd-e^ W'+yrf-2«j' W-d^ 

19. Prove that the quartic 

/(«, y) s (a, b, e, d, $) («, y)* 

may be reduced by a linear transformation « = xX + /*F, y = x'X + /*'r to the 
form 

whei^ 

X u 

20. Betaining the notation of the last example, prove that -; and^ are conju- 

gate roots of the seztic covariant of the quartic. 

21. Prove that the common factors of two quantics are double &ctors of their 
Jacobian J{Uf F), when the quantics are of the same degree. 

22. Prove that the 2 (n - 1) double factors of lU'\-mV, obtained by varying 
/ and m, are the factors of /( IT, F), where U and V are both of the n*^ degree. 

23. Find the resultant of two cubics IT and Vhj eliminating between 

r=o, r=o, —^ — -' = 0. — ^^ — ^=0 



dx 



dv 



CHAPTER XV. 

OOVA&IANTS AND INVARIANTS OF THB QUADRATIC, CUBIC, 

AND QUARTIC. 

162. The Unadralic. — The quadratic has only one inva' 
rianty and no covariant other than the quadratic itself. 

For, if a and /3 be the roots of the quadratic equation 

U^as?-\- 2bx + c = 0, 

the only functions of their difference which can lead to an inva- 
riant or covariant are powers of a- )3 of the type (a - j3)*' ; the 
odd powers of a - /3 not being expressible by the coefficientB in 
a rational form. Whence, expressing 



\a-x p-xj 



by the coefficients, we conclude that the quadratic has only the 
one distinct invariant ac - 6', and no covariant distinct from U 
itself. 

163. TlM Cable and Vim Covaiiaate. — ^In the present 
Article the oovariants of the cubic will be discussed as examples 
of the principles already explained, and in the following Article 
the definite number of oovariants and invariants will be deter- 
mined. 

In the case of the cubic a covariant is obtained from a 
function of the differences of the roots most simply by sub- 
stituting 

/Sy + ctr, 7a + /3a;, aP+yx for -a, -/3, -y, 

and thus avoiding fractions ; for, transforming a - /3, we have 

1 1 - (fiy -f cut) -f (ya -f fix) 

a-x fi-x (« - o)(a;-/3)(a?- 7) ' 
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and when fractions are removed we arrive at the above trans- 
formation (the order being equal to the weight in the case of 
either function of the differences H or CF). This mode of trans- 
forming functions of the differences will now be applied to the 
oovariants of the cubic. 

(1). Tiie Quadratic Covariantj or SesHan^ Eg. 
Transforming both sides of the equation 

Oo* (« + wj3 + io*y) (a + w'/3 + wy) = 9 (ai* - OoOs), 
we have 

flo*{la + wjS + w*y)iC + j3y + wyo + «*a/3) 
X {(a+ di»3 + wy)a;+ 0y + w*y« + wojS) - 9 (CT,*- UtUi) ; 

thus showing that 

Lx-^ In and Mx •¥ Mi (See Art. 69.) 

are the factors of 

where 

ii = /3y + wyo + Qi'ajSy Jfi » /3y + w* yo + oiajS. 

From the form of the Hessian in terms of the roots in Art. 151, 
or from the relations of Art. 43, we conclude that when a cubic 
is a perfect cubcy each of the coefficients qf the Hessian vanishes 
identically. 

(2). The Cubic Covariant, 0^. 
We have, as in Art. 59, 

Oo' { (a + wjS + w'y)' + (a + w'/3 + a>y)») = - 27 (Oo'o, + 2fli» - ^a,a^). 

Transforming both sides of this equation as before, we fiboid 

= 27 Q,, 

where Ox denotes the covariant formed from the function of dif- 
ferences O ; and operating as in Art. 153 on the source derived 
from O (the sign being changed in order that O may be the 
leading ooefiGloient), we easily obtain 

Ox = (oo'fls - SooOiOs + 2ai*) «■ + 3 (ooaiO, + ai*at - 2aoa2*) aj* 

- (ob'oo - ^OtOtOi + 2as') - 3 {otOtOo + a»% - Za^ai^) x. 
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BeeoMng {Lx + i,)' + {Mx -t M^^, we may olitain the factors 
of Oi ; or, more Bimplj, rinoe the factors of Q are /3 + 7 - 2o, 
Y + o - 2/3, a + /3 - 2y, the factors of Q^ are 

1 J^ 2 1_ _1 2 1_ ^_ _3_ 

|3-a. y-x a-^y-x a-x fi-x' a-x [i-x y-^ 

vhen fawttions are removed. 

We have ohviouBly the following geometrical interpretatioQ 
of the equation G, = : — If three points A, B, determined by 
the equation 17'= be taken on a right line ; and three poiata 
A', S^, C, BUtHi that A' is the hannonio conjugate of A with 
regard to S and C ; S" oi B with regard to C and A ; and C 
of C with regard to A and JS ; then the points A', B", C are 
determined by the equation Gx = 0. (Compare Ex. 13, p. 88, 
and Ex., Art. 65.) 

(3). Expreasion of the Cubic as the difference of two cubes. 

This can be effected, by means of the factors of the Hessian, 
as follows : — 

For, as in Ex. 6, p. 114, we have 

i--Jf-y^27(/3-T)(7-.)(a-(3). 
Transfinming this equation as before, the first side becomes 

[Lx + L^y-(Mx■^M^)*, 
and the second side 

•^27(0-7)(T-«){"-(3)(»-«)(»-ffl(»-T)- 
fiubstitating from preTions equations, we have 

(i« + i,)'-(Jfic+Jtf.)'=27^/G' + 4£r' = 27^^^. 

(4). Melation between the Cubic and itt Covarianls. 
^e following relation exists : — 
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For, from Ex. 6, p. 114, 

and transforming this equation as before, 

«o'0 - y)' (y- «r (a -/3)*(a? - a)*(a?^ /3r (2?-y)« =- 27 (G,*+4 J.») ; 

whence A Z7» = Q^^ + ^H^\ 

(5). Solution of the Cubic, 
The expression 

is a linear factor of U. 

For, from the relations in (2) and (3), we have 

-2a^>(Jlfo + JfO>=27(Z7yA+ G,); 
and since 

{Lx + Xi) - (JCr + JfO 

is a factor of ?7, the proposition follows. 

This form of solution of the cubic is due to Prof. Cayley. 

164. IVamber of CoTariante and InTariante of the 
Cubic. — The following method of determining the number 
of covariants and invariants of the cubic is similar to that 
employed by Professor Cayley for the same purpose: — 

The cubic has only two covariants^ their leading terms being 
H and O ; and only one invariant^ rts., the discriminant A, where 

a*A = G* + 4JEP, or A-a'rf' + 4a(3»-6a6crf+4(;?6'-36V. 

To prove this, let 0(a, j3, y) be any integral symmetric 
function of the differences of the roots (of order 9), expressible 
by the coefficients in a rational form. 

We have then (Art. 36), 

a'f^[a,^,y)-F{a,H,CF) (1) 

(where r remains to be determined); and, in the first place, if ^ 
be an even function of the roots, O can enter this equation in 
even powers only, since J? is an even function of the roots. 

2b 
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Eliminating the even powers of O by means of the relation 

we show therefore that in the ease of an even function of the 
roots equation (1) takes the form 

whioh may be written 

a-# (-, 0. 7) = F, (a, J, A) + S ^'^^ ^\ (2) 

where vs is the order of (a, /3, 7), and ^0 an integral function. 
It is now necessary to prove the following Lemma : — 
No function of U and A eociaU uhich is divisibh by a. 

For, suppose Fp {H^ A) to be divisible by a ; then making a 

vanish, we have 

F,{H\ A') - 0, 

where JJ' = - b\ A' = 4fl?6' - 36V, the values of J7 and A when 
a vanishes. This equation is plainly impossible ; for, eliminat- 
ing f> by means of the equation JT^ => - A*, c and d remain in the 
equation connecting H' and A'. 

Wherefore equation (2) must assume the form 

for the first side of the equation is expressible as an integral 
function of the coefficients ; therefore so must the second side 
also, and consequently the fractional part disappears. 

Now, to extend this result to odd functions of the roots, we 
have only to multiply the first side of the equation by 

and the second side by 276^, for O must be a factor of every odd 
function, since H is even. 

We are now in a position to prove the original proposition 
as to the number of invariants and covariants. For since (T ^ 
is of the form 

OF{a, JT, A), or -F(a, S, A), 

according as ^ is an odd or even function of the roots, it follows 
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in the first plaoe that there cannot he an invariant of an odd 
degree in the roots, sinoe QF{ay My A) does not remain the 
same function when a, b^ Cy d are changed into dy Cy by a, 
respeotivelj ; and the only invariant of an even degree must bo 
a power of A, since if F{ay Hy A) contained a or JT besides A, it 
could not remain the same function when the coefficients are 
flimilarlj interchanged. 

Again, the cubic has only two distinct covariants ; for it has 
been proved that every function of the differences iT^ is of one 
of the forms 

F{ay Hy A), or GF[ay JT, A). 

NoW| considering these forms as the leading terms of cova- 
riants, every covariant must be expressible as 

F{UyH^y^)y OT O^F [Uy H^y l^) \ 

that is, eveiy covariant is expressible in a rational and integral 
form in terms of Hx and Oxy along with U and A ; or in other 
words, there are only two distinct covariants. 

165. The linartlc. Its Covariants and Invariaiite. — 

We have shown abready that the quartic has two invariants, I 
and J (see Art. 151). From the functions JTand O of the diffe- 
rences of the roots we can derive two covariants Hg and Ox^ 
whose leading coefficients are H and O ; for from the relation 

ao*S(a-0)*- 48(000. -ai*) 

we derive, by the process of Art 151, 

oo^s (a - ^y{x - yYifl - 8)»- 48(cri7i. i7;«); 

and, expanding UU%- Ui\ we have 

-H; » (flofls - fli*)«* + 2 (ooo, - (h(h)a^ + (flo«4+ Soia, - 8a,*V 

In a similar manner, since 

O a Oo'at + 2a^ - SaoOiOtf 
2b2 
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we obtain the oovariant 

whioh reduoes to the sixth degree; and if it be written as 
follows : — 

Ox a Aox^ + -4ia^ + A2ix^ + AiCi^ + AiO^ + AiX + A^y 

we find, by expanding the above, or more simply, by forming* 
the souroe Ae^ and performing the successive operations of 
Art. 153, the following values of the coefficients : — 

As*"- fl4*«i + SaiOtOt - 2fls', Ai^-ai^Oo" 2aiatax - 603*^2 + ^a^a^y 
Ai=-6ai<h(h- lOos'fli + Iba^a^aiy A^^- lOaoO* + lOfli'fli, 
At = 5aaaia4+ lOai^ch- ISoofla^s, Ai = ao'fl4+ 2aoaifls + 6a*(h-9a^*f 
Ao = <io'^ — 3(io^i^ + 2ai'. 

Here it will be observed that, when Az is determined^ 
A%y Aif and Ao may be obtained from Aiy A^y and ^e by 
changing the suffixes into their complementary values, and 
altering the sign of the whole, in accordance with what was 
proved in Art. 152. 

We proceed in the following Articles to discuss the leading 
properties of these two covariants of the quartic. 

166. liaadralic Factors of the Sexlic Covariant,* 
Ox. — ^As the quadratic factors of O^ enter prominently iuto the 
following discussion, we proceed in the first place to find expres- 
sions for those factors in terms of the roots of the quartic, and to 
deduce their principal properties. 

Since the factors of O, expressed in terms of a, /3, 7, S, are 

/3+7-a-8, y+a-^-8, a+j3-y-8, 

the factors of 0^ are obtained from these by substitutincf 

1111 

- — J — -^, - — , —-5, for a, ^, 7, 8, respectively, and mul- 

■C *~ CI SP ^ p iT ~" 7 iF "~ O 

tiplying each factor by — to remove fractions. 



* Set a Paper by Prof. BaU, Quarttrly Journal of Mathematiesy vol. Tii. p. 968. 
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Whence, denoting these factors hy u, 9, Wf we have 



au 



av 



^ jj(j_ ^ _i 1 L^ 

tt( ^ 1 1 M 

\ic — a a?— p a? — 7 x — oj 

whioh values^of u, i?, te^, arranged in powers of Xj are 

II = (/3+ 7 - a-8)ai*-20y- a8)a? + i3y(o +8)- a8(^ + y), 

f? = (7 + a -^-8)«»- 2(ya -i38)ir+ 7aO + 8)-i38(7 +a), (2) 

4r=(o +/3-y-8)a:*-2(aj3-78)a? + a^(y +8) - y8(a +/3); 

and, consequently, 326^* = a'firte^. 
From equations (1) we easily find 

r = (a-8)(a^-P)(2:-7)-(/3-7)(2:-a)(2:-8), 
wr. (a-8)(a?-/3)(a:-7) + {^-y)[x -a)[x-iy, 

and from these and similar equations we have 

p'-u^ iff'-u^ u'-fi' ,U ,^. 

= — = = 4--, (O) 

fi-v V- A A-/1 a 

where A, /i, v have the usual meaning (Ex. 17, Art. 27) ; and 

oonsequentlj, 

{fi - v)u»+ (y - A)t?> + (X -/i)«^ s ; 
whence 



-{fl- V)U^ s [Wy/\ - ft + t?v/A - v)(tr v/A - /I - r-v/A - VJ. 

Since, as this equation shows, the factors on the second side 
are both perfect squares, we may assume 



«r v/a-ju + t' \/A - V a 2ui*, 
/r v^A-/Li - V v/A - V a 2U2'; 
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we have, therefore, 

w v^A - /* = 111' + Hi*, 

V \/\-V - til* - «,', 

tt </ V - ft - 2uiIh; 
horn whioh valnes ve oonolude that u, r, k, the quadratic /actort 
vf 0„ are mutually harmonic. 

167. BxprcMioB mt the McmAmi by the ^uidratle 
Faeter* ef C.. — Sinoe 

-48 £-.s(.-3)'(«-r)' (»-!)•; 

oombioiiig the terms in pun, and notioing that 

s(/3-r)(«-8) !'■-». 

s(. -ffl■(»-r)•(»-8)■ 
.sl(^-rK«-")(— S)*("-S)(— W(«-7)l'. 

the quantities between braoLete being u, f, », we have 



iriiioli is the required ezpressian for H^. 

168. lExpreMlon or the Onartte Itself by the «iia- 

dretlc Faetara of Q^. — From equations (3) a symmetrioal 
value may be obtained for U\ for, substituting in those equa- 
tions in [plaoe of X, n, v their values in terms of the roots 
pi, pit pt of the equation 4p' — Ip+ J— 0, we find 

rt'(p'-«^) = 16(p.-p,)I7; «»(»*-«») "leOb-pOP; 
<i'(u'-«i»)-160..-p.)Z7, 

from which equations, by means of the value of S, in the pre- 
ceding Article, we obtain 

(ai.)*-160.,p--fl,), (flO»=I60».l7'-fl;), (4) 

{<i»)»-16(p.(^-J,). 
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We now make the substitutioiis 

u*-AiJ*, r*-A,r*, tt^-AsZ', 

where Ai, A,, A, are the discriminants of u^VyW\ thus replacing 
Uf V, w by three quadratics X, F, Z whose discriminants are 
each equal to unity. By means of this transformation the 
forms of the quadratics are further fixed, and the identical re- 
lation connecting their squares (see (1), Ex. 5, p. 361) is ex- 
pressed in its simplest form. Calculating the discriminants, we 
find 

Ax=(j3 + 7-a-8){j37(o + 8)-ya(^ + 8))-(j3y-a8)S 

with similar values of As and A3 ; whence we have 

Ai = -(X-/u)(X-v), A,=-(/ii-v)(/t*-A), A,= -(v-X)(v-/ii). 

Making these suhstitutionSy the preceding equations become 

{pt - fh){fH - pi) r»= Bs - PtU, (5) 

(P8 - pi)(/>s " p%)Z*^Hg- piU; 

from which are easily deduced the foUowiDg values of U and 
Sxy and the identical equation connecting X, Y, Z: — 

H,^p,'X' + p^'T'-^p,'Z\ 
- U ^ PiX' -^ p,Y' -^ p.Z', (6) 

where, as has been proved, X, F, Z are three mutually harmonic 
quadratics whose discriminants are reduced to unity in each case. 
The value of Ox may be expressed in terms of X, Yy Zsa fol- 
lows. Since 

ttV«^ = 0* - v)'(v - A)'(X - |u)» X^T^Z* - ^ (/•- 27 J"')X' F'Z*, 

we easily find 

G,= ^ a//' - 27 J* . X7Z. 
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169. ResolaHoii of the Unartic. — From the equations 

we find 

where X*, F", Z* have the values determined by equations (6) ; 
and breaking up these values of {7 into their faotors, we have 
three ways of resolving U depending on the solution of the 
equation 

The resolution of the quartic has been presented by Pro- 
fessor Gayley in a symmetrical form which may be easily- 
derived from the expressions already given for U and JB^r. 
For, since in general 

is a perfect square when 

S/' {aiCi - bi) + 2mn(a8Cs+ Os^a- 26,6s) = 0, 

IX -{-mY-^- wZis a perfect square when /' + m' + n' = 0, 

X, F, Z being mutually harmonic, and the discriminants of eaoh 
reduced to unity. 

The resolution of CT is therefore reduced to finding values of 
I, ntj n such that IX + mT-k- nZ^ or 



I y/pt - ps \/Sz - pi 27"+ m v/pj - pi y/Hx - p%U 



being a perfect square, may vanish when) IT* vanishes ; or in fact 
to satisfy the two equations 



/ ^p% "pt-^m v/pj - pi + » y/pi - Pa = 0, /' + w' + n' = 0. 
These equations are plainly satisfied if 

/ m ^ , 

vpt - Pi V f>8 - f>i vpi - pt 
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whence, finally, 



{p% - /t>s) y/Hx - p\ 17"+ (ps- pO ^Hx - /Oa?7'+ (/^i - p^ s/Hx-(hU 

is the square of a linear factor of the quartic U. 

If it be required to resolve the quartic kU - XHxy it appears 
in a similar manner that 



lypt-pi ySx- piU^r m v//»i - pi \/-ff« -ptV 



+ n y/pi - p2 y/Sx - pz^9 

being a perfect square, must vanish when icl7- X-ff* vanishes; 

or, values of /, m, n must be determined so as to satisfy the 

equations 

/* + f»» + n» - 0, 



These equations are plainly satisfied it 
I m n . 

v{p2'-p»){K-pi\) A/(f>3-/t>i)(«C-paX) \/(/>i - pa) (k- P8 A) 

whence 



(pi-Pi) \/ic -piX v^-H,-pi J7+ (p, - pi) v^ic - paX v^-ff, - ptCT 

+ (pi -P2)\/'C -psXy^-Ha: - psZT" 

is the square of a linear factor oi kU- XHx. 

170. The Invariaots aod CoTariaots of kU - XMx* 

— Employing the equations (6) of Art. 168, and denoting 

J'+ F'-h Z* by F, we may, by adding - ^Fto XH", - kU, 

reduce it to the form iii J*+ iJjF'+ii.Z', where i2i + i{,+i{i«0. 
When this is done, we have the following reduced values of 

3jBi = ic(2pi - pa - pa) + X (2pap, - p,pi - pi pa), 
3Ri = K (2pa - pa - pi) + X (2p3pi - pipa - papa), 
3Bi = K (2p, - pi - pa) + X (2pipt - papa - Papi)- 



i 
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On aooount of the siinilarity of the forms 

piJ}^ptT^+p%Z^ and iJi J*+ iJ,F*+ i2,Z», 

whioh are of a fixed type, we calculate the invariants and ooyi 
xiants of k U- XHx bj simply changing piy pt, p^ into jBi, R^ 1 
in the expressions for the invariants and covariants of U. 
Therefore, since 

and 

iJi - JB, = (pi - /»,) (ic - A/aj), 

we find the following values for the invariants of k TJ- XS^ :— 






«/(«.A)= «/lc' - — ic'A + ^ icA* ^T^A». 



If we form the covariants J7(«,x)9 &nd G^(k,a)9 of 

4Q»4ic>-/icA*+.^A> 

(the reducing cubic rendered homogeneous in k, A), we fin 
as M. Hermite has remarked, 

ii«,A) = - 12 jr(,, A), «/(«.A) = 4(?(,,A) 

Again, to calculate the Hessian oi kU- XSxj we reduce 
by the substitutions 

pi'X^ + /th'F* + p,»z» - - |(/cr+ c/F) - - kit; 

the first of which follows from the equations 

pi* = ptPt + i/j P«* = /9l/»l + +/, /t)s* » /t>l/t>« + ^Ty 

multiplying by piX\ ptT\ p^Z^j respectively; and the seooi 
from the first by changing X\ F*, Z* into pi X\ ptY^f p%Z^. 
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In this way we find the following form for the Hessian of 
leCr-AJx:— 

whioh may be expressed in the form 
Again, sinoe 

p - 27cr « 16 (p, - p,y {p^ - p^y {p, - /t>o% 



and Gs - W^' - ^7fP . XYZ; 

transforming pi, p2y pi into i2i, i2s, i2s, we find 

We have therefore expressed the invariants and oovariantB 
of kU- \Sx in terms of the invariants and covariants of U. 

171. Mamber of GoTariants and InTariante of the 
linartic. — We proceed to prove the following proposition^ 
whioh determines the number of these functions: — 

The quartic has only the ttoo distinct invariants I and Jy and 
tioo distinct covariants whose leading coefficients are H and O. 

This proposition asserts that every invariant is a rational and 
integral function of / and J, and eveiy oovariant a rational and 
integral function of JJ, Hx^ Ox^ /, J* The following discussion 
is founded on principles similar to those already employed in 
the case of the cubic. 

Attending to the observations in Arts. 36, 37, it is plain 

that if (a, /3, 7, S) be any integral function of the difierenoes 

of the roots expressible by the coefficients in a rational form, we 

have, in general, considering the equation with the second term 

removed, 

or^{a,^,y,l)^F{a,H,I,G), 

where JP is a rational and integral function, and r remains to be 
determined. 
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And if, in the first place, ^ be an odd fonotion of the roots ; 
changing their signs, and subtracting the two yalues of ^y we 
find 

This value of ^ plainly yanishes with O ; whence, eliminat- 
ing the powers of O beyond the first by the identical equation 
of Art. 37, we have 

«'♦ («i 0, 7» 8) = <?^i(«» -ff» ^> J)' 

It follows that every odd function ^ of the differences of 
the roots is divisible by 

(/3 + y-o-8)(7 + a-/3-8)(o + /3-y-8); 
and removing this factor on the first side of the equation, and 

32 -; on the second side, we have 

a"'4^i {<h /3, y, 8) = -Pi (a, JT, i, J^, 

where ^i is an even function of the roots, and Fi a rational and 
integral function. 

We proceed to prove, in the second place, if ^ (a, /3, y, £) 
be any even integral function of the differences of the roots, of 
the order t?, expressible by the coefficients in a rational form, 
that a'ip{af j3, y, S) can be expressed as a rational and integral 
function of a, jET, /, J. 

To prove this, the following lemma is necessary : — 

Uiere exists no function o/Sj /, J which is divisible hy a. Fot^ 
suppose F{JE[j /, c/) to be divisible by a. Making a vanish, we 
have F[H\r,J')^Q, where H' = -b\ /'=-4M+3c*, 
J' = 2bcd - eb^ - c' (the values of IT, J, cT, when a = 0} ; and as 
it is impossible to eliminate i, c^d^ e^ so as to obtain a relation 
between H\ I\ J\ we conclude that no relation such as 
F{H\ I\ J') 3 exists ; and therefore there is no function of 
the form F{H^ /, J) which is divisible by a. 

We now proceed with the proof of the proposition ; and 
since, as has been already proved in the case of an even function 
of the roots, 
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we have, dividing by a*^, 

«-*(«, P, 7, 8) = ^«K -ff, I J) + s^^^^/^. 

Again, since the first side of this equation is expressible as a 
rational and integral function of the coefiBcients not divisible by 
Oj the second side must be a similar function of the coefiBcients ; 
and this, by the lenmia just established, is impossible unless such 

terms as S — — — — • disappear. 

Wherefore 

fl-0(a, 0, 7, 8) = Fo{a, H, /, J) ; 

and, finally, we have proved that a:'<^[ay /3, y, 8) may be ex- 
pressed by the forms 

OF[a, H, /, J), or F{a, JST, /, J\ 

according as ^ is odd or even. 

We are now in a position to prove the original proposi- 
tion as to the number of invariants and oovariants. For, if 
F{ay J7, /, J) be an invariant, a and H must disappear, since 
if they were present this function could not remain the same 
when the coefiBcients are vnitten in direct or reverse order. Simi- 
larly, no odd function such as (?JP(a, H^ ly J) can give an in- 
variant. It follows that every invariant is a function of /and J. 

Again, the quartic has only two distinct covariants; for we 
have proved that every function of the differences a*"^ is of one 
of the forms 

F{a, Hy /, J) or GF{ay JBT, /, J). 

Now, considering these forms as the leading terms of oova- 
riants, it has been proved that every oovariant is expressible as 

F[U,H^I,J) or O^F{Uy H^ I, J); 

that is, every oovariant is expressible in terms of Hjg and G^y 
along with ZT, /, and J; and this is the proposition which 
was required to be proved. 
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f MlBCBLLAjrXOITS ExAXFLBS. 



• ■ 

r 



1. If IT be any cubic, and Om its cubic cdrariant, prore that the Hetiiaii ci 
xU-k- iiOm baa the lame roots as the Hessian of IT, A and f* being constants. 

2. If a\, /9i» 71 be the roots of O'a as 0, prore that 

(if if if \ Id d d\ 

where 

^(a, /9, 7) = ^i(«i, /9i, n); 

prore also that 

8ai ■» 8/9i = ^71 = — 1. 

3. Prore that anj ooyaiiant of a quantio, whose roots are ai, as, . . . om, satis- 
fies the equation 

_ ,if^ if^ 

da ^ djf 

where tsr is the degree of ^ in the coefficients of the quantio, and «i s So. 

4. Find the condition in terms of the coefficients that two cubics IT and Fshould 
detennine a system in involution, the roots of one cubic being the conjugates of the 
roots of the other. 

In this case the cubics may be written under the following form :— 

r= if»*+ 3ic«r*+ Zt^bx-i-i^a ; 
also^ writing the discriminant of plT + Fin general in the form 

p4D + p» Jf + p»iV + p Jf ' + D' - , 
we find in this case 

iHience the required condition is DIT* — J/JIH » 0. 

(For this oondition expressed in terms of the roots see Ez. 10, p. 844). 

5. Given 

find the relation which connects the coefficients of these cubics when it is posiible 
to determine the ratio A : /i, so that KU-k-fiV should be a perfect cube. 

In this case the Hessian of \U •¥ fiV must vanish identically ; and writing it 
under the two forms 

A»Jj;+A/A^.+ M*ir.'3 i«»+ Jfoy + iVy», 
where 

JCia(«/+ tf'tf-.2*y)«»+ (oi' + aW-ftc'- ytf)*y+ (W' + yif-2«/)y», 

we have 

X«=0, Jf=0, iV=0; 
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«iid eUmination A', Af*, fi^ from these eqnatioDB, the oonditum is obtained in the 
following form : — 



M-^ 



ad — be 



hd-^ 



a/-\-a'e-2bb' ad'-\- a'd-be' -b'c bd'-\- b'd'2e^ 



bQsO. 



6. Given two cubics, f(x) and ^(r), the roots of /(«) being fi^ ^ti (no two of 
which are equal) ; prove that (2 = when the roots are connected by the relation 

OS-7) y^ + (7-a)y^) + (a-iB) v/^= 0. 
Bationaliziog, we have 

i "--''"-!;-';,;'-:r.r""'''1 '-">'-'^''»'-'-'- 

also, since 

a(a + A)(iB-7)»=3(« + A)(/9 + A)(7 + A)(iB-7)(7-«)(a-/9), 

comparing the coefficients of the different powers of A we can render the last equa- 
tion an integral function of the roots, which again, expressed in terms of the coef- 
ficients, takes the form 

{3P}»-27(P»-27Q)=0, or <J = 0. 

7. If a quantic have a square factor, prove that the same square laotor enters 
its Hessian. 

8. If a quartic have a square factor, the covaziant Om has that factor as a quin- 
tuple factor. 

9. If /(x) and ^ (x) be two quartics with unequal roots, the roots otf[x) being 
a, /9, 7, 8 ; prove that the condition that a quartic of the system ^f(x) + a^(«) can 
have two square factors may be expressed as follows :•— 

1 a c^ V^^(a) 
1 fi /8» ^/^ 

I 7 7* \/^(7) 
1 8 «» \/VW 

10. Determine the condition in terms of the coefficients that the qoaartio 
A/(«) + /itff (x) may have two square factors. 

In this case the Hessian of \/(x) + fi^{x) is equal to k { V(«) + M^(')}> *ro» 
which identity we have five equations to eliminate A', A/i, fi\ kA, k/i; thus 
obtaining an invariant lu of the fourth degree in the coeffidente of both equa- 
tions. 
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11. Prove that the resultant of two quartics becomefl a perfect square when the 
inTaiiant lu Tanishes. 

Rendering rational the determinant in Ex. 9, and dividing bj the product of 
the squares of the differences of the roots, we find, introducing the coefficients, 

lu 5 /»' - 64J? ; whence, &c., &c. 

12. Prove that the sextic covariant Og of the quantic ^(x) may be written 
under the form 



{♦w}*^.-^.- 



13. Applying the principles of Art. 171, determine the form of the sextic cova- 
riant of the quartic A.I7'+ ijlHm. 

14. Calculate the values of JT, 7, (?, / for the Hessian of a quartic. 

^"*- -^ 12—' ^-12' ^— T' ^ 216— 

15. A function ^ of the differences of the roots of the equation 

(«o, «i, ««,... On) («, 1)» - 
airanged in powers of «» being 

^mAp -^pApjiOn + ' ^ Apjia^ + . . . + -4oa»P ; 

prove that DAj = — non^ijAj-if and hence show that if ^{oof ^i, ot, . . . Or) is a 
function of the differences so also is ^{Ao, Au -^2^ • • • Ar), 

16. If the discriminant of a biquadratic be written under the form 

(-4o, Au A%, Ai){ai, 1)', 
prove that the discriminant of this cubic is 

where As Ib the dlKriminant of (oo, ai, 02, as) {x, 1)'. 

17. Form the equation whose roots are 

^(«i)» ♦(««), ♦(oj), . . . ^{an)f 

where ai, oa, as» . • . On are the roots of f{x) = 0, the resultant S oif(s) and ^{x) 
being given. 

Change the last coefficient bm of ^ {x) into bm - p, and substitute this value ior 
bm in the equation i2 = 0. 



CHAPTER XVL 

TBANSF0BMATI0N8. 
SeCTIOK I. — TSCHIRNHAUSEN^S TRANSFORMATION. 

172. Under the general heading of this Chapter we purpose 
collecting several propositions which could not have been con- 
veniently given elsewhere, and which are of importance in 
connexion with the subjects discussed in the foregoing pages. 
We commence with a general theorem relating to rational 
transformations. 

Theorem. — The moat general rational algebraic trans/orma^ 
Hon of a root of an equation of the n'* degree can be reduced to an 
integral transformation of the degree n-1 at moat. 

For every rational function of a root or of the equation 
f{x) = is of the form 

where x ^^^ ^ ^^ integral functions ; also 

X(°r) ^ / y^ ^M !^ (Or-i) l/> (ar^l) .... ^(on) 

xPior) ^^°'^^(aO xl^ia,) xl,(an.,) xPionY 

and the denominator \p{ai) \p{a%) . . . ^{on)y being a symmetric 
function of the roots oif{x) » 0, can be expressed as a rational 

function of the coefficients. Whence ,) . is reduced to an in- 

tegral form. 

Moreover, the numerator of the former fraction is a sym- 

metric function of the roots of the equation ^ ' = 0, and may 

consequently be expressed as a rational function of the coef- 
ficients of that equation ; that isy in terms of or and the coef- 
ficients of /(a*). 

2c 
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Now, denoting by F{ar) this integral fonn of ^ ^L we Lave 

by division 

^M = Q/{ar) + * (or) - (ar), 

where ^ (or) does not exoeed the degree n - 1 ; which proyes the 
proposition. 

In the particular oases of the quadratic and cubic it follows 
that the most general rational function of a root can be reduced 
to a linear function, and a quadratic function of that root, 
respeotiyely. In the case of the cubic this quadratic function 
may be reduced to another form which is often usef ul, as fol- 
lows : — Denoting the quadratic function by 1/^(9), and dividing 
the cubic /(9) by ;/f(9), we have 

proving that 

I /a\ ro + riO 

whence it appears that the moat general transformation of a root 
of a cubic may be reduced to a homographic transformation. 

In connexion with the proposition here established it is easy 
to justify the remarks made in Arts 59, 66, relative to the solu- 
tions of the cubic and the biquadratic equations. With this 
object in view, let ^ and ^ be two rational functions of n quan- 
tities Qi, aa, • . • On (which may be considered as the roots of an 
equation), each having only j? values when the roots are inter- 
changed in every way. Denoting these values of both functions 
in order by 

^i> ^ ^»i • • • ^jp> 
we have, for every integer y, 

a qrmmetrio function of the roots, since it is the sum of all the 
possible values which ^^ can take. 
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In tluB way we obtain the system of equations 

#1^1 + ^a^ + ♦j^ + . . . + i^pyffp » 2\, 
^xyl»r'^ + 0ai^» + 0,1^* + . . . +4^prp/-' = Tj^i, 

where To, Ti, . . . 2^i are all symmetric f anotions of ai ,03,039... on. 

Solving these equations, we find at onoe ^1 expressed as a 
symmetric function of ^, i/^ . . . \pp-i ; and therefore by the 
present proposition reducible to a rational and integral function 
of ^1 of the degree p-lf since ij/ has only p values considered as 
a function of oi, 03, . . . on. Now considering the special cases 
referred to — (1), when p = 2, and #1 = 3, it is proved that a 
linear relation connects ^ and ip in terms of symmetric functions 
of oi, 03, os ; and (2), when i? » 3, and n = 4, ^ and ^ are in a 
similar manner shown to be connected by a homographic 
relation. 

173. Formalloii of the Transformed Eqiiatloii. — The 
transformation explained in the preceding Article was first em- 
ployed by Tschimhausen for the reduction of the cubic and 
biquadratic. We proceed to explain the method of forming 
in general the equation whose roots are 

♦ (oi), ^(o,), ^(o,), ^(o«), 

where ^ (a;) is a rational and integral function of x of the degree 
n-1. 

Let f{x) a flo + «i« + fla** + . . . + fli»,iaf"*. 

Baising if^{x) to the different powers 2, 3, ... n in succession, and 
reducing the exponents of a? in each case below n (by dividing 
hjf{x) and retaining the remainder), we have 

9* = 60 + iiiP + ia«* +.... + ftn-iOf"*, 
' = Co + Ci« + CtO^ +.... + Cf^iOf^^ 



"- /q + A« + t«* + . . . . + At-iof"*. 

2c2 
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Subfititating for x in these equations each of the roots of the 
equation /(rr) = Oj and adding, we find, if 8iy 8%^ Si^ &o., denote 
the sums of the powers of the roots of the required equation, 

8i = Wflo + ai«i + OtSt +.... + On-iS^i, 



8n= nL + /i«i +/:«,+ .... + If^iS^ 



«-!• 



Now, expressing «i, «s, . . . ««.i in terms of the coefficients of 
/{x)j we have 8ij /Ss, . . . 8^ determined in terms of the coeffi- 
cients of ^ (x) and f{x) ; we are also enabled by Art. 133 to 
express the coefficients of the equation whose roots are ^(ai), 
^(ot), . . . ^(a») in terms of 8ij /Ss, . . . Sn^ and therefore finally 
in terms of the coefficients of ^ (x) and /{x) ; thus theoretically 
the transformation is completed. 

174. Seeond Hetiiiki of forming the TransforHaed 
Eqoatloii. — ^There is another way of finding the final equation 
in ^ by elimination, which we now give. Since 

aQ-i^ + aiX + aia^+ . . . + a,»_iaf * = 0, 

if this equation be multiplied by a;, 2^, . . . x^'\ and the expo- 
nents of X reduced below n by means of the equation /{x) = 0, we 
have in all n equations to eliminate dialytically the n - 1 quan- 
tities ar, aj*, . . . af"^ We thus obtain the transformed equation 
in the form of a determinant of the nf^ order, ^ entering into 
the diagonal constituents only. For example, if /(a?) = a?»» - 1^ 
we obtain the transformed equation in the following form : — 



Oo-^ «i 



(h 



«#•-! 



do — ^ Hi 






«o-# 



0. 



01 Ot Ot 

Although these methods of performing Tsohimhausen's 
transformation appear aimplcy yet if they be applied to i»ar» 
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tioular oases the result usually appears in a complicated form. 
Professor Cajley, by choosing a form of the transformation 
suggested by M. Hermite, was enabled to take advantage of 
the theory of oovariants, and thus to complete the transforma- 
tion for the cubic, quartic, and quintio. We shall content our- 
selves with showing in an elementary way how Professor Cayley's 
results for the cubic and quartic may be obtained. 

175. Tschlrnhaaseiili Transfbrmatloii apj^ed to tlie 
CttUe. — Let the cubic equation 

a«»+3&u»+3ftu + rf = 

be written imder the form 

«»+3i&+ (?-0; 

and let it be transformed by the substitution 

y = A + Id + «*. 

If Ziy Sly s, be the roots of the cubioi and yi, yty y% the correspond- 
ing values of y^ we have 

yi-yt = (»»-»«)(K-«i), 

y3-yi = (».-«i)(tc-»,), (1) 

and consequently, 

2yi-yt-y8=(2»,-»,-»,)K+(2»,», -»,«,- »,»,), 
2ya-y8- yi = (2«, -«,-»i)ic+ (2«3», - »i«, - »,»,), (2) 
2y3-yi-ya = (2»3-2i-*»)ic + (2«i»,-«a»,-«,«i). 

Wherefore, if the equation in y with the second term removed be 

r»+3Jr'F+(7=0, 

we have from equations (1) and (2) 
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where H^ and O^ are the Hessian and oubio oovariant of 

K» + SHk + O ; 

and the transfoimation is therefore completed, since yi + ys + ffz 
can be easily determined. 

176. Tschlmhaaseiili Transformatloii applied to 
tlie ilvartie. — In this case we do not attempt to form direoUy 
the transformed quartic, but prove the following theorem^ which 
shows how this transfoimation may be resolved into two others* 

Theorem. — Tschimhauaen^a trana/armation changes a quartie 
XT into one having the same invariants as IU+ mJ7„ and there/ore 
in general reducible to the latter form by linear transformation. 

To prove this, let the qnartio 

be transformed by the substitution 

y = flo + «iiP + flfj^ + (hi^' 

If Xiy X2j Xiy Xi be the roots of the quartie, and ^i, ya, yj, pi 
the corresponding values of y, we have 






«i + flaCiTa + X^-^ Otip^t + XtX^^X^)^ 



?- — =^ = ai + ai(iCi + a?4) + fli(a?i*+a?iiP4 + iP4')- 

Xi - Xi^ 

From these equations we proceed to show that 

(y,-y.)(y.-yO ^^^ 

{Xt''X^){Xi-X^ 

where Pq and Qo involve the roots of the quartie symxnetrioally 
In the first place, we find 

(«i' + WJb + Xt) {xi* + XiXi + Xi*) = pt* -PiPi + Pa -P2A, 

where A has its usual value, viz., x^ + XiX^ ; and secondly, sino 

X2* + x^ + ojs* = (iTs + XiY - ar,iCs, Ac, 
we find again 

(«a + «j) (a?i* + fl?i«4 + «4') + {xi + fl?4) (a^» + x^i + a^») = J?, - pipt +piX 



/ 
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Finalljy since the other terms in the product are obviously of 
the same form as Pu + Q^y we have proved that 

whence 

(ya - yj) (yi - y*) = (v-/ii)(Po+QoX). 

Now, introducing pi, /o,, p,, in place of X, /u, Vy this and the 
similar equations preserve their forms ; whence, altering Po and 
Qo into similar quantities, we obtain the equations 

(ya - yi) (yi - yO = * (pa - pa) (P - QpO, 

(ya - yi) (ya - yO = ^(pi-pa) (P- Qpa), 

(yi - ya) (ya - yO = 4(p,-pi)(P- Qjo,), 

which lead at once to the invariants of the transformed quartic; 
and comparing their values with the invariants of kU-XHx 
given in Art. 170, the theorem follows at once. 

177. Redaction of tbe €able to a Binomial form by 
Tseblrnbansen's Transformation. — Let the cubic 

oit' + Zbof + Zcx + d 

be reduced to the form ^ - F by the transformation 

y - q -k- px ■{■ a?. 

If Xiy a^, 0^ be the roots of the given cubic, and yx a root of 
the transformed cubic, we have the following equations to deter- 
mine j> and qi — 

iCi» + j?iCi + g = yi, 

x^ +jMf, + g« oiy,, 

x^ -¥pxt-\r q^ iMn^yii 

from which we find 

Xi + O^ + (i> 0^ 
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Adding Xi^- x^-^- x^ to this yalue of py we have 

p + Xi+X2-^Xt= 1 ; 

Xi + U)X% + tif Xi 

it follows (see Ex. 25, p. 57) that there are only two ways oi 
oompleting this transformation, as the values of p, q ultiniatelj 
depend on the solution of the Hessian of the cubic. 

178. Redaetloii of the ilvartie to a Trtnoniial Pona 
by TsclilrBluraseiili Transforinatloii. — ^Let the quartio 

oa?* + 4ba^ + Ccsr* + 4dx + e 

be reduced to the form y^ + Py* + Q, in which the second and 
fourth terms are absent, by the transformation 

y - q -\-px + X*. 

If Xif XtfXifXi he the roots of the quartic ; also yi, ys two 
distinct roots of the transformed quartic, we have the follow- 
ing equations to determine p and q : — 

9i* -^pxi + ? = yi, ojs* +iwr3 + g = y„ 

xt^ +pxt + ? = - yi, x! +1^4 + ? = - yi; 

from which we find 

a?i* -^x^-x^-x^ , , . 

•Pi + iCj — afj — 4?4 

And, adding Xi ■{■ x^ -¥ x^ -{■ Xi, to this value oip^ we have 

2{x^X^-X^^ 

j? + fl?i + iC2 + a^ + a?4 = ' ; 

iPi+a?2— iPj— fl?4 

hence, by Ex 5, p. 130, it follows that there are three ways of 
reducing the quartic to the proposed form, the determination of 
which ultimately depends on the solution of the reducing cubic 
of the quartic. 

179. RemoTal of the Seeoad, Third, and Fonrtk 
Terms flrom an Eqoatlon of the n*^ Hegree. — We begin 
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by proving the foUowiog proposition^ whioh we shall subse- 
quently apply: — , 

A homogeneam function V of the second degree in n quantUiee 
^\i ^jXty ... Xn can be expressed in general as the sum of n squares. 

To prove this, let Vy arranged in powers of Xi^ take the fol- 
lowing form:— 

where Pi does not contain Xi^ x%y . . . . Xn\ also Qi and jRi are 
linear and quadratic f unctions, respectivelyy oi Xt^x^ . . . x^. 
We have then 

also, assuming 

where Pt is a constant, and Qt and iZi do not contain »i and Xtf 
we have, similarly, 

r, . (v^. . -^)'. a - f , 

so that 

Proceeding in this way, we arrive ultimately at Rn-\ - bT^* 

whioh is equal to Pm^Tm' ; and the proposition is proved. 

Now, returning to the original problem, let the equation be 

and, putting 

y = cut?* + ^ + 7«* + &r + f , 

let the transformed equation be 
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where, by Art. 173, Qi> Qi, . • . Qr> • • • are homogeneous fonotionB 
of the first, second, ...r*^ degrees in a, /3, 7, S, c. 
Now, if a, /3y 7, S, c oan be determined so that 

Qi-0, Q, = 0, 0,-0, 

the problem will be solved. For this purpose, eliminating c from 
Qt and Qzj by substitiiting its value derived from Qi = 0, we 
obtain two homogeneous equations, 

jRa = 0, 2J, = 0, 

of the second and third degrees in a, /3, 7, S ; and by the pro- 
position proved above we may write its under the form 

which is satisfied by putting u^ v and w = t From these 
simple equations we find 7 = /a + mfij and S^ha-^ iHi/S ; and 
substituting these values in Qs = 0, we have a cubic equation to 
determine the ratio /3 : a. Whence, giving any one of the 
quantities a, /3, 7, 8, c a definite value, the rest are determined, 
and the equation is reduced to the form 

tr + QitT" + Qitr" + . . . + On = 0. 

In a similar way we may remove the coefficients Qi, Qi, Qi, 
by solving an equation of the fourth degree. 

Applying this method to the quintic, we may redaoe it to 
either of the trinomial forms* 

or again, changing x into -, to either of the forms 

iP» + Pa?» + Q, iP» + Pa?* + Q. 

In this investigation we have followed M. Serret (see his 
Cours d^Algibre SupMeure^ Vol. I., Art. 192). 



* See Note A. 
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180. Redaction of tbe lialntlc to the 8am of Tbree 
Fifth Powers. — This reduction can be effected by the solu- 
tion of an equation of the third degree, as we proceed to show. 
Let 

where /3i, fizy /3s are the roots of the equation 

Now, oomparing coefficients in the two forms of the quintic, 

Oo = Ji + J, + Jj , fli = J,/3i + biflt + Jj/Sa, 

(h - ii/3i' + b^fi^ + bfi,\ a, = J.0i> + 6,j3,' + J,/3,», 

«4 - Ji^i* + ia/Sa* + J,/3,S a, = 6,/3i» + t,^,* + bS^ ; 
whence 

|>o«o +Pi(ii -^ P2<h + /?«^« = 0, 

l?o«i +i>i«» + J»a«» + J»3flr4 = 0, 

p^Qt +i>ifl, + J9ia4 + i^i^s = 0. 

When these equations are taken in conjunction with the 
equation 

Po + P\X + Pt^ + Pz^ = 0, 
we have the following equation to determine )3i, /3a, /3a : — 






Oa 



fli 



^ 
Oi 






Oi 



04 



05 



0. 



Also, ii, iay ^ are determined by the equations 



i. 


+ *, 


+ «. 


"flo, 


*i0. 


+ 6./3, 


+ J./3. 


= «„ 


6.13.' 


+ i.0.' 


+ *,/3,» 


= <».; 
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whenoe the question is completelj solyed when /3i» /3i, /Ss are 
knovm. 

This important transformation of the quintio is a particalar 
case of the following general theorem due to Dr. Sylvester : — 

Any homogeneous fufiction of Xy y, of the degree 2n - 1, can be 
reduced to the form 

by the solution of an equation of the n*^ degree. 

The proof of the general theorem is exactly similar to that 
above given for the ease of the quintio. 

181. Haartlcs Transformable into each otfier. — ^We 

proceed to determine under what conditions two quartios oan be 
transformed, the one into the other, by linear transformation. 

Let the quartics be 

U^{a, 6, c, rf, e){x,yy^a{x'ay){z''^y){x'-yy){x^^y), 
r^{J,b\<f,d:,^){af,t/Y^^{:^^a't/){af-^'in^^ 

and if they become identical by the transformation 

x' ^\z-\- fiy, / = A'a? + /iiV> 
we have, by Art. 38, 

O--Y0(«--y) ^ (/-a0tfi--y) («--/y)(/-y) 

showing that the six anharmonic ratios determined by the roots 
must be the same for both equations. 

From these equations we have also the following relations 
between the invariants of the two forms : — 

r = r*/, J' = r«J; (1) 

whence 

j^ = jv (2) 



Quartics Transformable into edch other. 397 

P 

The quantity -y^, being absolutely unaltered by transforma- 

tion when the quartio is linearly transformed, is called the 
absolute invariant of the quartio. The condition expressed by 
equation (2) is, therefore, that the absolute invariant should be 
the same for both quartios. The oondition here arrived at 
agrees with the result of Ex. 6, p. 146, where it is proved that 
the sextio which determines the anharmonic ratios of the roots 
involves the absolute invariant, and no other function of the 
coefficients, of the quartio. 

The conditions expressed by the equations (1), (2), are 
always necessary ; but not always sufficient^ as we proceed to 
illustrate by two exceptional cases. 

Suppose, in the first place, 

where « , r, tr, t/, t/, are of the linear form & + my. 

Although the condition -yg- « -p^ is satisfied in this case, the 

common value of these fractions being 27, it is impossible to 
transform U into F, since it is impossible to make vw a perfect 
square by linear transformation* 

Secondly, if U^ u\ F s i*'* ; 

although the equations r = /^J, T = f^J are satisfied, since 
/' = 0, 7=0, /' = 0, «/ = 0, it is, nevertheless, impossible to 
transform J7into F. 

In both these cases it would be impossible to identify the 
six anharmonic ratios depending on the roots of the quartics. 
In general, it may be stated that it is impossible to transform 
one quantic into another by linear transformation when any 
relation exists between the invariants of one of them which 
does not exist between the invariants of the other (see Glebsch's 
Theorie der Bindren Algebraisehen Formen^ Art. 92). 



398 



Transformations. 



MlSCKLLANBOUS EXAMPLSS. 



1. Transform two given quadratics in jt, y to the fonns 

where « and 9 are linear functions of x and y. 

2. If the coefficients of three quadratics 



he connected by the relation 



«i *i «i 
t h% ^ 

at h% c% 



= 0; 



prore that thejr may he reduced by linear transformation to the fomia 

-4iZ»+Cir», -4»z»+ftr», uf,x»+cir». 

The determinant here written is the condition that the three quadratioa aba 
determine a system of points or lines in involution. 

3. Reduce (a, 6, e, d) (jt, y)* to the sum of two cubes by the method 
Art. 180. 

4. Prove that two cubics can in general be transformed one into the other 
linear transformation. 



(1 



6. Express three cubics, XT, V, W, by means of three cubes. 
Assuming 

xU+ /*r+ pWm {x - py)*, 

«nd comparing coefficients, we have 

x«i + AUia + rflj = 1, 
x*i + M^ + r*! = - p, 

Xrfi+/ufe+rdt = -/!>. 

These equations, by eliminating X, /i, y, give three values of p, and coffeepondz 
Talues of X, /i, r : in this way we obtain three equations of the lonn (1) to dsti 
mine U, V, 7F in terms of 

(»-piP?» («-f»»y)'i (»-M)*' 
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It is easy to see that /» is g;ivezi by the equation 

«ip + rfi dp + <fe cap + <fe 

A aimilar method may be applied to express n qaanties of the n<* order in terma 
of n «** powers. 

6. Prove that the three roots of a cubic may be expressed as 
where 



• / A 

From Art. 60, putting a aI — "« = -^j where t = 1 or — 1, we derire 

jr(/5-7) = Hfiy + iri05 + 7) + S%, 

jr(7- a) = JETya + ^1(7+ a) + Jj, (1) 

Jr(a - /5) = Ja3 + Ji (a + /5) + Ji. 

These homographic relations between the roots may be written in the form 

3 -•(7), 7 = •(«), a = «(iS); 

where the numerator and denominator in are supposed to be divided by 2K\ and 
this being done it will be found that /, m, T, m' are connected by the relations 
/m' - Tm s 1 = / + m', and the roots a, 7, /3 may be represented as a, 0(a), 9'(a) ; 
9^ {a) being equal to a. It is important to observe that the equations (1) are con- 
sistent, the sum of the expressions on the right-hand side being zero ; that is to 
say, JTmust have the same sign in all three, any other combination of signa being 
inadmissible. (See Serret's Court d^Algibre 8up4rieure, Vol. II., Art. 611.) 

7. Given a binary cubic U and its Hessian Hm, the cubic being satisfied by the 
ratios z : y and s' : y*; prove that 

is an absolute constant, A being the discriminant of XT, 

Reduce 27 to the sum of two cubes by a linear transformation whose modulus 

= 1, and the constant may be easily shown to be -t— . This is another form of 

the homographic relation of Art 60. 

8. Prove that a rational homographic relation in terms of the coefficients con- 
nects any two rational functions of the same root of a cubic equation ; but that 
the relation is not rational when the roots are difEarent. 
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9. Transform the quartic 

into one wboee myariant / shall Tanish. 

Assuming p = 3^ -\- 2iyx + (^ 

and making the invariant / of the transformed equation yanish, ire have 

3(pa-p3)M^-pi)"=0, (1) 

where ^ is a known qnadratic function of i^, not involving {. 



Expanding (1), we have 



/^» - 3/^ + - = 0, 



which determines p, and consequently i^, by means of a qnadratic equation ; and | 
may have any value. 

By a similar transformation / can be made to vanish. 

10. Prove that the most general rational transformation of a quartic y(x) may ht 
reduced to the transformation 

y = r — r + 



p — X q — X 

When P = Itf(j>) f{q), and Q = - Sf(q) f{p), show that the second term 
of the transformed quartic is absent. 

11. Prove that the transformation 

may be resolved into the three successive transformations — (1) a homographir 
transformation ; (2) a transformation of the roots into their squares ; (3) a homo- 
graphic transformation. 

12. If /} be any integer, prove that 

{xiP - x%p)(xzP - x^p) 

(Xl-X2){Xi-»i) 

where :2o and 2i are symmetric Ametions of x\y x^t xz, Xi, 

13. If ^ {x, y) and if^fr, y) be two covariants of the binary form 

ITb (oo, 01, oa, . . . an){x, y)" 
of the degrees i? and q, respectively ; and if 

be expanded in the form 

(Fo, Fi, Fi, .... r,)(X, Tjp; 

prove that To, Vi, V2, .... V, are covariants of IT. 
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Section II. — Hermite's Theorem. 

182. HomogeneooB Fonctloii of Second Degree 
expressed as Sam of Squares. — ^We haye already showiiy 
in a general way (Art. 179), that a homogeneous function of 
the second degree in the variables may be reduced to a sum of 
squares, no hypothesis being made as to the nature of the coef- 
ficients of the fimction considered. We now return to the con- 
sideration of this problem when the coefficients of the function 
are supposed to be all real; and we proceed to determine, in 
magnitude and sign, the coefficients of the squares in the 
transformed function. 

Let F{xiy ^3, . . . ar„) be a homogeneous fimction of the second 
degree in n variables with real coefficients ; and let us suppose 
that it is reduced by the method of Art. 179 to the form 

Pi (xi + flfaiP, + a^x^ + . . . + a„ir„)» 

+P% (iPa + J,a^ + . . . + JniTn)' 



where all the coefficients of this new form are real. 
Making now the linear substitution 

X.I = a?i + 02X2 + <h^z + ^4^4 + . . . + ^M^ny 

JCj = a^ + b%x% + b^Xi + • . . + b^x^y 

Xt= Xj-\- CiXi + . . . + CnXnf 



we have 



^ny 



F{Xi, Xi, ir,, . . . Xn) = jPiJCi' + J9,X,' + PjZ,» + . . . -^pnX^. 

Since the modulus of this transformation is equal to 1, the 
discriminants of both these forms of jPmust be absolutely equal. 

2d 
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Denoting, therefore, the disormiinant ot Fhj Any we have 

and similarly, when the variahles xj^i^ xj^ • . • ^» are made t 
yanifih in both forms of JP, we have 

A; = PiPiPi • • • PJ' 
Now, giving y the values 1, 2, 3, &c., we find 

Aa As An 

i?i = Ai, Pt^-T-9 i^ = x"' • • • /^» " ;;r~ ^ 

and the ooeffioients are determined in terms of the disoriminan 
of the original quadratic form in n variables and the discrimi 
iiants of the forms in ti - 1, n - 2, &o., variables derived fron 
the given form by oausing one, two, &c., of the vaiiableB U 
vanish in succession in the mcmner just explained. 

Again, since the constants in the form F{xif o^sy • • - Xn) an 
in number ^n (n - 1) less than in a form composed of a sum o 
squares of n linear functions of n variables, we learn that F oai 
be reduced to a sum of squares in an infinity of ways. It i 
most important, however, to observe that in whatever u)ay th 
transformation is made^ provided it is realy the number of coefficietU 
[affecting these squares) which have a given sign is always the sanu 
This theorem, which is due to Sylvester, is easily proved ; f o 
suppose the contrary possible, and let 

where the nimiber of positive coefficients on both sides of thi 
identity is not the same. Making all the terms positive, bj 
transferring those affected with negative signs to the opposit 
sides of the identity, we shall have a sum of / squares identioallj 
equal to a simi of m squares, where m is greater than /. Now 
substituting such values for Xil x^^ . . . x^ that each of th< 
/ squares may vanish (which may be done in an infinity o 
ways), we find a sum of m squares identically equal to zerc 
which is impossible. 
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183. Hermlte's Tbeorem. — The principles explained in 
the preceding Article have been applied by M. Hermite to the 
determination of the number of real roots of an equation /(aj) = 
comprised within given limits. The special form of the function 
i^ which he makes use of for this purpose is 



rz:n 



Or — p 



r=i 



in which Xi^ a^, ... ^n are any variables in number equal to the 
degree of the equation ; and r takes all values from 1 to n in- 
clusive, the roots of the equation being oi, as, . . . on ; also p is 
any arbitrary parameter. 

This form is plainly a symmetric function of the roots of 
the equation f{x) = ; and as the coefficients of this equation 
are supposed to be real, F will be also real, when expressed in 
terms of these coefficients and p, provided the parameter p be 
given any real value. If the roots oi, a2, os, . . . af» are not all 
real, the assimied form of F will not be obtained by real trans- 
formation ; but it is easy to deduce from it, as follows, another 
form which will be so obtained. 

If ai and as be a pair of conjugate imaginary roots, we may 
write 

Qi = ro(cos a + i sin a), as = ro(cos a - t sin a). 

Denoting for shortness Xx + arXt + or'^s + . . . + Or^^x^ by P", 
and substituting these values in Yx and Tsy we find 

where U and j V are real ; also putting 

= r(co8 + 1 sin ^), = r (oos*^ - t sin ^), 



r> 



a\- p az- p 

the part of the function F depending on ai and as, viz., 

+ , 



Qi - p at- p 

2d2 
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beoomes 

r j^coB I + .• sin I) V + .• F; + (cos I - «• sin I J ( ZT-- ,• D* j , 
which may be also written as the difference of the squares 
2r{uooB I _ r sin Ij - 2r(l^8in | + Foos |Y; 

proving that two imaginary conjugate roots introduce into F 
two real squares, one of which has a positive and the other a 
negative coefficient. 

We now state Hermite's theorem as follows : — Let the equa- 
tion /{x) ^ (x- ax){x - aj) . . . (a; - a«) = have real coefficients 
and unequal roots : if then by a real substitution we reduce 

Ft* F,« r,* Tn' 

+ + +... +— ^, (1) 



ai- p 02 -p Qi- p On- p 

where Yr = Xi + OrXt + Or^X^ + . . . + Or^^Xn, 

to a sum of squares f the number of squares having positire coefficients 
will be equal to the number of pairs of imaginary roots of the equa- 
tion f(x) = 0, augmented by the number of real roots greater than p. 

This theorem follows at once from what has preceded if we 
consider separately the parts of the function (1) which refer to 
real roots and to imaginary roots, for obviously there is a posi- 
tive square for every root greater than p, and we have proved 
that every pair of conjugate imaginary roots leads to a positive 
and negative real square, without affecting the other squares 
independent of these roots. 

The number of real roots between any two numbers p^ and 
p% may be readily estimated. For, denoting in general by Py 
the number of positive squares in F when p = /ty, by iV) the 
number of roots of the equation f{x) = greater than pj^ and by 
2/ the number of imaginary roots, we have 

Pi = i^i + J, F2 = N2 + I; 
whence 

-ATi - iV, = Pi - P„ 
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proving that the number of real roots between pi and pt is equal 
to the difference between the number of positive squares when 
p has the values p\ and p%^ respectively. 

The nimiber here determined may be shown to depend on a 
very important series of functions connected with the given 
equation. In order to derive these functions we consider F 
under the form (Art. 182} 

The number P expresses the nimiber of coefficients in this 
form which are positive, or, which is the same thing, .the number 
of the following quantities which are negative : — 

Ai A, As An ,Q\ 

• • . • ^ • \r'/ 



1 ' A.' A,' 



'i»-i 



We proceed now to calculate Ai, As, . . . A/, . . . A» in terms 
of p and the roots of the equation /(^) ^ ; and as the method 
is the same in every case it will be sufficient to calculate As, 
i. e. the discriminant of the original form of F when all the 

variables except ari, x%j Xt vanish. 

1 

Writing for shortness vr = , we have in this case 

Or-p 
Fi = 2vr (iTi + OriTa + Qr^X^Y. 

The discriminant of this form is 

A3= 2av ^a*v ^a\ 
2a'v 2a'v Sa*v 

which may be written as the product of the two arrays 

1 1 ... 1 \ Vi Va . . . Vn 

Oi Qa . . . On ) f OiVi aaVs ... OnVn } 9 

as ** I 2 3 s 

Oi Qa • • • an' J a\ V\ O} Va • • • Ctn "^n 
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and, oonsequentljy 



As = 2 Vi 1/2^3 



fll €i% CI3 



3 2 3 

Oi 03 03 



= :S 



(03 - 03)' (os - Qi)* (oi - ga)' 
(ai-p)(a2-/D)(a3-/D) * 



In an exactly similar manner we find 



A, = % 



V (cii, 03, 03, . . . aj) 



[ai-p)(a2-p) . . . {aj-p)^ 

where the notation v (019 ^2} 03, . . . a/) is employed to represen 
the product of the squares of the differences of ai, 02, a^, . . . aj 
Hence the quantities Ai, As, Ay . . . An are all determined. 

Now, multiplying the numerator and denominator of ead 
of the fractions in the series (2) by / (p), each value of A i 
rendered integral, and the series becomes 

Z> Z» Zf Ijl 

F' V^' F„ • • • Vn-: 

V = (/» - ai) (/» - Qa) .... {p - a»), 
Fi - 5 (p - 02) (/» - as) .... {p - a»), 
Fs = SV (oi, 03) (/» - 03) .... {p - an)9 
Fs = SV (oi, as, as) (p - 04) .... (/o - an)j 



(3) 



where 



Fn = V\^h ^8j Os, . . . . a»). 

Since negative terms in the series (3) correspond to varia 
tions of sign in the series F, Fi, Fa, Fs, . . . . F», it is proves 
that the nimiber of variations lost in the series last written 
when p passes from the value pi to the value pa, is exactly equa 
to the number of real roots of the equation /(p) - oompriset 
between pi and pa. 

184. Sylvester's Forms of Starm's Fanettons. — I 

will be observed that the fimctions F, Fi, Fa, &c., arrived a 
in the preceding Article have the same property as Stimn' 
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functions; from which in fact they differ by positive multipliers 
only, as was observed by Sylvester, who first published these 
forms in the Philosophical Magazine^ December, 1839. The 
identity of the two series of functions may be established as 
follows : — 

We make use of the notation already employed in Ex. 7, 
p. 312, and we propose to show that the Sturmian remainder 
Rj differs only by the positive factor yj from the function F}. 
From the example referred to, we have 

Rj ^ Ajf{x) - Bjf{x), (1) 

where 

Rj = To + TiX + rsiC* + . . . + rn-jOlf^y 
-4; = Ao + \iX + AaflJ* + . . . + A;.irP^'*, 
-By = /lo + fiiX + /uaic' + . . . + fij.%X^^ ; 

and from the value of r^-j there given we have immediately 

^»-J = Ij SV (ai, Qa, as, oy), 

showing that the leading coefficients in Rj and Vj differ only 
by the factor yj. We now proceed to prove that the last co- 
efficients in these functions differ only by the same factor. 
For this piurpose, dividing the identity (1) by /(a?), substituting 
in it from the equation 

f{x) _^ jlo «l^ ^ 

/{x)' x^ ^^ a^"^-"-' 
and comparing coefficients, we find 

/io == Ai«o + Aa«i + \^S% + .... + \j-\ Sj^tf 
fii = Aa«o + As«i + .... + A/_i«/-3, 



A«Ha= Ay_i«o. 

Also, putting ar = in (1), we have 

and, substituting for /lo in terms of Ai, Aa, As, &c., 

= Ao «-i + Ai«o + Ai«i + + A,-.i«,-.j ; 

Pn 
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whence, giving to Ao, Ai, A>.i the same yaluoB as in the 

calculation of r»^', we find 



ro-(-l)'jp»yi 



8ft 8i 8% • * m 8f^i 



«M %-i 8j' 



««M 



t 



Now, referring to the calculation of A; in Art. 183, and put- 
ting p B 0, or vr = — » in, the value of A;* there found, we find 

Or 

for the determinant just written the value 

OiOtfls • • • Oj 

hence, giving jp^ its value in terms of the roots, we have 

which was required to be proved. 

The first and last coefficients of R,y when divided bj y/, 
having been thus shown to be the same as in the form V/^ 
it follows that all the intermediate terms must be similarlj 
related ; for, in the first place, Rj is a function of the diffe- 
rences of the quantities Xy oi, a% . . . Onf as may be seen bj 
transforming /{x) before calculating Rj by the substitution 
z = (hz + ai, as in Ex. 3, Art. 92. When this transformation 
is completed, every coefficient in Rj, as well as 2, is a f unotion 
of the differences; consequently, Rj satisfies the differential 
equation 



ydx da\ da% * * donj ^ 



or^-D22,- = 0, 



showing, as in Articles 138 and 157, that all the coeffioients 
may be obtained from the last by a definite law. The same 
conclusions plainly holding also for the function 7}, it is there- 
fore proved, finally, that 

Rj^yjVj. 
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Examples. 

1. To reduce two quadrics in three variables to tHe siimB of the same three 
squares with proper coefficients. 

Let 

Cr= «f» + 4y» + a' + 2fyz + 2fftx + 2A*y, 

F= ai«» + *iy« + <?!««+ 2/iy«+ 2ffizx-\- 2Ai«y, 

dF dF dF 

F{x,if,z)=KU^r, -2[=J-, Y=i—, ^=1-;^. 

We have then identically 



-F=- 



A(A) 



Aa + ai aA + Ai Ay + ^i -^ 

aA+Ai A* + *i ^f-¥/i T 

V + ^i V+/i A« + <?i Z 

X T Z 



A(A)' 



where A (A) is the discriminant of A 27+ V; and 4(a) is a function of the 2nd 
degree in A, the symbols X, F, Z being retained in it for the present, and not 
replaced by the values involving A. 

Resolving into partial fractions, we have 



j,^ ♦fAi) 1 ♦(A,) 1 ♦(Aa) 1 

A'(Ai) A-Ai A'(A2) A-Aa A'(Ai) A - As* 



(1) 



in which ♦ (Ai), ♦ (A2), ♦ (Aa) are all perfect squares, since they are obtained by 
borderiqg the vanishing determinants A (Ai), A (Ai), A (A9). (See Art. 129.) 

Now, replacing X, T, Z by their values, A CTi + Fi, &c., ♦ (A^) is easily re- 
ducible to the form 



-(A-A,)» 



A^ + «i A/A + Ai A/y+yi Ui 

A^A+Ai \jb-\-bi Xif^-fi U% 

Aj^+yi \if-¥fi A>c+«i Ut 

Ui Uz Ui 



B (A - Xj)Wf 



where ^' = 1, 2, or 3, and Uj is independent of A. 
Substituting these values in (1), wi* find 



Air+r»(x-X,)^,HX X.)^,'J^+(X-X.)^ 
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EquAtmg the coefficients of \, we have 



Us 



ui' 



i*a' 



A'(Ai) ■ A'(Xa)'*"A'(X3)' 



-r^Ki 



Ul' 



A'(Ai) 






A' (Aa) 



+ A3 



Ui* 



A' (A,)' 



which was required to be done. 

It is to be observed that this problem has only one solution. The mode o 
reduction here given is due to Darboux ; and is plainly applicable whtaterer b 
the number of variables. 

2. Prove that a quadric in n yariables may be reduced by a reul ortliogona 
transformation to a sum of n squares. 

An orthogonal transformation is a linear transformation such that, when th 
modulus written as a determinant is squared the terms in the principal diagoni 
are each equal to 1, and all the other terms vanish. 

In a transformation of this kind it follows that the sum of the squares of th 
new yariables is equal to the sum of the squares of the old. 

3. Writing as before one of Sturm's remainders in the form 



prore that 



Bf^Ajfp'ixj-Bjipix), 



Bj^yj 












Ti T% 



^-1 






where Tj = so«^* + tiJf^» + fi*^» + . . . + ^-i. 

4. Denoting by Vn 



2(JP- Or) (JPI + OJPj + a'jP, + . . . + «^>Jf»)», 
r-l 

prove that the discriminant of Uj may be determined by the equation 

where Aj and yj have the same signification as before ; and show directlj that 
Aj^O for a certain value of x^ Aj.i and Aj^\ have opposite signs for the sai 
value of X. 

Note. — Hermite's theorem holds where ar - p is changed into (or — p)"* in 1 
enunciation on p. 404, m being any odd integer, positive or negative. 
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Section III. — Geometrical TRANSFORBiAXioNs* 

185. Transformatloii of Binary to Ternary Fonns. 

— We think it desirable, before closing the present Chapter, to 
give a brief account of a simple transformation from a binary to 
a temaiy system of variables, whereby a geometrical interpre- 
tation may be given to several of the results contained in the 
preceding Chapters. The applications which follow in connexion 
with the quadratic and quartic will be sufficient to explain this 
mode of transformation ; and will enable the student acquainted 
with the principles of analytic geometry to trace further the 
analogy which exists between the two systems. 

Denoting the original variables, i.e. the variables of the bi- 
nary system, by x^^ y^, we propose to transform to a ternary 
system by the substitutions 

For example, taking the simple case of a quadratic whose 
roots are a, /3, viz., 

J?o' - (a + i3)a?oyo + a/3yo' = 0| 
and transforming, we obtain 

*-i(« + i3)y + aj3« = 0. (1) 

We have also the identical equation 

y' - 4&P = 0. 

This is the equation of a conic, which we call V ^ and (1) is 
plainly the equation of a chord of this conic joining the points 
a and /3, the point determined by the equations 

i-f=., where ♦ = i-. 
being referred to as the point ^ on the conic V. 



* S«e Quarterly Journal of Mathematiet, vol. z., p. 211. 
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When a = /3 the quadratic becomes (^o - ayo)** i.e. the aqua 
of a factor of the first degree ; also (1) reduces to j? - ay + a*s = 
which is plainly the equation of the tangent at the point a 
the conic F*; whence the line corresponding to a quadratic wi 
distinct roots is a chord of the conic Vy this line beooming 
tangent when the roots are equal. 

The only invariant that a quadratic has is its discriminai] 
and this is also an invariant in the ternary system, its vaoishii 
being the condition that the line corresponding to the quadra 
should touch the conic V. We now consider the system of t^ 
quadratics 

which for shortness we call L and M. 

When transformed these become two lines 

Z » or + 6y + c«, M ^ a'x -^ Vy -^^ dz. 

Now the condition that the line whose equation is X Z^ + piM- 
should touch the conic V is 

X' (oc - 6') + \ii {flc' + a'c - 266') + /i' («'^ - V^) = 0. (2] 

All the coefficients of this equation are invariants in b 
systems : we have already seen that this is true of the first a 
last coefficients, and the intermediate coefficient which is i 
harmonic invariant of the binary system is an invariant in i 
ternary system also, its vanishing expressing the condition tl 
the lines £, Jf should be conjugate with regard to the oonio 
This equation determines the tangents which can be dra^ 
through the point of intersection of L and M to the oonio 
When this point is on the conic the tangents coincide, and i 
discriminant of the quadratic vanishes. Whence we obti 
geometrically the following form for the resultant of two qi 
dratics : — 

ii = 4((/c - 6*) [etc' - 6'») - [ac' + dc - 266')* ; 

for if jL, if, and V have a common point, the orig^al quadr 
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tics must have a oommon root, and the condition is in each case 
the same. 

Again, the pairs of points or lines given by the equation 
XL + fiM= form a system in involution (of. Ex. 2, p. 398), the 
double points or lines being determined by the equation (2) ; 
and in the ternary system the correeponding pencil of lines 
passing through a fixed point determines on a conic a system of 
points in involution, the double points being the points of con- 
tact of tangents drawn to the conic from the fixed point. 

If we consider next the three quadratics 

it is seen that the determinant [axhiC^ is an invariant in both 
systems, its vanishing being the condition in the binary system 
that the quadratics should form an involution (Ex. 2, p. 898), 
and in the ternary system that the three corresponding lines 
should meet in a point. 

As a final illustration, we consider a system of three qua- 
dratics connected in pairs by the harmonic relations 

ttiC^ + ^2^1 — 2hih% = 0, &c. 

Transforming the quadratics, we obtain three lines X, Yy Zy 
which form a self -conjugate triangle with regard to the conic V. 
The theorem relating to three mutually harmonic quadratics, 
viz., that their squares are connected by an identical linear 
relation (see Ex. 5, p. 360, and Art. 166), is suggested by a 
well-known property of conies ; for V expressed in terms of 
X, F, Z is of the form 

- rsX'+ r'+Z»; 

whence, restoring the orig^al variables Xo^ y^j Vo vanishes iden- 
tically, and X, Ty Z become the original quadratics, each divided 
by a factor which may be seen to be the square root of its dis- 
criminant (see (1), Ex. 5, p. 360). 
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186. The %«artlc aad Ite CeTariasts treated gt 
■leirlcally. — It will appear from the remarks to be made 
the next Article that in applying the transformation n 
under consideration to the qoartic Uo ^ (o, ft, c, i/, e) (xo, y©)*, 1 
term Qcx^y^ will be replaced by 2cx% -«- ct^y so that the qnai 
will be replaced by the two following conies : — 

U ^ as? ^cy^-^ez* -k^ 2dy% + 2c%z-¥2bTy = 0, 
r=y'-4«r = 0; 

the form of U here selected being connected with V bj 
invariant relation. The invariants of U and V are invaria 
of the original binary form, for the discriminant of XT — pV 

and the invariants of the ternary system are 

A' = -4, e' = 0, e = /, A = t7'; 

where / and J are the invariants of the qnartio, and the c 
criminant of U - pViB written as usual under the form 

Let the conies 17 and F' intersect in the points ^, S, C, . 
these points being determined by the equations 

when ^ has the four values a, /3, y, S, the roots of the bins 
quaitic ; and let the points of intersection of the common ohoi 
BC, AD; CA, BD\ AB, CD be E, F, Q, respectively, \ 
triangle EFO being self-conjugate with regard to both ooni 
Now, denoting by (a/3) = the equation of the line AS^ a 
using a similar notation for the remaining chords, we have 
the theory of conies 

t^-/.,r=(/37)(aS), U-p^r=(ya)(fii), U-p^r^{a^){y, 
whore /oi, /o«, pz are the roots of the equation 4/o' - J/o + «/= 0. 
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On restoring the original variables x^ y^ in these equations, 
V^ vanishes identically, and we have ITo resolved into a pair of 
quadratic factors in three different ways, depending on the 
solution of the reducing cubic of the quartic. Whence it 
appears that the resolution of a quartic into its pairs of quad- 
ratio factors, and the determination of the pairs of lines which 
pass through the intersections of two conies, are identical prob- 
lems, each depending on the solution of the same cubic equa- 
tion. 

We now proceed to show that the sides of the conmion self- 
conjugate triangle of U^ F' correspond to the quadratic factors 
of the sextic covariant in the binary system. Since the side 
FO is the polar of -B, the co-ordinates af^^ oi E are found by 
solving the equations (fiy) = 0, (aS) = ; we have, therefore. 



and, substituting for afj t/^ z' the values thus determined in the 
polar of Ej viz., 

xz - %-+ iP2 = 0, 

we express this equation in the form 

(/3 + 7-a-S)a?-2(/3y-aS)y+(/37(a + S)-aS(i3 + 7))«=0. 

On restoring the original variables x^ y^ this is seen to be 
one of the quadratic factors of the sextic covariant (see Art. 
166). It is therefore proved that the points where FO meets 
V are determined by the quadratic equation 

(/3 + 7-a-S)«'-2037-aS)^ + /37(a+S)-a8(/3 + 7)=O; 

and consequently the six points on V which correspond to the 
roots of the sextic covariant are the points where this conio 
meets the sides of the common self-conjugate triangle of U 
and V. 

To determine the points on V which correspond to the roobi 
of the Hessian, we calculate for the conies ETand F'the 
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▼ariant conic V (Salmon's Conic Sections^ Art. 378) ; tt 
finding 

- i #• = (ac - y)ir» + [bd'-c')y^ + [ce - (f )s» + [be - cd)yz 

■\-[ae- 2W+c')&r+ {ad-hc)xy\ 

and on restoring the original variables, we have 

also, since the conic #* intersects 17 and Fin the points of o( 
tact of their common tangents, we see that the points on 
corresponding to the roots of the Hessian are the points 
determined. The Hessian has, moreover, a double geomei 
origin, for it may equally well be obtained by transforming \ 
conic <t> (Salmon's Conies^ Art. 377) which is the envelope o\ 
line cut harmonically by the conies U and V. 

187. "When the transformation of Art. 185, viz., 

« = iTo*, y = 2iroyo, « = yo% 

is applied to a quantic /{x^^ y^ of even degree 2m ^ it is pi 
that the roots of this quantic will be represented geometricfl 
by the points of intersection of a curve of the m^* degree "w 
the conic section V. If the degree of the quantio is odd 
must be squared before the transformation is effected ; and 
roots will then be represented geometrically by the points 
contact of the corresponding curve with the conic. 

In transforming the quantic /(aro, yo), we may obtain 
indefinite number of ternary forms by varying the mode 
transformation ; for if U denote any one of these forms, 

in which the coefficients of 0m-2 axe arbitrary, would equf 
well be a transformation of /(^o, ^0)9 since this form wo 
on restoring the original variables return to the quai 
/(^o, yo)- Moreover, every possible transformation is inolu< 
in the foregoing. Among these innimierable ternary foi 
there is one, and only one, such that its invariants and 
variants are invariants and covariants of the binary quai 
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also. To determine this form, take the tangential form of V^ and 
let n be the operator obtained by substituting D,, Dy^ Dn for 
the variables therein ; operating then with n on 17 + 0^^., F", we 
obtain a result ^m-2 of the degree m - 2; and equating to zero 
its coefficients, we have equations sufficient to determine all the 
coefficients of iftm^. The required transformation is therefore 
unique, as these equations are of the first degree. 

The following method may be employed to obtain the 
proper form of U corresponding to a given binary quantio 
of even degree. Let the quartic u = (^v, ai, 02, a^y Oi) (o^, ^0)^ 
be written in the form 

1 ( ,e/'M d*u ^d^u) 

transforming the second differential coefficients, and multiplying 
the terms by ar, y, z, respectively, we obtain the proper form for 
Uy such that n{U) ^0, viz., 

Oosi^ + flay* + fliS' + 203^5 + 2a2zx + 2(ii^y. 

Again, in the case of the sextic Uy writing it in the form 

5-6 I dxo^ dxodi/o dy} 

. , . ., ^. d*u d*u d*u . 

transformms: the quartics -z—iy -3 — t-> t-z ui the manner 
° ^ dxo* dtodt/o di/o 

just explained, and multiplying by jt, y, a, respectively, we 
obtain a ternary cubic U of the proper form. In a similar 
manner the transformation of the octavic is made to depend 
on that of the sextic ; and proceeding in this way step by step 
we may transform any binary quantic u of even degree to a 
ternary quantic U of half the degree, such that 11 ({7} a 0. 

The following examples are given to illustrate the trans* 
formation explained in the present section. 
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1. If /(j^ yo) becomes U (s, y, t) by tlie tzanffonnatioa 



prove in general th«t 



g =2(«-i)g-4.n(rr), 

*'*"^ -2(»-l) ^ + 2yn(r7), 



g =2(,.i)^-4,n(l.). 

where « is the degree of /(«, y), and n(l7) a ^^ - ^. 

Whence, in particular, if n ( IT) s 0, prove that 

/ . d , d \* ^ , .^ / . dU . dU , dU\ 

where «0f yo> a^^ ^'i ^o' «re cogredient variables. 

2. If ^ 

prove that n(«<»i + y^ + «^) = when n(<»i) = 0, n(^) = 0, n(^) = 0. 
Since 

dp^ dxod^o^ dxQ** 

we have, by Ex. 1, 

d^i d^ _ if^^ 

but 

and therefore vanishes by what precedes. We have thus a formal proof of the 
statement at the end of Art. 187. 

When n(^i), n(^), n(^) do not vanish, we have in general 

(»-3)n(«<»i + y^ + «^) = (n-i){xn{it>i) + yn(^) + «n(^)}. 

3. If two ^uantics u and w be transformed ; prove that the Jaoobian of m, 19 in 
the binary system becomes the Jaoobian of CT, F, IT in the ternary system. 

Express /(m, w) in torms of xo\ xofot jfo* <md the second differentials of u and 
Wf and then transform by Ex. 1. 

4. Prove that the ^uartics 

(ai«' + 2/Si«y + 7iy»)(i*«^+ 2^*y + 7,y») - (oj *» + 2A«y + rty*)'» (1) 

(ai«»+2a»«y + «8y*)(7i«« + 278«y + 78y»)-0Bir» + 2iBt«y + /8iy»)« (2) 
have the same invariants. 
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(8) 



TraoBfomuiig (2) to tlie ternary sTstem, we have the conic 

(ai« + oiy + osf) (7i« + Tiy + 7l«) - Oi* + ^»y + /8»«)*i 
which for shortnets we write as LN— JP, where 

Now, when the discriminant of 

X^'-lP + x(y»-4)a) 

ia formed, the inyariants of (2) are the functions — 3^ and O of this cubic in X (or 
the last two coefficients when the second term is removed). This discriminant may 
be obtained as the resultant of the three equations 

Na\ - 21f/Si + Z71 - 4xs a 0, 

Nni - 2 Jf/Si + Xtj + 2xy = 0, (4) 

J^os - 21038 + X72 - 4x« B 0, 

when d?, y, c are eliminated ; or by eliminating the six quantities s, y, s, X, if, i\r 
by means of the three additional equations (3) the resultant is obtained in the 
form 
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resultant A(x), the form the determinant takes in this case being obtained by 
dividing the first three rows of A (x) by - 4x, and multiplying the first three 
columns by -4x. Whence it follows that the invariants are the same in both 
cases. 

To expand A (x) we replace X, M, N by their values in equations (4), and then 
eliminate x, y, s, thus obtaining 

III In /i8-2x 



I12 In + X In 

/i8-2x In In 

This determinant becomes when expanded 



, where 2iji,=ap7«+ 0,7,-2/8^. 



4XH 4(/8a-/i8)X«- {/ii J8s-/is"+4(Jis/ss-/is/s8)}x- 



Xii lit III 
lit In In 
lit In In 



every coefficient of which is the same for both quartics, as may be verified direetly. 

2b2 
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1. U /{xo, jfo) becomes U (9, y, t) by tbe tnuiffomiation 

jp = *c», y = 2d^yoi « « yt* ; 
proye in general that 

3 =2(-i)^-4«n(r). 
d =2("-i);i^-4*n(r). 

where « is the degree of /(«, y), and n(l7) s ^^ - — . 
Whence, in particular, if n ( IT) ^ 0, prove that 

where jto, yoi and «o'i yo' are cogredient yariables. 

2. If 

d^f i^f dH 

prove that n(«<»i + y^ + «^) = when n(<»i) = 0, n(^) = 0, U(^) = 
Since 

we have, by Ex. 1, 

d^i d^ d^^ 

but 

and therefore vanishea by what precedes. We have thus a formal proof 
statement at the end of Art. 187. 

When n(^i), n(^), n(^) do not vanish, we have in general 

(n-3)n(«<»i + y^ + «^) = {n-l){xTl{it>i) + yn(^) + tn{4^)}. 

3. If two quantics u and %q be transformed ; prove that the Jacobian of 1 
the binary system becomes the Jaoobian of IT, F, IT in the ternary system. 

Express /(n, w) in terms of ifo*, «byo» ^' and the second diflarvntiala ol 
Wf and then transform by Ex. 1. 

4. Prove that the quartics 

(ai«* + 2i8i«y + 7iy») (fliii^ + 2^«y + 7,y«) - (08** + 2A«y + 7,^)»^ 

(01 «» + 202 «y + ojy*) (7i«« + 278«y + Tsy*) - (iBi r» + 2iBt«y + iBs y*)» 
have the same invariants. 
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(8) 



TrauBfomuiig (2) to the ternary eystem, we ha,ve the oonic 

(ai JP + oiy + oss) (71* + Tiy + n«) - Oi« + iBiy + iSjf)*, 
which for shortneas we write as XJ^— JP, where 

Now, when the diecriminant of 

XiV-lP + X(y»-4)a) 

IB fonned, the invariants of (2) are the functions — 3^ and O of this ouhie in x (or 
the last two coefficients when the second term is remoyed). This discriminant may 
he obtained as the resultant of the three equations 

iVai - 2If0i + X71 - 4xs a 0, 

iVo, - 2Mfii + X7a + 2xy = 0, (4) 

^os - 2Mfit + X7, - 4x« « 0, 

when j;, y, s are eliminated ; or by eliminating the six quantities s, y, t, X, if, N 
by means of the three additional equations (3) the resultant is obtained in the 
form 
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resultant A(x), the form the determinant takes in this case being obtained by 
dividing the first three rows of A(x) by -4x, and multiplying the first three 
columns by - 4x. Whence it foUows that the invariants are the same in both 
cases. 

To expand A (x) we replace X, If, N by their values in equations (4), and then 
eliminate x, y, s, thus obtaining 

In In In - 2X 



/12 In + A. In 

/i3-2x In In 

This determinant becomes when expanded 



, where 2iji,= ap7«+ 0,7,-2/8^. 



4x» + 4(/8a-/i3)X»-{/iiJs8-/i«"+4(/u/a-/ii/i3)}^- 



Xii lit lu 
Ii% In In 
/i3 In In 



every coefficient of which is the same for both quartics, as may be verified direotlj. 
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ip» ip» rf'f 

Ant. Jii/n-4/T>/a + -fn* + Sin/ii-=0. 

6. Prove tlut the condition in Ex. 6 U the mdk for the foUowisg two eett 
qutdntica: — 

ai** + 2«, iy + 7, y', ■»*> + 2B«ar|i + yt^, «,«' + 2^i*y + tj Ji*. 

7. DatermiDe the condition tbit Xu + he ihonld baTe two iquue beta 
where « >nd w are quKrtio. 

Tt«ii*fonning, we have in thil cats 

xF + ».r+ (•»'■<« + fly + 71)'; 

ctnueqnenlly, evBrj term in the tangential fonn of \V+ nV -i- rW muat Tini 
giving aiz eqaotiooi to eliminate a>, >i*, k', la, v\. Afi ; hence the reqnired « 
dition i* deteimined. 

B. If a quartic have a iquarc factor, prorc geonietTicBlIy that this factor 
a quintuple toclor of the coraiiuit Oi ; and congtmct the point on the conic 
which oorreapondi to the remuning itMt of the equation 6, = 0. 

9. Beeolve the quutic a> in Art. 169 by finding the toDgenti to the oonio 
where U meet* it, U and V having been etpreexd as sume of squaiea. 

1 0. Ezpresi in tems of their inTarianta the reiultant of the quutic and biqiu 

a^ + 4^ + 6eiV + 4<^y* + "y*. 

m" + Sfliy + ly. 

11. Determine the condition that two quadiatia factors (x- ■)(«— S), ('— y)(>- 
of a quartiG Ut ihould form with a given quadratic u' + 2itX + v a araton in i 
volution. I 

Tnuufonning, the three corrMponding linea must meet in a point, which po 
it one of the verticea of the common Mlf-con jugate triangle of the conies V and 
The tangential equatioii of these points ia J {3, X, *) = 0, which is therefore 1 
required condition, the tangential form of nU -i- y being n'l + K*-ti. 

12. Apply the method of tromformation of Art. IBS to prove the theorem 
Art. 178. 

Let Tschimhausen'c transformation be put under the form 
ar'-l- ■•Br <■ y 



+ 20-I 



(11 
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Make the numerator and denominator of the last fraction homogeneous in x, y ; 
replace « hj — x, and transform : (1) hecomes then 

X + aZ.'=0, 
where L ^ ax -^t fiy -s- yz, L' - a'x + /3'y + y'z. 

If x, y, 2 he eliminated from the equations L + kL' = 0, {7* = 0, F = 0, wo 
shall have the transformed quartic in A ; which, considered geometrically, deter- 
mines the lines drawn from the point of intersection P of X and L* to the points of 
intersection A^ B, C, D ol U and F. Again, if k be so determined that the conie 
U-{-kV pass through the point P, the anharmonic ratio of the lines PA^ PB, PC, 
PD, is equal to the anharmonic ratio of the lines TA, A3, AC, AD, where TA is 
the tangent to U+KVtXA; that is, of the lines 

where t and ^ are the tangents to IT and V at A. Now, forming the inyariants of 
the quartic whose roots are a, pi, p%, p^, the theorem follows by Arts. 170 and 177. 

13. Let three points a,b,ehe taken on the conic Fgiyen by the equations 

the values of ^ at these points being a, /3, y, the roots of a cubio U; prove the fol- 
lowing constructions for determining the points on the conic corresponding to the 
roots of the cubic covariant Om and the Hessian Hm : — 

V, Let tangents be drawn to the conic F at the points a, h, e, forming a tri- 
angle ABC, the lines Aa, Bb, Ce meet the conic at points a', b', d corresponding to 
the roots of (?«. 

2°. The four triangles abc, a'b'e', ABC, A'B'C are homologous, and their axis 
of homology meets the conic V at the points corresponding to the roots of ^c. 

14. From the constructions in the last example prove that Um and Om have the 

same Hessian Rmy and that the roots of Hm are imaginary when the roots of Um are 

real. 

Dublin Exam. Pap&rt, Bishcp Law^t Prize, 1879. 
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THB COMPLBX YARIABLB. 



188. C^raphlc RcpresestattoB •f Imagliiary 

tities. — The imaginarj expression a •¥ b ^- 1 may be 
in the form 



/I (cos a + sin a y^- 1), 



where 



u = a/ a* + 6*. and tan a = -. 



It may be regarded, therefore, as determined by the lines 
magnitude /i, and the angle a ; /i being called the modulus^ an 
a the argument of the imaginary quantity. 

Let rectangular axes OXy OY (fig. 7) be taken ; and 
point A such that 
XOA » a, and 0^ = /i. 
We have then OM'^ 
fi cos a = d, and AM 
s fi sin a = i. The 
expression a + 6 -v/"" 1 
may therefore be re- 
presented graphically 
by the right line 
drawn from to a 




Fig. 7. 



point in a plane whose co-ordinates referred to the fixed ax 
are a, ft ; the distance OA of this point from the origin beii 
equal to the modulus, and the angle XOA equal to the argi 
ment of the imaginary quantity. 



,1 
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The mftgnitude of ad imaginary quantity is «Btimatod l>y 
the magnitude of its modulus. When the imaginary quantity 
vanifihes (that ie, when a and h separately Tanieb) ita modoliu 
vanishea ; and, oonTersely, when the modulus Tanishea, ainoe 
then a* + h* = Q, a and b must separately vanish, and therefore 
the imaginary quantity itself. Two imaginary quantities, a + ib 
and u' + ib'f are equal when a = d and b = b', i. e. when the 
moduli are equal and when the arguments either are equal or 
differ by a multiple of Sir. 

In what follows we shall for brevity represent the modulus 
and argument oi a + b v^-1 by the notation 

mod. (o + ib), arg. (a + tft), 

where i as usual represents -^Z- 1. 

189. Addition and Subtraction of Imaglnarlea. — 

Let a second imaginary quantity u* + t6' be represented by the 
right line OA', so that 

OA' - mod. ((i" + ib'), XOA' = arg. {«' + ib'). 

We proceed to determine the mode of representing the sum 

« + ti + a' + »6'. 

Writing this sum in the form a + a' + t (6 + i'), we observe, 
in accordance with the convention of Art. 188, that it will be 
represented by the line drawn from the origin to the point 
whose co-ordinates are a + a', b + b'. To find this point, draw 
AB parallel and equal to OA'; since AP, BP, are equal to 
a', b', B is the required point, and we have 

OB = mod. !« + «" + i(i+ b')], XOB=m-g. [a + «"+ *(J + 6')J. 

To add two imaginaiy quantities, therefore, we draw OA to 
represent one of them ; and, at its extremity, AB to represent 
the second (that is, so that its length is equal to the modulos, 
and the angle it makes with OX equal to the argument, of tl 
second) ; then OB represents the sum of the two 
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quantities. Since OB is less than OA + AB, it follows tl 
the modulus of the sum of two imaginary quantities is less than 
mm of their moduli. 

This mode of representation may be extended to the additi 
of any number of imaginary quantities. Thus, to add a th 
a" + ib'\ represented by 0A'\ we draw BC parallel and equal 
0A'\ and join OC. Then OC represents the sum of the thi 
imaginary quantities OA^ OA'y OA". It is evident also that 
may conclude in general that the modulus of the sum of a 
number of imaginary quantities is less than the sum of th 
moduli. 

Subtraction of imaginaries can be represented in a simil 
way. Since OB represents the sum of OA and OA.\ OA ^ 
represent the difference of OB and 0A\ To subtract t^ 
imaginary quantities, therefore, we draw at the extremity 
the line representing the first a line parallel and equal to t 
second, but in an opposite direction {i.e. a direction which mail 
with OX an angle greater by v than the argument of the firs 
We join to the extremity of this line to find the right li 
which represents the difference of the two given imaginaries. 

190. HultlplicaAlon and Blvlslon of Imaf^lMariea. 
To multiply the two imaginary quantities a + ft6, a' + ib\ 
write them in the form 

fl + »6 « /u (cos a + I sin a), of + iV ■ /m'(cos a + 1 sin a). 

We have then, by De Moivre's theorem, 

[a + ib) [a' + ib') a fAix (cos (a + a') + f- sin (a + a') ) , 

which proves that the product of two imaginary quanfiiies is 
imaginary quantity of the sameform^ whose modulus is the prod 
of the two moduli^ and whose argument is the sum of the two art 
ments. 

In the same way it appears that the product of anjr num1 
of imaginary factors is an imaginary quantity, whose modu 
is the product of all the moduli, and whose argument is the si 
of aU the arguments. 
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To divide a + « J by rt' + iVy we have similarly 

-, rp ^ — {cos (a - a^ + t Sin (a - a )), 

which proves that the quotient of two imaginary quantities is an 
imaginary quantity of the sameformy lohose modulus is the quotient 
of the two moduliy and whose argument is the difference of the tiDO 
arguments. 

It is evident from the foregoing propositions that any power 
of an imaginary quantity, e. g. [a + i6)"*, oan be expressed in the 
form A + iBy where A and B are real quantities. And, more 
generally, if in any poljniomial 

whose coefficients are either real or imaginary quantities, an 
imaginary quantity a + ib be substituted for the variable z, the 
result oan be expressed in the standard form of imaginary quan- 
tities, viz. A + iB, 

It was assumed in the proof of the theorem of Art. 16 that 
when a product of any number of factors (real or imaginary) 
vanishes, one of the factors must vanish. This is evident when 
the factors are all real. From what is above proved the sa me 
oonclusion holds when the factors are imaginary; for, in order 
that the modulus of the product may vanish, one of its factors 
must vanish, and therefore the imaginary quantity of which 
that factor is the modulus. 

191. The Complex Variable. — In the earlier Chapters of 
the present work the variation of a poljniomial was studied cor- 
responding to the passage of the variable through real values 
from - 00 to + 00 ; and the mode of representing by a figure 
the form of the polynomial was explained. Such a mode of 
treatment is only a particular case of a more general inquiry. 
GKven a polynomial 

f{z) 3 ao«" + flis*^* + ajs""' + . . . + fl»-i« + fl„, 
we may study its variations corresponding to the different values 
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of s, where z has the imaginary fonn x + ly, and 'where x an 
both take all possible real values. Tliis form ^ + ly is calleii 
complex rariahle. All possible real values of the variable an 
course included in the values ol x-\- iy^ being those values wl 
arise by varying x and putting ^ = 0. In accordanoe with 
principles of Art. 188 we may represent the ima^naiy quani 
X + iy by the line OP (fig. 8j drawn from a fixed origin C 
the point whose co-ordinates are x^ y. Or we may say, a? + 1 
represented by the point P. Thus all possible values of x • 
will be represented by all tlie points in a plane. Since for i 
particular value of «,/(a) takes the form A-i^iB (Art. 190), 
values of /(s) may be represented in a similar manner by po: 
in a plane. We confine ourselves in the present Artiole to 
representation of tlie variable 
X + iy itself. We conceive the 
variation of a? + iy to take place 
in a continuous manner ; for ex- 
ample, by the motion of the 
point ar, y, along a curve. If OP 
and OP^ represent two consecu- 
tive values of the variable, we 
write the corresponding values 
X + ty, x' + i}/^ as follows : — Kg. 8. 

«Ea? + tyBr(cos6 + tsinfl), i^^xf+ 1/3 /(oos©'+ t sin0^ 

Since OP' represents the sum of OP and PP^ (Art. 189 
follows that PP' represents the imaginary increment of s ; ; 
if fl^ = s + A, A may be written in the form 

h ^ p (cos ^ -I- t sin ^), 

where p « PP^j and is the angle PP' makes with OX. 

The variation of the modulus of z is OF - OP or r' — r ; 
variation of the argimient of z is P'OP or C - 8 ; the varial 
of z it«elf is A or /o (cos ^ + t sin ^\ as just explained. 

Let the point be supposed to describe a closed curve. W 
it returns to P the modulus takes again its original value ; 
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the argument takes its original yalue if the point is ex- 
terior to the curve, or is increased by 27r if is interior to the 
curve. 

If the complex variable describes the same line in two oppo- 
site directions, the variations of its argument are equal and of 
opposite signs, i.e. the total variation is nothing. From this we 
can derive a property of the variation of the argument of the 
complex variable, which will be found of importance in our suc- 
ceeding investigations. 

Let a plane area be divi- 
ded into anynumberof parts ^ 
by lines BDy AF, EC, &c. 
(fig. 9) ; then the variation 
of the argument relatively to 

the perimeter of the 'whole 

area is equal to the sum of its 
variations relatively to the pe^ 
rimeters of the partial areas : Fig. 9. 

all the areas being supposed to be described by the variable 
moving in the same sense. This is evident; for when the 
point is made to describe aU the partial areas in the same sense, 
each of the internal dividing lines will be described twice, the 
two descriptions being in opposite directions ; and the exter- 
nal perimeter will be described once ; hence the total variation 
of the argument relatively to the dividing lines vanishes, and 
the variation relatively to the external perimeter alone remains. 
In the figure, for example, when the point describes the areas 
ABF, AFD in the sense indicated by the arrows, the total 
variation relatively to the line AF vanishes. 

192. Continuity of a Function of tbe Complex 
Variable. — Suppose the complex variable s, starting from 
a fixed value Zq, to receive a small imaginary increment 
h = p (cos + « sin 0) ; we have then, if /(a) be the given 
function, 
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and the iiiorement of /(«), being equal to/(ao + *) — y{«o), m 



1.2 



1.2.3 



In this expression the coefficients of the powers of A a 
imaginary expressions of the usual form ; and if their modi 
a, by Cy &c., the moduli of the successive terms are ap, bp^y cp\ 
and since, by Art. 189, the modulus of a sum is less thai 
sum of the moduli, it follows that the modulus of the incre 
of /(s) is less than 

ap + bp^ + cp^ + Ac. 

Now a value may be assigned to p [Ait. 4), such that £ 
or any less value of /o, the value of this expression will be 
than any assigned quantity. It follows that to an infio 
small variation of the complex variable corresponds an infin 
small variation of the function ; in other words, the Junction i 
continuouslt/ at the same time as the complex variable iteelf. 

193. ¥arlatloii of the Arcameiit otf{z) correspom 
to the Bescrlptloii of a small CliMed Curve l»y the C 
plex Variable. — Corresponding to a continuous series of yi 
of 2 we have a continuous series of values of /fs), which oa 
represented, like the values of 2 itself, by points in a p 
We represent these series of points by two figures (fig. 10] 





Fig. 10. 

by side, which, to avoid confusion, may be supposed to be d 
on different planes. To each point P, representing x + fy, 
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responds one determinate point P' representing/(2). When P 
describes a oontinuons curve, P^ describes also a continuous 
curve; and when P returns to its original position after describ- 
ing a closed curve, P' returns also to its original position. 

Our present object is to discuss the variation of the argument 
of /(z) corresponding to the description of a small closed curve 
by P. Let A be any determinate point whose co-ordinates are 
^f t/oy i.e. So = iPo + tyo. We divide the discussion into two 
cases: — 

(1). When ito + it/o is not a root of /(«) = 0, i,e. when /(«t,) 
is different from zero. 

(2). When Xo-^- ii/o is a root of/(s) = U, or/(«o) = 0. 

(1). In the first case, to the point A corresponds a point A' 
representing the value of /(zo)) and (/A' is different from zero. 
Let z = «o + ^, where h^p (cos + 1 sin 0) ; and suppose P, which 
represents z, to describe a small closed curve roimd A. Let P^ 
represent /(z) ; then A'P^ represents the increment of /(z) cor- 
responding to the increment AP of s. By the previous Article 
it appears that values so small may be assigned to /o, that the 
modulus of the increment of /(z), namely -4'P', may be always 
less than the assigned quantity (XA^; hence P may be supposed 
to describe roimd A a closed curve so small that the correspond- 
ing closed curve described by P' will be exterior to (/. It fol- 
lows, by Art. 191, that corresponding to the description hy P of a 
small closed curves which does not contain a point satisfying tlie 
equation f{z) = 0, the total variation of the argument of f[z) is 
nothing. 

(2). In the second case, suppose x^ + t^o is a root of the equa- 
tion /(z) = repeated m times, and let 

/(z) = (z-Zo)-^W; 
then 

/(z) = A"*^(z) = p^ (cos m^ + t sin m^) i/» (z). 

In this case &A^ « ; and when P describes a closed curve 
round A^ P^ returns to its original position, and the argument 
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of /(s) will be increafled by a multiple of 2«-y whioh may 1 
termined as follows : — ^From the above equation we have 

arg.f{%) = m^ + arg.^l,{%) ; 

and the increment of arg./{%) will be obtained by addin 
increment of mf to the increment of arg. ^ (s). Now the 
increment is nothing by (1), since the ooire deeoribed by I 
be supposed to contain no root of ^ (s) "= ; and sinoe tiie : 
ment of ^ is 2ir in one revolution of P, the inorenient of 
2mir. It follows that tphen P describes a small closed curti 
taining a root of the equation /{%) « 0, repeated m times, the 
ment o//{z) is increased by 2mw. 

194. Caiicta7*» Theorem, — ^When z desoribes the 
line in a plane in two opposite directions, /(«) desoribes th< 
responding line in its plane in two opposite directions, an 
arg. f{z) undergoes equal and opposite variationa. It fo 
that if any plane area be divided into parts, as in Art. 19] 
variation of the arg. f(z) corresponding to the description i 
same sense by z of all the partial areas, is equal to the i 
tion of arg. f{z) corresponding to the description by s o 
external perimeter only. Now let any closed perimeter h 
plane XFbe described; and suppose, in the first place, tt 
contains no point whioh satisfies the equation /(s) » 0. It 
be broken up into a number of small areas, with respect to 
of whioh the conclusions of (1) Art. 193 hold ; and by whal 
been just proved it follows that the 
variation of arg. f[z) corresponding ^ 

to the description by z of the closed 
perimeteris nothing. Suppose,inth0 
second place, that the dosed perime- 
ter contains a point which is a root 
of the equation f{z) » repeated m 
times. Let a small closed curve 
PQRS be described round this ^- "• 

point. The variation of arg. fiz)^ corresponding to the desc 
tion by z of the whole perimeter, is equal to the sum oi 
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yariations oorresponding to the desoription of the areas 
ABCPSR, CDAEQP, PQR8. The two former variations 
vanish by what is above proved; and the latter is, by (2), 
Art. 193, equal to 2m7r. The total variation, therefore, of /(s) 
is 2fmr. Similarly, if the area includes a second, third, &c., 
points which represent roots repeated m\ ni\ &c., times, the 
total variation = 2(m + m' + m" + &c.) tt. Hence we derive the 
following theorem due to Cauchy : — 

The number of roots of any polynomial^ comprised mthin a given 
plane area^ is obtained by dividing by 2ir the total variation of the 
argument of this polynomial corresponding to the complete descrip" 
turn by the complex variable of the perimeter of the area. 

195. Uramber of Roots of the General Eqaation. — 
We are enabled by means of the principles established in the 
preceding Articles to prove the theorem contained in Arts. 15 
and 16 ; namely, every rational and integral equation of the n^^ 
degree has n roots real or imaginary. 

Let 

be a rational and integral function of z. Without making any 
supposition as to the existence of roots of /{%) - further than 
that/(z) cannot vanish for any infinite values of the variable, 
we can suppose s to describe in its plane a circle so large that 
no root exists outside of it. If, then, 

/(a) = »**|ao + «!»' + o,a'' + . . . + fln*'") 
= «"0(jO> "^li^re «'= -, 

y, whose modulus is the reciprocal of the modulus of s, will 
describe a small circle containing a portion of the plane oor- 
responding to the part outside of the circle described by s ; and 
no root of (/) = will be included within this small circle. 
Hence, corresponding to the description of the whole circle by s, 
the variation of arg. f^{s^)= 0, and, therefore, 

variation of arg. f{%) = variation of arg. «" ; 
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and if z^rfcosfl + i sinfl), or s"=r*(oos«0 + f sinnO), 

is increased by 27r, and, therefore, arg. z^ is increase 
2nir. 

It follows from Cauchy's theorem, Art. 194, that the nr 
of roots comprised within the circle described by 2, i.e. the 
number of roots of the equation f[z) = 0, is n ; and the the 
is proved. 

The proposition whose proof was deferred in Art. 15 if 
shown to be an immediate consequence of Cauchy's the 
which may therefore be regarded as the fundcmiental pre 
tion of the Theory of Equations. It is proper to obserre, 
ever, that the theorem of Art. 16, viz., that every equatio 
a root, can be proved directly, and independently of Can 
theorem, by aid of the principles contained in Art. 193 an 
preceding Articles, as we proceed now to show. 

If possible, let there be no value of z which makes 
vanish; and let the value So, represented by -4, fig. 10, c 
spend to the nearest possible position, A\ of P' to the origi 
Now, giving So a small increment A, and considering' the 
term f[z^h of the corresponding increment of /(so), it is 
that the directions in which these two small increments 
place are inclined at a constant angle. It is possible there] 
by properly selecting the direction of the increment A, to o 
the increment of /(zo) to take place in the direction AfC/^ 
thus to make A' approach nearer to the origin, which is < 
trary to hypothesis. It follows that the minimum value of 
modulus of /(z) cannot be different from zero, and therefore 1 
some value of 2 exists which makes/ (2) vanish. 

In note D will be found some further observations on 
subject of this Article. 
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NOTE A. 

ALGEBRAIC SOLUTION OF EQUATIONS. 

The solutioxi of the quadratic equation was known to the Arabians, 
and is found in the works of Mohammed Ben Musa and other writers 
published in the ninth century. In a treatise on Algebra by Omar 
Alkhayyami, which belongs probably to the middle of the eleventh 
century, is found a classification of cubic equations, with methods of 
geometrical construction ; but no attempt at a general solution. The 
study of Algebra was introduced into Italy from the Arabian writers 
by Leonardo of Pisa early in the thirteenth century ; and for a long 
period the Italians were the chief cultivators of the science. A work, 
styled L^ArU Maggiof^ by Lucas Paciolus ^known as Lucas de Burgo) 
was published in 1494. This writer adopts the Arabic classification 
of cubic equations, and pronounces their solution to be as impossible in 
the existing state of the science as the quadrature of the circle. At 
the same time he signalizes this solution as the problem to which the 
attention of mathematicians should be next directed in the develop- 
ment of the science. The solution of the equation 3^-\- mx^n was 
effected by Scipio Ferreo ; but nothing more is known of his discovery 
than that he imparted it to his pupil Florido in the year 1505. The 
attention of Tartaglia was directed to the problem in the year 1530, in 
consequence of a question proposed to him by CoUa, whose solution 
depended on that of a cubic of the form o^ + pa^ = ^. Florido, learning 
that Tartaglia had obtained a solution of this equation, proclaimed his 
own knowledge of the solution of the form 2^ + mx = n. Tartaglia, 
doubting the truth of his statement, challenged him to a disputation 
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in the year 1.33o ; and in the mean time himself discovered th< 
tion of Ferrco's form j^ + mx^ n. This solution depends on ass 
for X an expression l/t - ^u consisting of the difference of tw 
cals ; and, in fact, constitutes the solution nsnudlj known as Ca] 
Tartaglia continued his labours, and discovered rules for the sc 
of the various forms of cubics included under the classification 
Arabic writers. Cardan, anxious to obtain a knowledge of these 
applied to Tartaglia in the year 1539; but without snccess. 
many solicitations Tartaglia imparted to him a knowledge of 
rules ; receiving from him, however, the most solemn and sacre 
mises of secrecy. Regardless of his promises, Cardan publisl 
1545 Tartaglia's rules in his great work styled Ar9 Magna, I 
been the intention of Tartaglia to publish his rules in a -work 
own. He commenced the publication of this work in 1556 • bui 
in 1559, before he had reached the consideration of cubic equs 
As his work, therefore, contained no mention of his own roles 
rules came in process of time to be regarded as the discovery of Cj 
and to be called by his name. 

The solution of equations of the fourth degree was the 
problem to engage the attention of algebraists ; and here, as well 
the case of the cubic, the impulse was given by^Colla, who pro 
to the learned the solution of the equation a?* + ftr" + 36 = 60x. Ci 
appears to have made attempts to obtain a formula for equatio 
this kind ; but the discovery was reserved for his pupil Ferrari. 
method employed by Ferrari was the introduction of a new vari 
in such a way as to make both sides of the equation perfect squj 
this variable itself being determined by an equation of the thin 
gree. It is, in fact, virtually the method of Art. 63. This sok 
is sometimes ascribed to Bombelli, who published^ it in his treatia 
Algebra, in 1579. The solution known as Simpson's, which was i 
lished much later (about 1740), is in no respect essentially dijffe 
from that of Ferrari. In the year 1637 appeared Descartes' tres: 
in which are found many improvements in algebraical science 
chief of which are his recognition of the negative and imaginary r 
of equations, and his " Rule of Signs." His expression of the bic 
(Iratic as the product of two quadratic factors, although deduc 
immediately from Ferrari's form, was an important contributioi 
I ho study of this quantic. Euler's algebra was published in \\ 
His solution of the biquadratic (see Art. 61) is important, inasm 
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as it biings the treatment of this form into harmony with that of the 
cubic by means of the assumed irrational form of the root. The 
methods of Descartes and Euler were the result of attempts made to 
obtain a general algebraic solution of equations. Throughout the 
eighteenth century many mathematicians occupied themselves with 
this problem ; but their labours were unsuccessful in the case of 
equations of a degree higher than the fourth. 

In the solutions of the cubic and biquadratic obtained by the older 
analysts we observe two distinct methods in operation : the first, illus- 
trated by the assumptions of Tartaglia and Euler, proceeding from«an 
assumed explicit irrational form of the root ; the other, seeking by the 
aid of a transformation of the given function, to change its factorial 
character, so as to reduce it to a form readily resolvable. In Art. 55 
these two methods are illustrated ; together with a third, the concep- 
tion of which is to be traced to Vandermonde and Lagrange, who pub- 
lished their researches about the same time, in the years 1770 and 
1771. The former of these writers was the first to indicate clearly 
the necessary character of an algebraical solution of any equation, 
viz., that it must, by the combination of radical sigus involved in it, 
represent any root indifferently when the symmetric functions of the 
roots are substituted for the functions of the coefficients involved in 
the formula (see Art. 94). His attempts to construct formulas of this 
character were successful in the cases of the cubic and biquadratic ; 
but failed in the case of the quintic. Lagrange undertook a review of 
the labours of his predecessors in the direction of the general solution 
of equations, and traced all their results to one uniform principle. This 
principle consists in reducing the solution of the given equation to 
that of an equation of lower degree, whose roots are linear functions 
of the roots of the given equation and of the roots of unity. He shows 
also that the reduction of a quintic cannot be effected in this way, the 
equation on which its solution depends being of the sixth degree. 

All attempts at the solution of equations of the fifth degree 
having failed, it was natural that mathematicians should inquire 
whether any such solution was possible at all. Demonstrations have 
been given by Abel and Wantzel (see Serret's Coura d^Algehre Supi- 
rieure, Art. 516) of the impossibility of resolving algebraically equa- 
tions unrestricted in form, of a degree higher than the fourth. A 
transcendental solution, however, of the quintic has been given by 
M. Hermite, in a form involving elliptic integrals. Among other 
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contributions to the discussion of the ([uintic since the research^ 
I^agrange, one of leading importance is its expression in a trine 
form by means of the Tschimhausen transformation (see Art. 1 
Tschimhausen himself had succeeded in the year 1683, by mear 
the assumption y = P + Qjr + a:*, in the reduction of the cubic 
([uartic, and had imagined that a similar process might be applic 
the general equation. The reduction of the quintic to the trine 
form was published by Mr. Jerrard in his Mathematical ^Resear 
1832-1835 ; and has been pronounced by M. Hermite to be the 
important advance in the discussion of this quantic since A 
demonstration of the impossibility of its solution by radicals. 
Paper published by the Rev. Robert Harley in the Quarterly Jo\ 
of MathematicSy toI. vi. p. 38, it is shown that this reduction had 
])reviously effected, in 1786, by a Swedish mathematician nt 
Ering. Of equal importance with £ring*s reduction is Dr. Sylve« 
transformation (Art. 180), by means of which the quintic is expr( 
as the sum of three fifth powers, a form which gives great facilil 
the treatment of this quantic. Other contributions which have 
made in recent years towards the discussion of quantics of the 
and higher degrees have reference chiefly to the invariants and c 
liants of these forms. For an account of these researches the stu 
is referred to Clebsch's Theorie der hindren al^ehraisehen JFhrtnen 
to Salmon's Lessons Introductory to the Modem Higher A,lgehra, 

There has also grown up in recent years a very wide field oi 
vestigation relative to the algebraic solution of equations, known as 
** Theory of Substitutions." This theory arose out of the researche 
Lagrange before referred to, and has received large additions from 
labours of Cauchy, Abel, Galois, and other writers. Many import 
results have been arrived at by these investigators ; but the subjec 
of too great extent and difficulty to find any place in the pret 
work. The reader desirous of information on this subject is refei 
to Serret's Cours d^Algehre SuperieurCy and to the IVaite des Suhst 
tions et des Equations Algihriques, by M. CamiUe Jordan. 
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NOTE B. 

SOLUTION OF NUMERICAL EQUATIONS. 

The first attempt at a general solution by approximation of nume- 
rical equations was published in the year 1600, by Yieta. Cardan 
had previously applied the rule of ** false position" (called by him 
*'regula aurea") to the cubic; but the results obtained by this 
method were of little value. It occurred to Vieta that a particular 
numerical root of a given equation might be obtained by a process 
analogous to the ordinary processes of extraction of square and cube 
roots ; and he inquired in what way these known processes should be 
modified in order to afPord a root of an equation whose coefficients are 
given numbers. Taking the equation / (x) = Q, where Q is a given 
number, and / (;r) a polynomial containing dill'erent powers of x, with 
numerical coefficients, Vieta showed that, by substituting in /{x) a 
known approximate value of the root, another figure of the root 
(expressed an a decimal) might be obtained by division. When this 
value was obtained, a repetition of the process furnished tht^ next 
figure of the root ; and so on. It will be observed that the principle 
of this method is identical with the main principle involved in the 
methods of approximation of Newton and Horner (Arts. 100, 101). 
All that has been added since Vieta*8 time to this mode of solution of 
numerical equations is the arrangement of the calculation so as to 
afford facility and security in the process of evolution of the root, 
llow great has been the improvement in this respect may be judged 
<»f by an observation in M!ontucla*s ITistotre d^s MathematiqueSf vol. i. 
J). 603, where, speaking of Vieta' s mode of approximation, the author 
regards the calculation (performed by Wallis) of the root of a 
])iquadratic to eleven decimal places as a work of the most extra- 
vagant labour. The same calculation can now be conducted with 
great ease by anyone who has mastered Homer's process explained in 
the text. 

Newton's method of approximation was published in 1669 ; but 
before this period the method of Vieta had been employed and sim- 
plified by Harriot, Oughtred, Pell, and others. After the period of 
Xewton, Simpson and the Btmoullis occupied themselves with the 
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same probU'm. Daniel Bernoulli exprefised a root of an equatic 
the form of a recurring series, and a similar expression -was gire 
Euler; but both these methods of solution have been showi 
Lagrange to be in no respect essentially different from New 
solution {Traite de la Biaolution de* EquatumB NumMqusM), U 
the period of Lagrange, therefore, there was in existence only 
distinct method of approximation to the root of a numerical equal 
and this method, as finally perfected by Homer, in 181 9, remaii 
the present time the best practical method yet discovered for this 
pose. 

Lagrange, in the work above referred to, pointed out the de 
in the methods of Vieta and Newton. With reference to the fo: 
he observed that it required too many trials ; and that it could n( 
depended on, except when all the terms on the left-hand side oi 
equation f{x)- Q were positive. As defects in Newton's method 
signalized — first, its failure to give a commensurable root in £ 
terms ; secondly, the insecurity of the process which leaves doul 
the exactness of each fresh correction ; and lastly, the failure of 
method in the case of an equation with roots nearly equal. 
]»roblem La<j;range proposed to himself was the following : — ** E 
(lonnee une equation numerique sans aucune notion pr6alable c 
grandeur ni de Pespece de ses racines, trouver la valeur numer 
oxacte, 8*il est possible, ou aussi approch6e qu'on voudra de cha< 
(le Bcs racines." 

Before giving an account of his attempted solution of this prob 
it is necessary to review what had been already done in this direct 
in addition to the methods of approximation above described. Ha 
<iiscovered in 1631 the composition of an equation as a produc 
factors, and the relations between the roots and coefficients. T 
liad already observed this relation in the case of a cubic ; bu 
failed to draw the conclusion in its generality, as Harriot did. ' 
discovery was important, for it led to the observation that any intc 
root must be a factor of the absolute term of an equation, and I^ 
ton's Method of Divisors for the determination of such roots 
a natural result. Attention was next directed towards finding li 
of the roots, in order to diminish the labour necessary in applying 
method of divisors as well as the methods of approximation previa 
in existence. Descartes, as already remarked, was the first to re 
nise the negative and imaginary roots of equations; and the inq 
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commenced by him as to the determination of the number of real and 
of imaginary roots of any given equation was continued by Newton, 
Stirling, De Gua, and others. 

Lagrange observed that, in order to arrive at a solution of the 
problem above stated, it was first necessary to determine the number 
of the real roots of the given equation, and to separate them one from 
another. For this purpose he proposed to employ the equation whose 
roots are the squares of the difPerences of the roots of the given equa- 
tion. Waring had previously, in 1762, indicated this method of 
sepiGurating the roots; but Lagrange observes {Bquations JVumdriqties, 
Note iii.), that he was not aware of "Waring's researches when he 
composed his own memoir on this subject. It is evident that when 
the equation of differences is formed, it is possible, by finding an 
inferior limit to its positive roots, to obtain a number less than the 
least difference of the real roots of the given equation. By substi- 
tuting in succession numbers differing by this quantity, the real roots 
of the given equation will be separated. When the roots are sepa- 
rated in this way Lagrange proposed to determine (?ach of them by 
the method of continued fractions, explained in the text (Art. 105). 
This mode of obtaining the roots escapes the objections above stated 
to Newton's method, inasmuch as the amount of error in each suc- 
cessive approximation is known ; and when the root is commensurable 
the process ceases of itself, and the root is given in a finite form. 
Lagrange gave methods also of obtaining the imaginary roots of 
equations, and observed that if the equation had equal roots they 
could be obtained in the first instance by methods already in existence 
(see Art. 74). 

Theoretically, therefore, Lagrange's solution of the problem which 
he proposed to himself is perfect. As a practical method, however, it 
is almost useless. The formation of the equation of differences for 
equations of even the fourth degree is very laborious, and for equa- • 
tions of higher degrees becomes well nigh impracticable. Even if 
the more convenient modes of separating the roots discovered sincti 
Lagrange's time be taken in conjunction with the rest of his process, 
still this process is open to the objection that it gives the root in 
the form of a continued fraction, and that the labour of obtaining 
it in this form is greater than the corresponding labour of obtaining it 
by Homer's process in the form of a decimal. It will bo observed 
also that the latter process, in the perfected form to which Homer 
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has brought it, is free from all the objectioDs to ^Newton's method 
above stated. 

Since the period of Lagrange, the most important contributions to 
the analysis of numerical equations, in addition to Homer's improTe- 
ment of the method of approximation of Vieta and Newton, are those- 
of Fourier, Budan, and Sturm. The researches of Budan were pub- 
lished in 1807 ; and those of Fourier in 1831, after his death. Then 
is no doubt, howeyer, that Fourier had discovered before the publica- 
tion of Budan's work the theorem which is ascribed to them conjointly 
in the ie-ai. The researches of Sturm were published in 1835. The 
methods of separation of the roots proposed by these writers are fullv 
explained in Chapter IX. By a combination of these methods with 
that of Homer, we have now a solution of Lagrange's problem far 
simpler than that proposed by Lagrange himself. And it appear> 
impossible to reach much greater simplicity in this direction. In 
extracting a root of an equation, just as in extracting an ordinarr 
square or cube root, labour cannot be avoided ; and Homer's process 
appears to reduce this labour to a minimum. The separation of the 
roots also, especially when two or more are nearly equal, must remain 
a work of more or less labour. This labour may admit of some reduc- 
tion by the consideration of the functions of the coefficients which 
play so important a part in the theory of the different quant ics. If 
for example, the functions H, /, and •/', are calculated for a given 
(juartic, it will be possible at once to tell the character of the roots 
(see Art. 68). Mathematicians may also invent in process of time 
some mode of calculation applicable to numerical equations analogous 
to the logarithmic calculation of simple roots. But at the present 
time the most perfect solution of Lagrange's problem is to be sout'ht 
in a combination of the methods of Sturm and Homer. 
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NOTE C. 

DETEEMINAXTS. 

The expressions which form the subject-matter of Chapter XI. 
were first called "determinants" by Cauchy, this name being adopted 
by him from the writings of Gauss, who had applied it to certain 
>pecial classes of these functions, viz. the discriminants of binary and 
ternary quadratic forms. Although Leibnitz had observed in 1693 
the peculiarity of the expressions which arise from the solution of 
linear equations, no further advance in the subject took place until 
Cramer, in 1750, was led to the study of such functions in connexion 
with the analysis of curves. To Cramer is due the rule of signs 
of Art. 108. During the latter part of the eighteenth century the 
subject was further enlarged by the labours of Bezout, Laplace, 
Vandermonde, and Lagrange. In the present century the earliest 
cultivators of this branch of mathematics were Gauss and Cauchy; 
the former of whom, in addition to his investigations relative to the 
discriminants of quadratic forms, proved, for the particular cases of 
the second and third order, that the product of two determinants 
is itself a determinant. To Cauchy we are indebted for the first 
formal treatise on the subject. In his memoir on Alternate Functions ^ 
jjublished in the Journal de V Kcole Poly technique, vol. x., he dis- 
cusses determinants as a particular class of such functions, and 
proves several important general theorems relating to them. A 
ji:reat impulse was given to the study of these expressions by the 
writings of Jacobi in Crellc's Journal, and by his memoirs published 
in 1841. Among more recent mathematicians who have advanced 
this subject may be mentioned Hermite, Hesse, Joachimsthal, 
Cayley, Sylvester, and Salmon. There is now no department of 
mathematics, pure or applied, in which the employment of this 
calculus is not of great assistance, not only furnishing brevity and 
elegance in the demonstration of known properties, but even leading 
to new discoveries in mathematical science. Among recent works 
which have rendered this subject accessible to students may be men- 
tioned Spottiswoode's Elementary Theorems relating to Deternwiants, 
London, 1851 ; lirioschi's La teorica dei Determinanti, Pavia, 1854 
Baltzer's Theorie und Anwendung der Determinanten, Leipzig, 1864 
Dostor's EUmentt de la thiorie det Diterminantt, Paris, 1877 ; Scott's 
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Th&ory of D$t&rminanti, Cambridge, 1880; and the chapters in Sal 
Leuofu introductory to the Modem Higher Algebra^ Duhlin, \ 
For further iiiformation on the history of this subject, as well 
that of Eliminants, Invariants, Coyariants, and Linear Transf( 
tions, the reader is referred to the notes at the end of the 
last mentioned. 



NOTE D. 

THE PBOPOSinOir THAT EYXBT EQXri.TIOir HAS A BOOT. 

It is important to have a clear conception of what is establi 
and what it is possible to establish, in connexion with the propoi 
discussed in Art. 195. If in the equation a^ + Oij:^* + . . . <i 
the coefficients 0^, Oi, . , , a^ are used as mere algebraical syi 
without any restriction ; that is to say, if they are not restrici 
denote numbers, either real, or complex numbers of the form tr 
in Chapter XVII., then, with reference to such an equation it i 
proved, and there exists no proof, that every equation has a 
The proposition which is capable of proof is that, in the ease oi 
rational integral equation of the n^ degree, whose coefficients a 
complex (including real) numbers, there exist n complex nui 
which satisfy this equation; so that, using the terms number 
numerical in the wide sense of Chapter XVII., the proposition i 
consideration might be more accurately stated in the form — I 
numerical equation of the n*^ degree has n numerical roots. 

With reference to this proposition, there appears little doubt 
the most direct and scientific proof is one founded on the treatmc 
imaginary expressions or complex numbers of the kind consider 
Chapter XVII. The first idea of the representation of complex 
hers by points in a plane is due to Argand, who in 1806 publ 
anonymously in Paris a work entitled Eeeai sur une maniere de t 
senter les quantith imaginairee dans lee constructions g^omitrtquee, 
writer some years later gave an account of his researches in Gergo 
Annales. ISTot withstanding the publicity thus given by Argand i 
new methods, they attracted but little notice, and appecu" to have 
discovered independently several years later by Warren in En^ 
and Mourey in France. These ideas were developed by Gauss i 



w 



Notes. 443 

works publiehed in 1831 ; and by Cauchy, who applied them to the 
proof of the important theorem of Art. 194. With reference to the 
proposition now under discussion, the proof which we have given at 
the close of Art. 195 is to be found in Argand's original memoiri and 
is reproduced by Cauchy with some modifications in his JExercices 
4p Analyst. A proof in many respects similar was given by Mourey. 

Before the discovery of the geometrical treatment of complex 
numbers several mathematicians occupied themselves with the pro- 
blem of the nature of the roots of equations. An account of their 
researches is given by Lagrange in Note IX. of his Equations NunU- 
riques. The inquiries of these investigators, among whom we may 
mention D*Alcmbert, Descartes, Euler, Foncenex, and Laplace, re- 
ferred only to equations with rational coefficients ; and the object in 
view was, assuming the existence of factors of the form x - a, x - P^ 
&c., to show that the roots a, )8, &c., were all cither real or imagi- 
nary quantities of the type a -¥ hy/ - I ; in other words, that the 
solution of an equation with real numerical coefficients cannot give rise 
to an imaginary root of any form except the known form a + h \/^, 
in which a and h are real quantities. For the proof of this proposition 
the method employed in general was to show that, in case of an 
equation whose degree contained 2 in any power ky the possibility of 
its having a real quadratic factor might be made to depend on the 
solution of an equation whose degree contained 2 in the power k - I 
only ; and by this process to reduce the problem finally to depend on 
the known principle that every equation of odd degree with real coef- 
ficients has a real root. Lagrange's own investigations on this sub- 
ject, given in Note X. of the work above referred to, related, like 
those of his predecessors, to equations with rational coefficients, and 
are founded ultimately on the same principle of the existence of a real 
root in an equation of odd degree with real coefficients. 

As resting on the same basis, viz., the existence of a real root in 
an equation of odd degree, may be noticed two recently published 
methods of considering this problem — one by the late Professor Clif- 
ford (see his Mathematical Papers, p. 20, and Cambridge Philosophieal 
Society^ s ProceedingSy II., 1876), and the other by Professor Malet 
{Transactions of the Royal Irish Academy , vol. xxvi., p. 453, 1878). 
Starting with an equation of the 2jw** degree, both writers employ 
Sylvester's dialytic method of elimination to obtain an equation of the 
degree m(2in - 1) on whose solution the existence of a root of the 



444 



Notes. 



proposed equation is shown to depend ; and since the number m 
contains the factor 2 once less often than the number 2m, the 
is reduced ultimately to depend, as in the methods above m 
on the existence of a root in an equation of odd degree. 
('([uations between which the elimination is supposed to be eff 
of the degrees tn and m - I ; and the only difference between 
modes of proof consists in the manner of arriving at these e< 
In Professor Malet's method they are found by means of 
transformation of the proposed equation, while Professor Cli 
tains them by equating to zero the coefficients of the remaind 
the given polynomial is divided by a real quadratic factor. T 
of these coefficients arc given in Ex. 31, p. 286 ; and it 'will h 
observed that the elimination of P from the equations obt 
making ro and ri vanish will furnish an equation in a of tl 
m{2m - 1). 
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